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PREFACE

Non-linear dynamics had always been an important subject of study in different
physical and mathematical disciplines, but its real success and a radically
new understanding of non-linear processes ocurred in the last 40 years. This
understanding was inspired by the discovery and insight of a new phenomenon
known as dynamical chaos, or simply chaos. The reason for that is easy to under-
stand, since any typical system with more than one degree of freedom possesses
chaotic motion for some initial conditions. We still do not know what is the
measure of chaotic trajectories, but it seems that it is non-zero, and that makes
the study of chaos important for constructing the models of dynamical processes
in nature.

Chaotic dynamics has a rigourous definition, or more precisely, definitions
that may be not equivalent but which nevertheless have one common feature:
none of these definitions can be applied to typical or realistic Hamiltonian
dynamics. In other words, all rigourous models of chaos should be considered as
strong, and sometimes too strong, idealizations of what we find in the theoretical
models of nature. The reason for this is that we never have real chaotic dynamics
for all possible initial conditions and, in fact, non-chaotic orbits are always neigh-
bouring the chaotic ones. The mixture of chaotic and non-chaotic domains in the
phase space does not have a simple pattern and the understanding of interaction
of these domains remains incomplete.

A much more serious difficulty in the investigation of realistic systems is that
chaos, in its rigourous definition, is not the only way in which the randomness
of trajectories can occur in the solutions of regular non-random equations of
motion. This means that the randomness of the dynamics may have different
representations where the chaos is one of several possible ways of realiza-
tion of random dynamics. The well-known euphemism of chaos—the ‘butterfly
effect’—which originated from the earliest period of study of chaotic dynam-
ics looks oversimplified now. The research which followed, along with deeper
investigations, has involved new ideas of fractal time, non-Gaussian distribu-
tions, non-ergodic dynamics, non-Kolmogorov—Arnold-Moser theory analysis of
stability, non-exponential divergence of trajectories, and many other ‘nons’.

This book turns the attention to the new and realistic image of the origin
of dynamical chaos and randomness, considering the basic principles of the
Hamiltonian theory of chaos and some applications that include such entities
as cooling of particles and signals, control and erasing of chaos, polynomial
complexity, and Maxwell’s Demon. An insight into the origin of randomness in
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dynamical systems, which can be not of the same type as chaos, reveals new
possibilities in physics, biology, chemistry, engineering, and other disciplines.

A more general approach to the randomness of dynamics requires new vision
of the dynamical objects and new tools. For example, a typical negligence of
zero measure sets in the ergodic theory can not be applied to realistic systems
in general, since some zero measure domains in the phase space are responsible
for the system evolution, particle transport, character of statistical laws, and
many other important features of the dynamics. A typical Gaussian process,
used to describe kinetics due to chaos, is too rough an approximation that has
not worked for a fairly long time. The properties of random trajectories, which
typically are assigned to non-zero Lyapunov exponents, may not be related to
these exponents, and the random behaviour of the system may be governed
by zero-Lyapunov-exponent theory rather than the non-zero one. Last, but not
least, the dynamics of realistic Hamiltonian systems has unusual microscopic
features that are a direct consequence of its fractal space-time structures and
super-complicated phase space topologies. Fractality of the chaotic dynamics
and kinetics is the dominant part of the book that also includes some existing
material on the Hamiltonian dynamics that are non-ergodic and do not mix well.

The book consists of 4 parts which comprise of 24 chapters with appendices.
The first part, ‘Chaotic Dynamics’, is the largest. In this part the reader is
provided with some basic information about typical Hamiltonian models of the
dynamics, perturbed dynamics, definitions and examples of the chaotic dynam-
ics, and physical models of chaos. More detailed description is given for separatrix
chaos, stochastic webs, and the perturbation theory beyond the KAM-theory for
infinitesimal non-linearity. Phase space topology, symmetry of webs, and renor-
malization group theory of the near separatrix dynamics are specific features of
the first section. The second part is ‘Fractality of Chaos’. In addition to the
more or less usual material on the fractal features of the chaotic trajectories,
this part includes Poincaré recurrences analysis, fractal time structures of tra-
jectories, and descriptions of different dynamical quasi-traps. The third part is
‘Kinetics’. Beginning with the traditional description of chaotic dynamics using
the diffusion equation, there is a detailed motivation and conditions of the fail-
ure of this description. We include the auxiliary material on Levy processes
and Levy flights. The basic essence of this part is devoted to fractional kinet-
ics, its foundation, description, modification, solutions, and the renormalization
group analysis. A special chapter in this part is ‘Pseudochaos’, i.e. kinetics of
a system with weak mixing and zero Lyapunov exponents. The fourth part is
‘Applications’, which is mainly devoted to application of the theory of chaos to
some fundamental problems of dynamics: complexity and entropy of systems,
foundation of statistical physics on the basis of chaos theory, and dynamics
of advected tracers and vortices. This part considers dynamical cooling, the
construction of Maxwell’s Demon, and interplay between exponential and poly-
nomial instabilities in different models of dynamics. Four appendices should help
the readers with elliptic functions and fractional calculus.
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The material of the book, as is clear from the above description, does not
follow the traditional scheme of the majority of the existing literature on chaos.
The intention of the author was to put together the most difficult and not yet
clear problems of the general theory of chaotic systems. The readers will find here
some discussions that are not typically included in the standard texts: Poincaré
recurrences and Maxwell’s Demon, non-ergodicity, log-periodicity, dynamical
quasi-traps, dynamical cooling and chaos erasing, space-time fractality, direc-
tional complexity and entropy, chaos and origin of statistical laws, symmetric
and quasi-symmetric tilings, oriental patterns, and many others. The import-
ance of the discussed issues and understanding of their origins should inspire
the researchers and students to touch the most intimate areas of non-linear
dynamics.

The majority of the material in the book is based on the lecture courses and
research of the author and his colleagues in the Courant Institute of Mathem-
atical Sciences and Physics Department of New York University. Parts of the
material were published in (Zaslavsky, et al. (1991); Zaslavsky (1998), (2002)).
The book can be read by researchers and students of physics, mathematics,
and engineering who have a university-level knowledge of contemporary dynam-
ics and an elementary knowledge of chaos theory. The material of the book is
self-contained and may serve as an introduction to difficult problems on the con-
temporary theory of Hamiltonian chaotic dynamics in systems with few degrees
of freedom, while a more comprehensive study will require more specialized
sources. Some derivations of the basic material are included in the problems.
We deliberately include a few long derivations as an inspirational challenge for
those who would like to work in the area of chaotic dynamics. Although the book
considers the material related to Hamiltonian systems, some tools we discuss can
be applied to a very broad class of dynamical systems such as the stock market
or the Internet.

It is my great pleasure to express the deep appreciation and gratitude to all
those who have helped me in working on this book. I had numerous inspiring
discussions with Michael Shlesinger on fractal time, Weierstrass, and continu-
ous time random walks, and with Valentine Afraimovich and Lai-Sang Young on
complexity, entropy, and contemporary ergodic theory. I do not think that I could
have gone successfully through different problems without their help. Many
results and achievements are shared with my co-authors: Sadrilla Abdullaev,
Valentine Afraimovich, Valery Beloshapkin, Sadruddin Benkadda, Benjamen
Carreras, Mark Edelman, Serge Kassibrakis, Leonid Kuznetsov, Xavier Leoncini,
Anatoly Neishtadt, Boris Niyasov, Sergei Prants, Vered Rom-Kedar, Roald
Sagdeev, Alexander Saichev, Don Stevens, Michael Shlesinger, Alexander Tre-
tiakov, Daniel Usikov, Harold Weitzner, and Roscoe White. I also have made
important results with my close collaborator Alexander Chernikov and student
Oleg Lyubomudrov who have tragically since died. Different results of the book
were discussed with Maurice Courbage, John Lowenstein, Dimitri Treschev, and
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Yasha Sinai. Mark Edelman has helped with preparing the pictures for public-
ation. Pat Sruse has printed the text of the book, while Mark Edelman, Rong
Fan, and Caroline Muller have helped with the final editing of the text. My
special thanks to the staff of Oxford University Press for their help in preparing
the book for publication, and particularly I wish to thank Sonke Adlung for the
enthusiastic support of the idea to write the book, and to Anita Petrie for the
thorough editing work.

During the days of working on the book I received warm hospitality from
Vered Rom-Kedar at the Weitzmann Institute of Science (Rehovot, Israel), Sadri
Benkadda at the Division of Complex Systems, CNRS (Marseille, France), Vladi-
mir Zeitlin at the Ecole Normale Supérieure (Paris, France), Vitali Milman at
Tel-Aviv University (Tel-Aviv, Israel), and Mark Green at IPAM, UCLA (Los
Angeles, USA). I also appreciate the U.S. Navy and the U.S. Department of
Energy for supporting a significant part of my research.

The book includes numerous figures obtained with my colleagues and pub-
lished in my papers and books. Kind permissions were received from the
publishers World Scientific, American Physical Society, American Institute of
Physics, and Elsevier Science B.V. for the reproduction of the following figures
of this book: Figs. 9.2, 9.6, 9.7, 12.4, 12.6, 15.2, 16.1, 16.2, 17.1 from (Zaslavsky
et al., 1997); Figs. 11.5-11.7 from (Zaslavsky and Edelman, 2000); Figs. 6.2,
12.1, 12.3, 22.9 from (Zaslavsky, 1995); Figs. 9.5, 19.14, 19.15, 22.1, 22.4-22.6
from (Zaslavsky and Edelman, 2004); Figs. 6.3, 6.5-6.10 from (Kuznetsov and
Zaslavsky, 1997); Figs. 9.9, 12.7, 19.1, 19.2, 22.7, 22.8 from (Zaslavsky, 2002b);
Figs. 9.3, 15.3, 15.4, 22.2, 22.3 from (Zaslavsky and Edelman, 1997); Figs. 19.6,
19.7, 19.9-19.12 from (Zaslavsky and Edelman, 2001); Figs. 20.1, 21.1, 21.2
from (Afraimovich and Zaslavsky, 2003); Figs. 23.1, 23.3-23.5 from (Govorukhin
et al., 1999); Figs. 24.1-24.3 from Kuznetsov and Zaslavsky, 1998); Figs. 24.4—
24.6 from (Kuzntsov and Zaslavsky, 2000); Fig. 24.7 from (Leoncini et al., 2001);
Figs. 24.8-24.11 from (Leoncini and Zaslavsky, 2002).

A color picture on the cover shows an advected particle in a flow of three vor-
tices. It was obtained from (Leoncini et al., 2001) and modified to the present
form by M. Zaslavski.

George Moiseevich
Zaslavsky
New York, 2004
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1

HAMILTONIAN DYNAMICS

A wide class of physical phenomena can be described by Hamiltonian equa-
tions. This class includes particles, fields, classical and quantum objects, and
it makes up a significant part of our knowledge of the basics of dynamics in
nature. Hamiltonian dynamics is very different from, for example, dissipative
dynamics, and its analysis uses specific tools that cannot be applied in other
cases. Discovery of chaotic dynamics is a result of discovering new features in
Hamiltonian dynamics and new types of solutions of the dynamical equations.
Complementary to the chaotic dynamics, results on the stability of dynamics,
known as Kolmogorov—Arnold—Moser (KAM) theory, have added significantly to
the contemporary structure of the theory of Hamiltonian systems. In this chapter
we are presenting some information on Hamiltonian dynamics that is important
for the description of the so-called Hamiltonian chaos (Note 1.1).

1.1 Hamiltonian equations

A Hamiltonian system with N degrees of freedom is characterized by a gener-
alized coordinate vector q € RY, generalized momentum vector p € RY, and
a Hamiltonian H = H(p, q) such that the equations of motion are:

pizdpi on . —du _9oH =1,...,N). (1.1)

dt__aqi’ qz-:E_@oi’ (l

The space (p,q) is 2/N-dimensional phase space and a pair (p;,¢;), Vi is called
the canonically conjugate variables.

The Hamiltonian can depend explicitly on time, i.e. H = H(p,q,t). Then
the system can be considered in an extended space of 2(N + 1) variables

(P, q; po, qo) with
po=—-H, q=t (1.2)

as a new canonical pair, and with a new Hamiltonian

H = H(p,q,q0) + po- (1.3)
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Indeed, the Hamiltonian dynamical equations

oH oOH OH OH
.izf = - 5 .i: = ) 717 '7N7
P 9q; 9q; 4 Op;  Op; ( )
(1.4)
oM oH oM
Do = 900 = at go = o =

coincide with (1.1) and definitions (1.2). It follows from (1.3) that H = 0, and the
equation pg = —H does not provide any information. Due to that, the system
with the Hamiltonian H = H(p,q,t) is called to have (N + 1/2) degrees of
freedom.

An important notion of Hamiltonian dynamics is the Poisson bracket defined
for two arbitrary smooth functions A = A(p,q) and B = B(p, q) as

N
[A,B]zZ(aA 6—3—8—4 83). (1.5)

Particularly, equations
pZ:[pwHL ql:[qlaHL (22177]\7) (16)

coincide with the Hamiltonian equations (1.1). In general case, for any
differentiable A = A(p, q,t) we have

. 0A
A=+ (A, H) (1.7)

The following properties of the Poisson bracket are valid (see Problem 1.1):
(a) bilinearity
[aA +bB,C] = alA,C] + b[B, C], (1.8)

where a and b are constants.
(b) skewness

[AvB] = 7[BvA]a (19)

which cannot be satisfied for an odd dimension of phase space.
(c) Leibniz identity

[AB,C] = B|A,C] + A[B, C]. (1.10)
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(d) Jakobi identity
[A,[B,Cl|+[C,[A,B]]+ [B,[C, A]] = 0. (1.11)

Using the Poisson brackets and their generalizations, one can formulate
Hamiltonian dynamics for many different types of systems (Note 1.2).

1.2 Phase space dynamics

It is useful to say that equations (1.1) define a phase flow, or simply a flow, in
phase space. Let

be an element of the phase volume I'; at time ¢, i.e.
I's = / dptdqy (1.13)

and integration is performed over the volume bounded by a hypersurface ;. The
evolution of the initial phase volume I'g to I'y during the time interval (0,¢) is
shown in Fig. 1.1.

An important property of Hamiltonian dynamics is the Liouville theorem on
the preservation of phase volume, i.e.

I';y = const =Ty, (1.14)

Fic. 1.1. Evolution of a phase volume.
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(See proof, for example, in Arnold (1978) even for a time-dependent Hamilto-
nian.) The Liouville theorem can also be interpreted as incompressibility of the
phase liquid
. 0q Ot
div(p,qd = 1,22

= 1.1
e+ =0 (115)

where (p, q) satisfy the Hamiltonian equation (1.1) and J is the current vector
in 2N-dimensional space (see Problem 1.2).

Let f = f(p,q,t) be a distribution function of particles in phase space. It is
normalized as

/Ff(p7q, t)dT = 1. (1.16)

Condition (1.16) corresponds to the conservation of the number of particles (one
in this case). The differential form of (1.16) is the equation of continuity

0

67{ + diV(p,q)(Jf) =0 (1.17)
or following from (1.15)

0 0 0

OF L 08 1598 (1.18)

also known as the Liouville equation.

The results (1.15) and (1.18) are different representations of the conser-
vation of the phase volume in the process of dynamics. Any deformation of
the phase volume is permitted (Fig. 1.2) but there are no sources and sinks
(Fig. 1.3)—in other words, attractors and repellers are forbidden due to the
phase volume conservation.

Systems with one degree of freedom can be analysed fairly simply by drawing
their phase portrait or a family of possible orbits p = p(q) on the phase plane
(p,q)- Cousider for example a Hamiltonian

H= ﬁ+V(q), (1.19)

2m

where V' (q) is potential energy and full energy E = H(p,q) doesn’t depend on
time. The dynamics can be presented through the quadrature

[t dg q dgq
t_/ p(Q;E)_i/ [Qm(E_V(q))]l/g (1.20)

that defines in an implicit way a solution

q=q(t;q0,p0), = p(t:q0,p0) (1.21)
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Fi1a. 1.2. Stable (upper) and unstable (lower) evolution of phase volume.

Fic. 1.3. Trajectories attraction to a point or to a cycle.

that satisfies the initial conditions ¢ = qg, p = pg for t = ¢y and particularly
H(po,q0) = E. The phase portrait (Fig. 1.4) is the topological structure of a
family of trajectories with different initial conditions in the (p, ¢)-plane. For the
example in Fig. 1.4 we have open trajectories, closed (periodic) trajectories, and
separatrices that go through the stationary points with

oV (q*)
dq

9%V (q*)
0q¢>

.k

q*zoa p =-

=0, <0. (1.22)
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V(g

- \_

h
q1W%V/4

F1G. 1.4. Potential V(¢) and the corresponding phase portrait with the sta-
tionary points q1, g2, ¢3, and separatrices C1, Cs.

Dynamics in the vicinity of a stationary point (p*,¢*) can be found by an
expansion near the point. From (1.19) and (1.21) we have

1 * 1 * * * * * x ok
*(p—ps)2+§V”(Q)(q—q)2=E—E, V"(q*) #0, E*=H(p* q).

2m
(1.23)

The behaviour of trajectories near the stationary point depends on the sign of
V"(q*) (see Fig. 1.5); it is a family of hyperbolas for V" (¢*) < 0 and ellipses for
V'"(q*) > 0. The point (p*,¢*) is called the hyperbolic (saddle) or elliptic point
respectively. Separatrices are trajectories that go through the saddle points.

1.3 Action-angle variables (one degree of freedom)

Action (I)-angle or phase () variables are canonically conjugate and conveni-
ent in use for different problems. They are introduced through the generating
function

q
S(a.1) = S(a.H(D) = [ pla, H)dg (1.24)
in the following way
1
T
(1.25)
9= 95a1)

oI
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P p

R

S
\\" NI

N\
!/

F1G. 1.5. Phase trajectories near the hyperbolic (saddle) point and elliptic
point.

Variables (I,v) satisfy the equations

OH(I)
== =
. QH(I) dH(I) (:20)
Y= 5 = dl =w(I),

where w is a frequency of non-linear oscillations since its dependence on I.
Equations (1.25) can be simply solved

I = const = I(E),
(1.27)
¥ = w(l)t + const

with an energy
E = H(I) = const (1.28)

that can be obtained by the inversion of the first equation in (1.25).
The cyclic feature of the phase ¥ follows from the definitions (1.24) and (1.25).
A change AY per period of oscillations is

AS:?[pdq:%rI,
(1.29)

0AS
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These expressions allow us to consider a spectral decomposition of the old
variables (p, q):

q=q(I,9) = Z Qn(I)einﬂa q—n=q,,
- (1.30)
p=p(l,9) = Z pn(I)eimsa P—n = pj;
with
1 27 .
qn = 7/ q(I’ ﬂ)efln'ﬂd,ﬁ’
2 0
(1.31)
27 -
n = — 1,9)e™"""dy.
Pn = oo /0 p(L,9)e
For the quadratic Hamiltonian
1 1
H= 5p2 - 5wgq? (1.32)
with mass m = 1 we have
H(I) =wol, w(I)=uwy (1.33)
and the oscillations are linear, i.e. consist of only one harmonic:
97\ 1/2
q= (w) sin(wot + Jo),
‘ (1.34)
9\ 1/2
p= () cos(wot + V).
wo

Let p(I,v), q(I,9) be good functions without singularities on the real axis.
Then they can have singularity in the complex plane and asymptotics of py, gn
for n > 1 may be of the form

Pn ~ €Xp (7 ]3*) y,  Qn ™~ €Xp (* ];,;*) (135)

with N*>1. The number N* defines a characteristic spectral width of
oscillations. It will be calculated in an explicit way for some examples later.
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Notes

Note 1.1
There are indispensable books that review the fundamental features of con-

temporary Hamiltonian dynamics, which we recommend for more detailed
reading: Arnold (1978); Arnold et al. (1993); Kozlov (1996).

Note 1.2
We will provide some examples in the following chapter. A detailed description
of different generalizations can be found in Dubrovin et al. (1984).

Problems

More complicated problems are marked by (*).
1.1 Prove (1.8)—(1.11) using the definition (1.5).
1.2 Prove that (1.14) follows from (1.15).

1.8 Draw the phase portrait for the Hamiltonian

H = cosp+ cosgq.

1.4 Draw the phase portrait for the Hamiltonian

H = cosp+ cos <p+ (?) a:) + cos ( — (?) a:) .
1.5 For an arbitrary, smooth potential V(q) find particle dynamics near
a turning point ¢*:
V(q*) = E (particle energy); V'(¢*) # 0.
1.6 The same as in Problem 1.5 when ¢* is a hyperbolic point:
V'(g") =0, V"(¢") <O.

1.7* Prove that for analytical p(t), ¢(t) on the real axis ¢ the spectral width is
finite, i.e. N* < oo in (1.35).
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EXAMPLES OF HAMILTONIAN DYNAMICS

2.1 Pendulum

This is a standard and classical example of non-linear and unharmonic dynamics
governed by the Hamiltonian

H = 1p* — wicosz, p=. (2.1)

Its phase space is shown in Fig. 2.1 with the potential V = —w?2 cosz and the
stationary points &, = 0, x, =nw (n =0,%1,...). Trajectories for (2.1) are
defined from the equation

i+ wising =0 (2.2)

and they correspond to oscillations for H = E < wi or rotations H = E > w2.
A special, singular, trajectory with H, = E, = w? is the pendulum separatriz.
The corresponding solution on the separatrix is

2w0

Ty = +2wq cos (E) =4+—-
cosh wyt (2.3)

2

x5 = darc tan e*°t — 7.

The profile of v; = &, is called a soliton while the profile of z is called a kink.

2
H>wj

\ Heo? »—\—/—
\ H<w%

T N A

F1G. 2.1. Potential V(z) and the phase space of a pendulum.

-

=
)

2

?

13
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VS ('[) Xs(t)

e

t

F1c. 2.2. Dynamics on the separatrix: soliton-type (left) and kink-type (right).

In the case H > w3, the solution is not bounded but periodic. In this case
the formula (1.25) for the action variable can be replaced by

1 T 1 o427

I=— pdzx

2.4
21 pdx (2:4)

o 21 o

with an arbitrary xg. Let us introduce a parameter k:

1+ H/wj
/@22%/“(), 1<k < o0, (2.5)
which defines oscillations for x < 1, rotations for x > 1, and the separatrix for
k=1
Using expression for p from (2.1) and calculating (2.4) we obtain:

I=IH)= 72T/O””° dz[2(H + w2 cos z)]'/?
s E(g;ﬁa)—(l—g?)F(g;n), (k< 1), .
= —wy ,{E<7T;1>’ (k> 1),
2 K

where ¢ corresponds to 1/4 of the period of oscillations and satisfies the equation
cosrg = —H /w3 and F(r/2; k); E(r/2; k) are full elliptic integrals of the 1st and
2nd kind respectively (see Appendix A).
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The frequency, defined in (1.26), is

CdH(I) 1
W) == = Jrmjan
Famg SD
:g (m/2; k) (2.7)

wo
k (7T 1
— (== >1).

Using the asymptotic expressions for F' (see Appendix A) we have for H = E

wo, (H < 1)7
w(E) =~ Two (2.8)
-/ <1
@B B —E) <D

with

as an energy value on the separatrix.
The spectral decomposition (1.30) for the velocity v = & = p has the form:

am— 1/2
v=1=8w Z — cos[(2n — 1wt], (k < 1),
(2.10)
V=10 = { —I—Z — cos nwt)} (k>1)
with
nF’ _ T
a exp( 7 ), F—F<§,/¢),
Kk, (k<1),
F’:F(f;u )1/2), R={ (2.11)
2 ) (K/ Z 1)
K
It follows from (2.11) that
2
i, (k< 1),
an~ < 32 _ (2.12)
exp (_N*)’ (1-r?2<1)
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/\ jw /\
0 \/ 27w t

FiGc. 2.3. Time dependence of the pendulum velocity near the separatrix
(k <1).

with
32ES wo

1
N* =21 - w0
7 B, —E|  w(E)

(2.13)

Near the separatrix K — 1 and w — 0, i.e. N* — oco. Velocity behaviour is a
periodic set of the soliton-like pulses (Fig. 2.3). For k > 1 the velocity behaviour
is similar to Fig. 2.3 (see Problem 2.2).

2.2 Oescillations in the infinite potential well

This case corresponds to a particle that moves between two walls with ideal
reflections from them.
The corresponding Hamiltonian is:

2

H= % +V(z), V(@)=0, |z|< g V(z) =00, |z|> % (2.14)
Along the trajectories
p = = const = (2H)'/? (2.15)

and for the frequency we have

2r & (2H)Y/?

—wH)="2 =2 =222 2.1
w=wH) =7 =5 2 (2.16)
The action is
I = 2pa = 2a(2H)"/? (2.17)
and, comparing to (2.16),
— o) = (2.18)
w = w = (20,)2 . .
Finally
&= i92 (t) = i pu(D)e™ (2.19)
2[1 T n .

n=-—oo
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V)

(S

_a
2

|

F1G. 2.4. Particle oscillations between two walls (left) and the corresponding
phase space (right).

with 05, as a periodic step-function and
() =ptall) = 5
Prid) =PV = 50
927\'(t) = 027\'(t + T) =+L

)

(2.20)

Since the trajectories are singular (see Fig. 2.4), the Fourier coefficients p,, do
not have exponential decay and the finite N* does not exist.

2.3 Magnetic moments

Consider a particle with a magnetic moment M = (M, M,,, M) and
M? = M7 + M, + M?. (2.21)

The particle, imbedded into a media with external magnetic field, can get an
energy

W = W (M,, M,, M.). (2.22)

Dynamics of the magnetic moment are then defined by the so-called Landau—
Lifshits equation

ow

M= —gMx ¥
g ><an

(2.23)
where g is a constant factor.

Equation (2.23) has two integrals of motion: M? and W, that can be verified
by their direct differentiation. Let us show how equation (2.23) can be written
in a Hamiltonian form. First, introduce new variables:

M* = M, +iM,. (2.24)
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Equation (2.23) can be rewritten as:

. ow

d oW
—M* = +igh*
dt Yo,

The equation for M, can be obtained from (2.25) if we use
M, = (M? - M*tM™)'/2, (2.26)
Now replace
W (M, My, M,) — W(MT,M~;(M? - M*tM~)'/?). (2.27)
Then equation (2.25) transforms into:

aE L oW
i = F2igM,(M™, M )m»

where M, should be replaced by (2.26).
Equation (2.27) is related to the generalized Hamiltonian system (Dubrovin
et al. (1984)). To see this, let us introduce a new time variable 7 by the equation:

(2.28)

dr

e 2igM, (M ™ (t), M~ (t)) (2.29)
and rewrite (2.28) as:
dM* ow
) Ve (2:30)

which defines the canonical pair (M*,M~) and the Hamiltonian W in the
form of (2.27). The obtained Hamiltonian presentation of equation (2.23) is not
unique and a choice of one or another set of canonical variables is a matter of
convenience.

2.4 Field line behaviour

The problem to be considered here is fairly old and has numerous applications.
Let v = v(r) be a vector field defined in three-dimensional space r = (z,v, 2).
The set of equations:

dr_dy _d

Vg Uy Uy

(2.31)
defines field line behaviour in space and can be rewritten in a parametric form

r=— =v(r), (2.32)
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where the parameter ¢ can represent a length along the field line. For any given
initial point ro = (g, Yo, 20), equation (2.32) defines the solution:

r:r(x7y7z;x07y0720) (233)

that shows a coordinate of the field line that passes through the point rg. In fact,
the system (2.32) has only two independent equations:

dr vy

dz = v, :fl(xayaz)a
dy vy

S . 2.34
YU e2) (2.34)

One can assume a point massless particle that moves along field lines following
equation (2.32) or, using a ‘time’ z, one can consider a trajectory in space:

r = x(2;%0,%0, 20), ¥ = Y(2; %o, Yo, 20) (2.35)

obtained from ‘dynamical’ equation (2.34). Both forms (2.33) and (2.35) are
equivalent.

The most important applications of the problem (2.31),(2.32) occur for advec-
ted particles in fluids (tracers) and for magnetic field lines with respect to the
fusion devices. In Fig. 2.5 we present different possible behaviours of field lines.
Evidently the problem of the field line behaviour can be considered as a dynam-
ical problem and the unstable behaviour can occur as chaos of field lines, but,
for the cases of absence of real time dependence, equation (2.32) or (2.34) would
be formulated in a Hamiltonian form.

Consider the case of incompressible fluid:

divv=0 (2.36)

J 2

Fic. 2.5. Stable (left) and unstable (right) behaviour of field lines.
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for which the tracers follow streamlines (the case of compressible fluid is in
Chapter 23.2). Let us introduce a variable & (vector potential) by the equation:

v =curl £ (2.37)

and put

Yy
&=0. &=H p=[ v (2.38)

Then it is simple to verify that:

dz dp dz ox

which are Hamiltonian equations with respect to ‘time’ z and canonical
pair (p,z). There are other ways of introducing Hamiltonian form for stream-
lines. Particularly, in the two-dimensional case r = (z,y),v = (v, vy) We can
introduce the so-called stream function V:

0w _ov (2.40)

Ol P A

to satisfy the continuity equation (2.36). Then equation (2.32) takes the canonical
form:

.oV . ov
=G =g (2.41)

with Hamiltonian ¥ = ¥(x,y) and (z,y) as a canonical pair. The same equations
can be generalized for the case when W = W(x,y;t) where t is a real time. Then
the dot in (2.41) can be taken as the real time and system (2.41) together with
U = U(x,y;t) is the Hamiltonian one.

2.5 Hamiltonian equations for the ABC-flow
A stationary non-dissipative flow satisfies the so-called Beltrami condition:

v =ccurlv (2.42)

with a free helicity parameter ¢ that can be a function of r. This type of field was
considered much with respect to many different physical problems. Particularly,
if we replace v by the magnetic field B, then the direct consequence from (2.42):

Bxcurl B=0 (2.43)

is the condition of the force-free field.
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In 1965 V. I. Arnold (see Arnold (1965)) suggested that the following steady
state flow:

vy = Asinz 4+ C cosy,
vy = Bsinz + Acosz, (2.44)
v, =Csiny + Bcosz

would possess a non-trivial topology of streamlines since it satisfies the Beltrami
condition (with ¢ = 1). The flow (2.44) was called ABC (Arnold-Beltrami-
Childress)-flow, and the non-trivial topology appears to be a streamline chaos
(more detailed discussion is in Chapter 23).

In this section we want to present an explicit form of the Hamiltonian
equation for (2.44) (see Zaslavsky et al. (1988, 1991)).

Let us rewrite (2.44) in the form

dt 1 90H dy 1 0H

&SV oy &V oor (243)
with
U =U(z,y) =Csiny + Bcosz,
H=H(z,y,2) = V(x,y) + A(ysinz — z cos z). (2.46)
Following (2.38), define
y
p=p(z,y) :/0 dy' ¥ (x,y’) (2.47)
and that gives instead of (2.45)
%:%I’ %:_% (2.48)
with the Hamiltonian
H = Bcosx + Csiny+ A (ysinz — zcos z) (2.49)
and
p = 1ycosT + siny, (2.50)
Equation (2.50) can be inverted with the Bessel-Fubini integral
y(@p) = co];:z: 2 Z %(_1)an (COZ:Z?) sin CZ::E' (2:51)

n=1
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This gives the Hamiltonian (2.49) in an explicit form
H(z,p,z) =Cy+ Bcosx — Axcosz + y(z,p)(Asin z — C cos x), (2.52)

where y(z, p) should be taken from (2.51).

Let us note that the Hamiltonian form of equations with a time-periodic per-
turbation implies an immediate conclusion of the existence of chaotic trajectories
(streamlines) as will be clear later. This demonstrates how the Hamiltonian form
of a problem provides some general conclusion on orbits and their properties.

Problems
More complicated problems are marked by (*).
2.1 Using a reference book, prove the expressions (2.6)—(2.8) and (2.10)—(2.13).

2.2 Find and draw the pendulum velocity @ = () and coordinate x = x(t)
near the separatrix for k < 1 and x > 1. Compare the results to Fig. 2.2.

2.8 A particle is moving in the potential
V(g) = wig® +aq™.

Find for a > 0

(a) solutions ¢(t), p(t);

) action I = I(E);

) frequency w = w(I);

) spectral decomposition py,, ¢n;

(e) find asymptotics of solutions ¢, p and I, w for E > w?.

2.4 The same as in Problem 2.3 for the potential
V(g) = —wiq* + ag?, a > 0.
Find also the asymptotics of the dynamics near the separatrix.
2.5* The same as in (b)—(d) of Problem 2.3 but for the Hamiltonian
H = cosp + cosgq.

Also find the dynamics near the separatrix and on the separatrix.

2.6 Prove the correctness of equations (2.39) using the transition from variables
(2,y) to & = ¢{(x,y), p = p(z,y) with £ = .
2.7 Show that (2.40) follows from the condition of incompressibility (2.36).
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PERTURBED DYNAMICS

A typical approach to general study of dynamical systems is to split the system’s
Hamiltonian in two parts: unperturbed Hamiltonian Hj and perturbation €V, i.e.

H = Hy+ €V (31)

with max V' ~ Hj and a dimensionless perturbation parameter e that is assumed
to be small (e < 1). It is also typical to consider the unperturbed system as an
integrable one and present

Ho=Ho(Iy,...,In) (3.2)
as a function of actions I = (I3, ...Iy). Then we can write for a general situation
V:V(Il,ﬁl;...;IN,ﬁN)7 (33)

where ¥ = (¥, ...,0y) are phases canonically conjugated to I. Perturbation V
can be incorporated into Hy if it does not depend on phases (¢1,...,Yy), and
there is no force if V does not depend on actions (11, ..., Iy). Thus a perturbation
in the form (3.3) makes a non-trivial case.

Perturbed problems are the most difficult part of the theory of dynamical
systems and a possibility of solution of (3.1) or even a description of some features
of the solution is still far from complete.

3.1 The Liouville-Arnold theorem on integrability

This theorem was formulated in its contemporary form by Arnold (1978) and
then appeared with different modifications in Kozlov (1996) and Dubrovin
et al. (1984).

Consider a Hamiltonian system with N degrees of freedom and N first
integrals of motion Fj,(j =1,...,N)

which mutually commute
[Fja Fk] =0, (v.]v k) (35)
It is also assumed that the level set of F; forms a smooth compact connected

manifold M C IR*M, and the functions F};(Vj) are linearly independent on M.

23
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Then trajectories wind the invariant surface which is IN-dimensional torus
TV with phase (angles)

¥ = w;t + 19;-0), w; = w;(I) = const, (), (3.6)

where w;(I) are defined below and the Hamiltonian equations integrated in
quadratures. Without loss of generality, one can consider F; = H. The main
point of the theorem is the possibility to introduce N actions I; (Vj), similar to
Section 1.3, as integrals of motion instead of F}; (V).

Let the initial Hamiltonian be

Hy=Ho(p,q), p=P1---,pn), a=I(q1-..,qn). (3.7)

Consider a generating function
a
Sta)= [ plLa)-da 1=(h...0y) (33)
q

in a vicinity of the initial point q(®), which is single-valued in the simply
connected neighbourhood. A canonical transformation from (p,q) to (I,9) is

as aS
Pi= 5o 19],,87[.7., I=(I,...,In), (3.9)

where the actions are defined as

1 .
j:? p'dq:Ij(Flv'--7FN)7 (v.])a (310)
™ Cj
and C; are basic contours of a torus TY. The torus is defined by the initial
conditions, i.e. by the integrals of motion (Fi,...,Fx), and the canonical
equations are

. OH . OH .
Iy = _8719]-’ v; = 87[]-’ (Y3,
H=H(I,...,Iy)=H(). (3.11)
The quantities
OH(I)
wi(I) = (3.12)
! oI;

are called frequencies, and they define the angles ¥; (compare to (3.6)).
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Cy

Fi1G. 3.1. Basic contours Cy, Cs for a 2-dimensional torus.

Since (3.11), I; = 0 (Vj) and I, are integrals of motion as they also follow
from (3.10) (Note 3.1).

3.2 Consequences of the integrability

If N = 2 and there exists an integral of motion F' independent on H, then the
system is integrable since it has two integrals: F' and H. A more specific question
is how unique is the definition of actions (3.10) as canonical variables. In general,
actions are not defined uniquely but the invariant tori are defined uniquely if the
condition of non-degeneracy is valid

O2H (T)
1,01,

Ow; (T)
oIy,

det ‘

= det ‘ ‘ 40 (3.13)

(see Arnold, 1978). This comment shows that the behaviour of trajectories in
phase space does not depend on the choice of variables.

The angle variables are cyclic. Let us consider a change AS; after performing
the integration in (3.8) along a contour C;. Due to definition (3.10) it gives

ASJ‘ = 27'(']]‘, (314)

and from (3.9) we obtain AY; = 2m, i.e. each cycle over a contour C; changes
¥; by 2w, (Vj), and this explains the name of the angle variables. It follows
immediately the spectral decomposition

oo

p= Z pm(D)exp(im-9), m= (mq,...,mn),

(3.15)

oo

q= Z gm(D)exp(im-9¥), m=(mq,...,my),

m=—0oQ
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which is analogous to the case N = 1. Formulas (3.15) show that integrable
systems perform a conditionally periodic motion.

One more generalization can be considered for the case N =1 1/2, i.e. for a
Hamiltonian

H=H(p.qt)=H(p,qt+T) (3.16)

with a periodic dependence on time and period 7. One can consider dynamics
in a cylindric space R?L, with L, along the t-axis. Due to periodicity along ¢,
one can consider trajectories within an interval (0,7") of L; and construct the
corresponding mapping (see Chapter 4).

It is important to remark that the Liouville-Arnold theorem does not assume
the separation of variables when the Hamiltonian can be written as

N
H(I) =Y HY(I). (3.17)
j=1

This situation will be considered as a trivial one.

3.3 Non-integrability and the Kozlov condition

The notion of integrability and its counter-notion, non-integrability, has no
unique definition. Different details are discussed in Kozlov (1996) and Arnold
et al. (1993). One of the possibilities is that a system is integrable if its solutions
(p(t),q(t)) can be expressed through quadratures. We will use here the following
definition: a system is not integrable if the number M of independent commuting
integrals satisfies the condition

M < N, (3.18)

but the family of trajectories of the system cannot be displayed on an invariant
N-torus. In a simplified way, we can state a system is completely integrable if
its Hamiltonian can be presented in the form (3.11). Here is the motivation for
this definition. The symplectic property of Hamiltonian dynamics permits us
to reduce the order of differential equations by 2M if there is M < N single-
valued independent integrals of motion, i.e. effectively the original system with
N degrees of freedom can be transformed to a system with N — M degrees of
freedom. At the moment, we do not have an example of the Hamiltonian system
with M < N and with no randomness (Note 3.2).

Few important examples of the non-integrability were shown in Kozlov
(1983, 1996) and Arnold et al. (1993). Consider a compact analytical surface
of the topological genus g;. It is equivalent to a sphere with g; handles and, par-
ticularly, the torus has g = 1. The result of Kozlov (1983) is that for g; > 2 the
system is not integrable. In Fig. 3.2 we present an example of non-integrability
for N = 2.
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() (d)

FiGg. 3.2. Examples of non-integrable systems with 2 degrees of freedom
(N =2): (a) invariant surface with g; = 2 and a trajectory that winds the
surface; (b)—(d) 2-dimensional billiards, similar to the case (a).

Fi1G. 3.3. Invariant surfaces in phase space, that have stable close contours, are
winded by trajectories which are not integrable.

All these examples have interesting physical interpretations (see Chapter 19).

Less evident examples, obtained also in Kozlov (1983, 1996) are shown in
Fig. 3.3.

The important part of these results is that the analysis of the integrability is
non-local.

The origin of an indefiniteness in all these examples can be explained in the
following qualitative way (see Fig. 3.4: after winding the middle part of the
surface with g; = 2, the next part of the trajectory, upper or lower level, is
sensitive to small perturbations) (Note 3.3).
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F1G. 3.4. Indefiniteness of a trajectory to wind upper/lower part of the surface.

3.4 Resonances

Expansion (3.15) provides a fairly simple understanding of the main difficulty of
perturbation theories. Consider the perturbed Hamiltonian (3.1) and present it
in the form

H(L,9) = Ho(I) + ¢V (I, 9) +EZV )exp(im - 9) (3.19)

with m; € N and
Vim =Vy, - (3.20)

The Hamiltonian equations can be written as

. oH ov , )
b Ty, T meplim ),
(3.21)

. OH 0Hy oV OV .
ﬁjzﬁiljzailj—’—eaifj:wj—i_e; exp(im - 9).

01,
Until now the expressions (3.21) are exact. Assume that € < 1 and that in the

right-hand side of the first equation one can substitute the zero-approximation
term, i.e. I; = I;O), ¥ = wﬁo)t + 195-0), wj(o) = wj(-o)(I). Then it gives

mi .
Lt)=1" ¢y me(I(O’) cexp(im - (W@t +9©)).  (3.22)

The obtained expression shows the so-called small denominator problem since
the expression m - w depends on I(?) and for some values of I(?) it can be close
to the resonant condition

m-w® =mw® + . myl? =0, (3.23)
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For N = 2 this equation can be satisfied when two non-zero frequencies are in
the rational connection.

A role of the resonances can be understood in the following way. Let (3.23) be
valid for some set of values of I°). Then the perturbation term does not depend
on time in zero-approximation, and integration of (3.21) gives terms proportional
to t. This is an instability which appears due to a bad approximation approach.
A Dbetter approximation is in Section 3.5.

3.5 Non-linear resonance and chain of islands

This section describes the structure of the resonances by an approach that is
more appropriate than just the perturbation method of Section 3.4. For the sake
of simplicity, consider a system of 1 1/2 degrees of freedom

H = Hy(I) + €V (I,0,1), (3.24)

where € < 1 and V is periodic in time with the period T = 27 /v. Therefore, V
can be expanded in a double Fourier series in 6 and t:

V(I,6,t) ka D' F0=th -y = Vg (3.25)

Using expressions (3.24) and (3.25), the Hamiltonian equations of motion can
be transformed into

f:—e—: Z’“Vk” iko—tvt),
975— ¥ +e 1 7w(I)+§e;Te . (3.26)
where we use the frequency of oscillations for the unperturbed motion:
dHy
I)=——. 2

w(1) = (3.27)
The resonance condition implies

kw(I)—tv =0 (3.28)

with integers k and ¢. Let us specify a pair of integers, (ko,%p), and the
corresponding value, Iy, such that (3.28) converts into the identity

kow(Io) = gol/. (329)

Due to the system non-linearity there are many possible values (k,¢;I) that
satisfy the condition (3.28). For the beginning we analyse a simplified situation
of an isolated resonance (3.29) and ignore all other possible resonances. This
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means that in the equations of motion (3.26), only terms with k = +kq, £ = £,
should be retained, which satisfy the resonance conditon at I = Ij:

j = Gko‘/() sin(k00 - E(]l/t + QS),

0 = w(l) + 6% cos(kob — Lovt + @), (8:30)
where
Vioto = [Vio.to € = Voe'®. (3.31)
It is also assumed that the value
Al=1-1Io (3.32)

is small, i.e. (3.26) is considered in the vicinity of the resonance value of the
action Ij.
A list of typical approximations is as follows:

(i) Put Vp = Vp(Ip) on the right-hand sides of (3.30);
(ii) Expand the frequency w([I) using (3.32):

w(I) =wy + WAl (3.33)
where
dw (1
woy = w(I()), (,d, = d(IO)7 (334)

(iii) Neglect the second term of the order of € in the second equation of (3.30)
for the angle.

Finally, we reduce the system (3.30) to its simplified version:

%(AI) = —ekoVpsine
p / (3.35)
@w = kow Al
where a new phase is introduced:
Y =ko —bovt + ¢ —m (3.36)

assuming that w’ > 0. In the case that w’ < 0 a corresponding phase shift in the
definition of ¢ should be applied. The set of equations (3.35) has a Hamiltonian
form:

%(AI) __od 4, _ oH (3.37)
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Ny

Fi1c. 3.5. Non-linear resonances on the phase plane (p,q). The dashed line is
the unperturbed trajectory with I = Iy. The thick line is a new separatrix of
phase oscillations: (a) ko = £y = 1; (b) ko =6, {p = 1.

where
1
H= 5kow’(AI)? — ekoVp cos . (3.38)

Expression (3.38) is an effective Hamiltonian describing dynamics of the sys-
tem in a neighbourhood of the resonance. Variables (AI, ) form a canonically
conjugate pair.

A comparison of expressions (3.38) and (2.1) shows that the Hamiltonian H
describes the oscillations of a nonlinear pendulum. It follows from (3.35) that

U+ Q2siny = 0, (3.39)
where the frequency of ‘small amplitude’ oscillation is
Qo = (ek2Volw']))/2. (3.40)

The quantity €2 is also the frequency of phase oscillations. The formulas obtained
in Section 2.1 and Appendix A for the non-linear pendulum can be automatically
applied to Hamiltonian (3.38).

On the phase plane ( p, q), a phase curve defined by the action I (see Fig. 3.5)
corresponds to an exact resonance. The transform (3.36), from polar angle 6 to
phase v, corresponds to the transform of a coordinate frame of reference rotating
with a frequency fyv. It follows that for the resonance with an order kg, there is
a chain of islands with kg separatrix cells, kg hyperbolic singular points, and kg
elliptic ones. Thus, the topology of phase space is changed in the vicinity of the
resonance value Ij.

Let us determine the conditions under which the system is ‘trapped’ by a
non-linear resonance. The dimensionless parameter a characterizes a degree of
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non-linearity of oscillations:

Iy
a=2
wo

dw(Io)
dI

Iy, ,
= — . 3.41
o (3.41)

The three approximations mentioned above are valid if the following condi-
tions are satisfied:

1
e<a< . (3.42)

The first inequality means that the non-linearity must be fairly strong while the
second inequality restricts the time of the approximation.

To determine the validity of the Hamiltonian (3.38), we need to estimate the
amplitude of the phase oscillations:

max AT Vo 124 e\ 1/2
~ _ —~ | — .4
I() <6|w’|) I() (OL) ’ (3 3)

where we put Vy ~ Hy ~ wply. In the same way, we derive the frequency width
of the resonance from the definition (3.40):

maxAw _ Slo _ o1/ (3.44)
wo wo

Expression (3.43) provides the meaning for the first inequality in (3.42) and
expression (3.44) gives the meaning of the second one, i.e., the relative
changes in action and frequency must be small due to the non-linear resonance
approximation.

The described set of islands will be called resonant islands or chain of islands.
Their study leaves aside many questions, and particularly the question of a role
of all other possible resonances. We will discuss them in the forthcoming sections
(Note 3.4).

3.6 Kolmogorov—Arnold—Moser (KAM) theory

Sections 3.3 and 3.4 describe how the perturbation theory works, at least in a
simplified way. The role of neglected terms can be estimated for a finite time.
The approach to the stability problem, developed by the KAM theory, is very
different and it establishes stability results for an infinite time (Note 3.5).

The crucial idea of the KAM theory is to consider invariant tori rather than
trajectories and to study a perturbation of the tori rather than stability of tra-
jectories. A simplified formulation of the KAM theory results is the following:
consider a system with a Hamiltonian of the form (3.1)—(3.3). Then for € — 0 and
some conditions formulated below the majority of the invariant unperturbed tori
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persists under the perturbation in a slightly deformed way, and the rest of the
tori that can be destroyed by the perturbation is of a small measure 6I'(¢) and

or'(e) = 0, (e—0). (3.45)
The main conditions of the theory are: condition of the system non-degeneracy

02H,
aI,01,,

& = det ‘ #0 (3.46)

(compare to (3.13)), and condition of the isoenergetic non-degeneracy:

9%H w
det Bl_ﬁlk’ 0 #£0, w=(wi,...,wN). (3.47)

The physical meaning of these conditions is the following. Condition (3.46)
means that the unperturbed system is essentially non-linear. Let, for example,
w1 = OHy/0I correspond to linear oscillations, i.e. w; = const and it does not
depend on any action Ix. To understand the second condition (3.47), consider
the case N = 2 and let the resonant condition njwi +nows = 0 be valid for some
values of n1,n2 and (I1,I3). Then w;/we = —ny/n; and due to a perturbation
Iy, I, will change with time. This should lead the system to escape from the
resonance unless

Y1 _ const. (3.48)
w2

The condition (3.48) leads to

d (Z;) =0 (3.49)

or
Oun 92 g
o, * ot 7
(3.50)
%w &dzw 0
oL, 2 oI, *

that can be written in a form (3.47). Thus the condition (3.47), due to (3.48) and
(3.50), means that the system can escape fairly fast from the resonance domain.

In real systems we have finite € and finite & (3.46) that can be arbitrarily
small. The problem of finding some critical values €. and &, such that the
invariant tori persists for € < ¢, and & < @, is beyond the KAM theory and it
will be discussed in Chapter 8. In the Kolmogorov—Arnold publication, functions
Hy(I) and V (I, 9, t) were assumed to be analytical ones on their arguments, while
Moser assumed these functions to have a finite number of derivatives.
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Notes

Note 3.1
Transformation (Fy,...,Fy) — (I1,...,Iy) with the same definition of
actions I; as in (3.10) was used in Einstein (1917) with respect to a problem
of quantization of systems with /N non-separated degrees of freedom. Einstein
conjectured the formula

N
]_ .
I = %ﬁj ;;:1pkqu =nsh, n; €N, (Vj)

with NV independent quantum numbers 7n;. It was also mentioned in Einstein
(1917) that a deficit of independent integrals of motion, comparing to N,
makes a problem for quantization. This problem is known now as a part of
the quantum chaos manifestations (see more in Zaslavsky (1981)).

Note 3.2
The last statement is not sufficient since the randomness is not defined yet.
We will discuss this point later in corresponding sections.

Note 3.3
More discussions of the conditions of non-integrability can be found in
Kozlov (1996) and Arnold et al. (1993).

Note 3.4
The chain of resonance islands was investigated in Chirikov (1979). Islands-
around-islands were introduced in Meiss (1986). A detailed review and rigorous
results can be found in Meiss (1992).

Note 3.5
KAM-theory is an abbreviation used for the results that have been published
in Kolmogorov (1954); Arnold (1961, 1963); Moser (1962, 1967). More
discussions can be found in Arnold (1978) and Arnold et al. (1993).

Problems
More complicated problems are marked by (*).

3.1* Find a set of resonances for weakly coupled oscillators:
H =1/2(p] +p3) + Vi(q1) + Va(g2) + €142

with Vi(q1) = 1/2¢% + 1/4q}, Va(qe) = 1/2¢3 and € < 1.
3.2 Find the conserving quantity in non-linear resonances of the Problem 3.1.

3.8 A particle is moving between two walls located at ¢ = +a, without gravity,
and with absolute ellastic collision with walls. The Hamiltonian is:

2

H =5+ Volg).
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where Vy(q) = oo if ¢ = ta, and Vp(q) = blq| if —a < ¢ < a.
(a) Find the action and frequency of oscillations.

(b) Find the solutions ¢(t), p(t).

(c) Find the spectrum g¢y,, py,.

3.4 In the Problem 3.3, add perturbation to the potential
V(q) = Vo(q) + eabcos(vt), ek 1.
(a) Find all possible resonances between the perturbation and unperturbed

motion.
(b) Find the width of resonances.
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CHAOTIC DYNAMICS

Speaking about ‘chaotic dynamics’, we have in mind a kind of randomness or,
more accurately, the idea that trajectories of particles or systems can be indis-
tinguishable from some random process. This means that there exists an exact
or approximate equivalent between solutions of some stochastic equation and,
for example, the Newton equation, without anything random in the latter one.
Surprisingly, it seems to be correct in spite of the paradoxical statement and
numerous obstacles on the way to find the adequacy. The main trouble with the
definition of chaotic dynamics for realistic physical situations, i.e. the descrip-
tion of trajectories as solutions of physically reasonable dynamical equations
appears due to the imperfectness of the statistical analysis with the presence of
strong ‘dynamical elements’ and due to insufficiency of the dynamical analysis
with the presence of strong ‘statistical elements’. In this chapter we start the
discussion of chaotic dynamics, or simply chaos, and different continuations and
generalizations will appear later.

4.1 Natural measure

A typical physical way to describe randomly moving particles in phase space
(p,q) € T is to use a distribution function p(p,q;t) which is a normalized
particle density

/p(p,q; t)dpdq = 1. (4.1)
Particularly, for one particle, one can use

p(p,q;t) = 0(p — p(t))d(a —q(t)), (4.2)

where p(t),q(t) are solutions of the dynamical equations and § is the Dirac
function. The distribution (4.2) is singular and it does not have any information
except the solutions p(t),q(t). There are different ways how one can introduce
smoothed distributions in phase space.

Consider finite dynamics in the phase space I' and let II. be a partitioning
of I' by hypercubes of the volume V.

We can introduce the number M (II.) which is a minimal number of the
hypercubes that cover full I'. Let us label all hypercubes by k and p®), q(¥) are

37
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coordinates of the centre of the k-hypercube. Evidently,
M) -V >T (4.3)

and the equality occurs as € — 0. Consider A initial trajectories (particles) and
make a snapshot at time instant ¢. We will have some number of particles N ()
in j-th hypercube. Then the function

ity = 2400 (1.4

corresponds to the particle density at the j-th hypercube at time instant ¢. The
value of € shows an accuracy of the determination of coordinates of a particle.
The smaller € is, the larger A/ should be. In the case that the limit exists

p(p,q;t) = lim lim p;(t) (4.5)

li

N*)OO €—

the function p(p,q;t) with omitted subscript j will be called coarse-grained
distribution function, and

dm(p,q,t) = p(p,q; t)dl’ = p(p, q; t)dpdq (4.6)

will be called natural measure or physical measure. The latter notion is simply
a probability to find a particle in the volume dT'(p, q) with coordinates (p,q) at
time ¢. In Hamiltonian systems there is already, in some sense, a natural measure
called the Liouville measure that satisfies the Liouville equation and the coarse-
grained distribution function captures different parts of the Liouville measure.
There are some points in the definition (4.5), (4.6) that should be considered
cautiously when applied to Hamiltonian dynamics. Their origin is imposed by our
incomplete understanding of how the real dynamics appears. Here they are:

(a) Any real situation suggests
N #£oc0, €#0 (4.7)

and in reality we do not know how big N and how small e should be to
represent a real situation.

(b) Selection of N trajectories (particles) means selection of an ensemble and we
do not have in hand any rigorous definition of a ‘good’ or well-representative
ensemble.

(¢) Later, we will show some examples of dynamics for which the ensembles and
limit (4.7) should be defined in different ways. For example, these different
classes can be distinguished by a pair constant (., Jar) such that

% . NN = const, e—0, N — o0

The pair (d¢,dpr) is defined by a singularity of the phase space.
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(d) Depending on the singularity of phase space, not all partitions II. are
equivalent: they should be adjusted to a corresponding class of the ensemble.
In future we will always assume that the ensemble of a problem is selected
correctly.

The stationary distribution pg(p,q) does not depend on time. It is evident
that the coarse-grained function loses some information related to fluctuations
of N;(t). Another way of introducing a stationary measure, if it exists, is the
following: consider one trajectory during a large time ¢ and the value ¢; that this
trajectory spends in the j-th hypercube. It is evident that

t=> "t
J
Then

. t;
pe(p,q) = lim <J>
— 00 t
can be considered as particle density with a coordinate (p, q) where the subscript
J is omitted.
In some cases

po(P;a) = pt(pP, q), (4.8)

known as the property of ergodicity. We will see that the behaviour of real
trajectories is much more complicated and needs more subtle description. Even
when the property (4.8) exists, in many typical situations it cannot be applied
since the limits A" — oo or t — oo are not accessible.

In concluding of this section, let us add that a typical problem for applications
is to define the evolution of systems, i.e. p(p, q;t), rather than py(p, q), that may
not exist in non-stationary systems.

All the comments related to the definition of the density function p will be
discussed more in the corresponding sections (Note 4.1).

4.2 Ergodicity, mixing, and weak mixing

Here are some basic notions used in the ergodic theory of dynamical systems. Let
us simplify notations and put z(¢;x) € IR?*" for the canonical pair p(¢; po,qo)
and q(t; po, qo). Then

F@ = lim o [ fle(tz)dt (4.9)

is mean time value of function f(x). Consider an ensemble of A initial points
xéj), j = 1,...,N in phase space, and the function f(x(t;zéj))) along each
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trajectory. Then

(f(z)) = lim (4.10)

Z
|
8
uMz

is ensemble average of f(x).
The ergodic theorem states that for typical Hamiltonian systems with finite
dynamics I' can be decomposed into possibly infinitely many subdomains I'g:

Ul =T, T Ngze 'y =0, (4.11)

such that for each subdomain I'y, the following equality is valid:
flxely)=(fzxeTy)) = f(z)p(x, t)dx, (Vk), (4.12)
T

where p(x,t) = p(p,q;t) is the same as in (4.6). The property (4.12) is also
known as the equality of time average and ensemble average (Note 4.2).

The notion of mixing has better physical understanding and a more important
application. Let f(z), g(x) be two arbitrary square integrable functions, and let
the dynamics be finite and ergodic. The correlation function, or correlator, of

f(z) and g(z) is:
R(f,g:t) = (f(z(t + m320)g(2(T320)) — (f(@))(9(2))- (4.13)
Due to the ergodicity (f(z)) and (g(x)) do not depend on time. The property
Jim R(f,g:t) =0 (4.14)

is known as the correlation decay. The value of R depends on time ¢ and on the
choice of functions f(z) and g(x). The system possesses the mixing property if
(4.14) is valid.

Another definition of the mixing is the following: let A(t) and B(t) be two
subdomains A C I';, B C T of a system that is ergodic in I'. The system possesses
the mixing property if

lim Mes(A(t+7) N B(1)) — Mes A-Mes B = 0. (4.15)

t—o0
Again, according to the Liouville theorem, Mes A(t), Mes B(t) do not depend
on time. Both definitions (4.14) and (4.15) are one-to-one equivalent (Note 4.3).

Dynamics with mixing leads to a complication of the boundary shape of a phase
space drop in the process of its time evolution (Fig. 4.1).
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Fi1G. 4.1. Evolution of a domain in phase space in the case of mixing dynamics
follows by a complication in its boundary shape.

Sometimes dynamical systems do not have mixing in a strong sense defined
by (4.14),(4.15), but instead they have its weak equivalence. The weak mizing
property means the existence of the limit:

RFg) = Jim 5 [ arREfalt+ ). o)) =0, (416)

Expression (4.16) permits the existence of large size and long-lasting fluctuations
OR? with the only condition:

1
lim —
t—oo t

t
/0 R (f,g:)| = 0,

which means a fairly slow accumulation of these fluctuations. We will call them
persistent fluctuations. They will be considered later.

Finally, let us write all definitions for the case when dynamical equations are
given in a discrete form of a map:

Tpi1 =T, xpel, (Vk) (4.17)

with a time shift operator 7. Generally speaking, 7' = T(n) since the time
intervals At,, p41 = tpy1 — tn, > 0 may not be equal. Then ergodicity means

m—1
(F@) = tm =3 f(0,) = T, (1.18)

n=0
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mixing is
Rn(fr9) = <f(T”$o)9(3?o)> — (f(zo0)){g(z0)) (4.19)

and the weak mixing is

m—1
1
2 — T il 2
Ri(f.9) = lim — ZO R3(f.9). (4.20)
Autocorrelation function is
R(x,x;t) = (x(t;z0)x0) — (x>2 (4.21)

and often is in use in physics. The mixing is a stronger property than ergodicity
since the existence of mixing implies the ergodicity, but not vice versa.

One more definition is useful for analysis of dynamics: a dynamical system is
topologically transitive if there exists an orbit that is dense in I'. In other words,
there exists an orbit that can approach any = € I' arbitrarily close. If A and B
are two arbitrary small open sets, then the topological transitivity means that
there is always an orbit that goes from A to B. It is worthwhile to mention that
topological transitivity is a weaker property than ergodicity.

4.3 Local instability and Lyapunov exponents

Local analysis of the stability is an old and successful tool to study dynamical
systems. The most relevant analyses to chaotic dynamics investigations were
applied to the dynamics of a material point along geodesics of a surface with
negative curvature (Hopf (1940)) and to the mixing property in a system with
convex scatterers (Krylov (1979); Sinai (1963)).

Consider a system with finite dynamics, and two points as initial conditions
for the trajectories exiting from these points. Let d(¢) be a distance between the
points (trajectories) at time ¢ and d(0) is an infinitesimal value. Assume:

d(t) ~ d(0)e”", v>0. (4.22)

We say that the system’s dynamic in the phase space domain I' has the local
instability if the property (4.22) exists for d(0) — 0, ¢ — oo (the order of limits
is important) for any pair of initial conditions excluding, perhaps, a zero measure
set of points. The increment of the local instability is

vy= lim lim 111r1 d(t) ‘
d(0)—0t—oo {

0 (4.23)

In general, v is a function of the initial point.
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d(0)

F1G. 4.2. Local instability of trajectories.

A more frequently used characteristic is Lyapunov exponent. Let us introduce
it for discrete time equations (4.17). The Jacobian matrix M of the map T is

axi;n+1

M:DTxn:H , (i,j=1,...,2N), (4.24)

Ljsn
where N is the number of degrees of freedom. According to the Liouville theorem

|M| =1 for any n.
Consider the expression

M, = Dv’fmx,
where v denotes a vector along which the derivative is taken. The numbers
Az, vin) = |DyTmx|/" (4.25)

form an ‘ellipsoid’ of values A with a centre at x and a fan of directions v. The
following values are the corresponding Lyapunov exponents, i.e.

1 ~
op(z) = lim —1In|Dy, T x|, k=1,...,2N, (4.26)

n—oo N

where vy defines orthogonal directions of maximal rates of dispersion of
trajectories. They are well defined, due to the Oceledec (1968) theorem, for
almost all . The set {\;(z)} is called Lyapunov numbers at  and

Ak (z) = exp og(x) (4.27)

The Lyapunov numbers A\; can be ordered with respect to their values:
A Ao <o <Ay < < Doy, (4.28)
separated by some Ay and the condition Ay < 1, Apy1 > 1. One can introduce

N — k directions of stretching the distances between closed trajectories (\; > 1,
j > k), and k directions of contracting or preserving the distances. Lyapunov
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numbers A; depend on the point x since the matrix M depends on z. If, for
example, M does not depend on z then one can write for a direction j:

dj(n) = [A;|"d;(0) = d;(0) exp(o;n) (4.29)
with
O'j =In >‘j~

Numbers o; are Lyapunov exponents.

As it follows from (4.24),(4.29), the Lyapunov exponent is an increment of
the growth of the distance between two close trajectories in some direction. Then
we have a simple generalization of (4.27) to the continuous case and N = 1:

dxz(t')
dx(0)

’ ; xo = z(0), (4.30)

1 t
o= lim — dt' In
t—o0 t 0

d
/de(:vo) In T

where we use ergodic theorem, stationary probability measure dm(xg), and the
property of the only value ¢ > 0 since for N = 1 we have \qAy = 1, or 01 +
02 = 0. We can interpret the Lyapunov exponent as a mean value of the local
instability increment v, i.e. ¢ = (v), but we should remember that it is only for
N =1 and that for N > 1 a connection between v and ¢ is more complicated
(Note 4.4).

The notion of the Lyapunov exponent is well defined, but it is hard to use for
real Hamiltonian systems in real time. The reasons for that will be clear later.
In this section we consider only the simplest examples which avoid ambiguities.

The following example is known as the Arnold cat map:

Tnt1 = 2Ty + Ypn (mod 1); Yn+1 = T + Yn (mod 1). (4.31)

The phase space is a torus (square) and

- 2 1 ~ 2 1
o | R o

Figure 4.3 shows the evolution of a dashed domain (in the original Arnold picture
it was a cat cartoon) after one iteration. There is a direction of stretching the
distances and their folding which leads to the mixing of the dashed domain
uniformly inside the phase space as a square. Eigenvalues of M are:

1
Mo =53+ VE), A >1> )\ (4.33)
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7
=7 7

F1G. 4.3. A domain (dashed) after one iteration by the Arnold cat map (4.31).

g

and
01,2 = ln)\lvg, o1 >0, o9 = —01 < 0. (434)

A more general map of the type (4.31) can be considered in the form:

~

(xn+7yn+1) = T(xnvyn)v z,y (mOd 1)7

. . (4.35)
7 K+1 1 ’ = K+1 1 .
K 1 K 1
The eigenvalues of M are
1 1
At = 5(2+K)i Z(2+K)2 -1 (4.36)

and A\ > 1 for K > 0 or for K < —4. Within the interval
—-4<K<0 (4.37)
we have [A1 2| =1 and 012 =In|A 2| =0. For K > 1

1

A~ K, Ay A2 % (4.38)

The result (4.38) clearly indicates the one-dimensional stretching along x and
compressing along y with

or~InK >0, oy~ —InK <0. (4.39)

One can also consider the correlation function R(f,g;n) introduced in
(4.19). Let

f — e27rizn’ g= 6727rix0' (440)
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Then
1 .
R.=R(f,g;n) = / ezm(w"*wo)dm(:co). (4.41)
0

It is possible to estimate for large K > 1 that

1
Rl ~e ™™, 1o~ — (4.42)
01
(see the Problem 4.2).
Using (4.38) we obtain for the characteristic time of decay of correlation

1
e =—. 4.4
Y (4.43)
The map (4.35) can be rewritten in the form
Yn+1 = Yn + KTy, (mOd 1), (444)
Tn+1 = Tn + Ynt1, (mOd ]-)
A generalization of (4.44) can be presented as
nat1 = Yn + K f(z,), (mod1),
Yn+1 =Y flan), ( ) (4.45)

Tn+l = Tn + Yn+1, (I'IlOd 1)

and all results depend on the type of function f(z), |f(z)| < 1. The Jacobian
matrix is

~ 1 K f'(z)
M”—Hl 1+ K ()

‘ (4.46)

and it is not constant anymore. Particularly, drastic changes in results appear
if there are points where f’(x) = 0. Different cases of (4.46) will be considered
later.

4.4 Hyperbolic systems

The hyperbolic or Anosov-type system is a special type of construction for which
different kinds of ergodic properties mixing, correlation decay, etc., can be estab-
lished fairly straightforwardly (Anosov (1963); Sinai (1966); Anosov and Sinai
(1967)). For a simplicity, consider a two-dimensional map:

Zn+1 = TZny Zn = (xna yn)v T,y € (O, 1) (4'47)
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and T is area-preserving. For infinitesimal changes:

Sonpr = Mbzy, M= Hagﬂz;”l .| =1. (4.48)
Vector dz,4+1 is stretching if
02p11?  |Mdz,|?
P TR 1 (4.49)
and is contracting if
0zni1)? | Moz, |?
Pznal” _ [Moza” (4.50)

162,12 |02n]2
The system is of the hyperbolic type if:

(a) domains of the contracting vectors I'™ and of the stretching vectors 't form
full accessible space I' = I'" UT'" at any step n and,

(b) the property of vectors to belong either to I't or to I'" is invariant at any
step n.

Examples (4.31) and (4.44) belong to the hyperbolic systems. For these cases M
is constant and can be written as

A0

o n (4.51)

M:‘

in the corresponding basis. A basis does not depend on n. The boundary between
I'" and I'" can be defined from the equation

|M6z,|?
=1 4.52
062, |2 (452)
or
162, |2 A2 4 |6yn |2 A3 = |62, 2 + [0yn]?. (4.53)

From (4.53) we obtain the equation of the boundaries between '™ and I'*:

1—a2\2 1
8z, = + 2 Syp = +—
v (/\%1) Y A1

OYn,.- (4.54)

The equation (4.54) defines two straight lines and the corresponding cones '™, T't
with a boundary that does not depend on n. In general, this situation is not the
case and the boundaries can play a significant role in statistical properties of
systems, as it will be discussed later.
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4.5 Entropy of dynamical systems
4.5.1 Partitioning and coarse-graining

Consider a phase space I' < oo of the bounded dynamics of a system and partition
P(€) of I by a set of cells & = (£1,&2,...,&n) that is assumed to be countable
and cover full I" without holes and intersections. A simple version of the partition
P(¢) is in Fig. 4.4 where T is covered by a hypercubic lattice. The size of a cell
&; can be arbitrary small. Consider a set £, of such cells that are crossed by a
trajectory £. They cover a finite volume of phase space I'y and represent a real
trajectory with some accuracy depending on the size of cells. The smaller the
cells, the closer is &€, to the trajectory £. Replacement

L—¢&, (4.55)

will be called coarse-graining.

Properties of &, depend on the type of partitioning, size of cells, and on the
type of trajectories (see Fig. 4.4). For example, periodic trajectory is covered by
a number of cells Ny which is proportional to the length of the trajectory. For a
finite segment of the trajectory during time interval ¢ we have

Ne(t) < const t. (4.56)

It is not the case for a mixing trajectory when Ny (t) grows faster than ¢. This new
feature of the mixing dynamics can be characterized by the dynamical entropy
if the number of cells grows exponentially with time.

/‘ \ /

s , Pl
NE== /o Vi |/
~ | ~ |

F1G. 4.4. Two cases of coarse-graining: Stable trajectory (left) of nonergodic
dynamics and unstable trajectory (right) with mixing.
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4.5.2  Kolmogorov-Sinai (KS) entropy

Let us find a link between partitioning and time. Consider dynamics in phase
space I, a point z; € I' that represents a state of the system at time instant ¢,
and let the dynamics be given by a map 7"

T =Ty, (4.57)

which is discrete for a simplicity n € IN. Let us fix a time n and partition

e = ( 5") é"), ...). Consider ‘dynamics’ of cells imposed by the same T
T = gD — (g7 gDy = (g™ P ) (458)

and assume that T is a stretching map, i.e. there exists at least one direction
with positive Lyapunov exponent. For example,

2D = T2 =22 (mod 1), € (0,1). (4.59)

This is an area-preserving map stretching along = with coefficient 2. Phase
volume I'(Az) of any interval Az is constant, but the coarse-grained phase
volume I'(Az) will grow with time. Due to this, there exist different subdomains

Axgn_l), j € N, at time instant (n — 1), which are solutions of the equation

T1Ac™ = Azl ™Y, (j € IV}) (4.60)

and IN; C IN. This is reflected in Fig. 4.5 where j = 1,2 at time (n — 1) and
j=1,2,3,4 at time (n — 2) if we identify the cells §,(€m) with the corresponding

subdomains Aat,(cm) .

&

T71§gn)

71 éf]") 71 g(zn) 71 Eé") 71 g[(‘n)

Fic. 4.5. ‘Dynamics’ of cells shows a proliferation of possible paths to arrive to
the cell ™).
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Having, for example, information that at time (n) the trajectory is in §§"),
means that the trajectory follows one of four possible paths beginning at time
(n —2) at any of fj(-n%) = T_ij(-n), (j=1,2,3,4). Let £ = £© = (&,&,...) be
an initial condition at t = 0 of a given partition P(£). Then

Ln)=en(@T NI N--N(@T ) =€nen-.ngt™ (461

defines a set of all possible paths during time interval n for any trajectory that
appears in £ after (n) time steps. One can say that the full number of possible
paths defines a level of indefiniteness of the coarse-grained dynamics.

Let p(£™) be a measure of cells £ at time n. Evidently

(€M) = p(TE™) = p(T1€™) (4.62)
due to the area-preserving dynamics. For a full set of cells f;n),fén), ... let us
define a sum

H™M (&) ==Y p(e™) np(™) (4.63)

and a sum along a path £
H( en)=HENT N -nT"E). (4.64)

After summation over all paths, we receive a function

H(gn) =Y H(E €n), (4.65)
£

that shows proliferation of the number of paths with time n. The rate of this
proliferation can be obtained as the limit

h(€) = lim l131(5, n). (4.66)

n—oo N

This expression depends on the partition and its cells &. Finally

hks = sup h(€) (4.67)

is called metric entropy, or measure-theoretic entropy, or Kolmogorov-Sinai
entropy (KS-entropy). The value hikg is defined only by T and it is non-zero if the
number of possible paths grows exponentially with time. Otherwise, hxg = 0.
(Note 4.5).

As an example, consider the map (4.59) and the interval Az(O) = (0,1).
T-'Az® = (0,1/2) or (1/2,1), i.e. there are two possible paths. Evidently
T-"Az© gives 2" possible paths. Consider partition €™ at the time n
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backward as 2" equals 5](._"), j € (1,...,2™). For a uniform distribution
,0(51(-7”)) = 27", Vj. Then the expression (4.65) gives

.
g n) =-Y 2in In(2™") = nin2 (4.68)
j=1

and hKS =1In2.

4.5.3 Topological entropy

Another variant to characterize a proliferation of possible paths or trajectories
due to the coarse-graining in phase volume is a so-called topological entropy.
Consider a fairly large n and a partition P(£™) with fairly small cells §j(-")
that densely cover full domain T". Let N (n, 5(")) a number of cells not empty of
segments of the trajectory (see Fig. 4.4). The larger n is, the larger N(n,ﬁ("))
is until full T' will be covered. Nevertheless, it is always possible to make the
partition so fine that not all I" will be covered by the coarse-graining. The
question is what is the rate of growth of N(n,£™).
Consider the quantity

1 n
huop(§) = lim —InN(n, ) (4.69)
and its upper limit
hiop = sup hiop(€)- (4.70)

Tt is topological entropy. For the example (4.59)
htop =In2= th. (471)

(Note 4.6).

4.5.4  Physical interpretation

The analysis of this section is typical for statistical physics, and it permits to
understand in a qualitative way the meaning of topological and KS entropies.
The starting point is to consider three different types of phase volumes.
Let a phase drop evolve with time under a mixing evolution operator T and,
after some time, the drop takes a complicated shape as in Fig. 4.1. Then I'(¢)
is a real phase volume at time instant ¢; f‘(t) is a coarse-grained phase volume,
and T'(t) is an enveloped phase volume. In the case of fairly uniform mixing

D) ~T(t), t— oo, (4.72)
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because all small bubbles disappear after coarse-graining, and large-size holes
in ' do not exist due to the uniformity of mixing. Condition (4.72) permits to
estimate fairly simply hop.

Let T'y be the volume of an initial phase space domain. According to the
Liouville theorem T'(t) = T'g, but for the coarse-graining phase volume T'(t)
we have I'(t) > 'y since I' includes some empty parts (bubbles) of phase space.
In the case that all points of 'y, except for some zero measure set, exhibit local
instability, we can consider a simplified version when f‘(t) grows exponentially,
and the same is for ['(¢) due to (4.72).

Consider a system with the following property: the limit

1 _

h= lim lim —InT(¢), (4.73)
To—0t—oo t

exists and does not depend on the coarse-graining procedure. Then h is the

topological entropy. In this case, when the growth of I'(¢) is due to the local

instability with the only v = ;1 > 0, we have

[(t) = Tgexpoit = Tgexp(In At) (4.74)
and we have
h=01=v=1In\ = hop. (4.75)

Particularly for the example (4.59) h = In 2.

The entropy h has a simple physical meaning: since InT'(t) is the Boltzmann
type entropy up to an additive constant, the topological entropy is the rate of
the entropy growth per unit time (a step of the map).

Another definition considers an averaging of InI" over ensemble of initial
conditions, i.e.

1. -
h* = lim lim —{(InT'(¢)) =h 4.
gim lim = ({InT'(¢)) = hks (4.76)
that makes the relation to the Boltzmann definition of entropy more evident.
The difference between h and h* or between hy,p and hxs is similar to the
difference between microcanonical and canonical ensembles. In the case of
uniform distribution

(n)y _ f(f](‘n)) 1

[
Il
Q
o
=}
17}
=+

(4.77)

(compare to the example (4.68)), where

N(n)

3 T(EM) =T(n) = N(m)D(El™). (4.78)

1
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Ny Nw
(InI'(n)) = — 2 p(&; ) Inp(&;™) =T'(n) 2 1;(57%111]\7(”) =InN(n),
(4.79)

where we use (4.77). The result (4.79) is similar to the equivalence of the canon-
ical and microcanonical ensembles in statistical physics. As it will be clear later,
the situation is fairly often different in realistic models.

4.5.5 Entropy and Lyapunov exponents

Since entropy, metric or topological, defines the rate of exponential growth of
the coarse-grained phase volume, there is a possibility to find a connection of
them with Lyapunov exponents.
Let a system have positive Lyapunov exponents o*i+ in some direction {i} =
{i1,i2,...}. Then, for constant o;" the phase volume grows as exp|[(o;" + o;f +
-+)t] and

hks = Y _dio = diln\;, (4.80)

where the sum is over all directions ¢ with o; > 0 and d; is a number of degeneracy
of crj' . This result for the area preserving maps is known as Pesin’s formula (Pesin
(1977)). In the general case the formula (4.80) should be rewritten as

hks = Z/aj(x)él(x)dl"(m) (4.81)

where §;(z) is dimension of the phase space in the direction ¢, which can be
fractional (Ledrappier and Young (1985)). This important generalization will be
better understood later in the analysis of fractional kinetics.

4.6 Definition of chaotic dynamics

The word ‘chaos’ is not a uniquely defined scientific notion. In the most vague
sense, chaotic dynamics are dynamics originated by regular dynamical equations
with no stochastic coefficients, but at the same time, with solutions (trajectories)
that are similar or indistinguishable from some stochastic processes. We also link
the stochastic processes to a specific indefiniteness with respect to the informa-
tion about the process, and the same should be for the dynamical equations with
chaos. Such a definition is not constructive and has some indefiniteness. It has
more from the ‘feeling’ than from the mathematical or physical background.
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There are few definitions of the chaotic dynamics in the contemporary literature:
there exists a domain in phase space where

(a) a system with finite dynamics and at least one positive Lyapunov exponent
o > 0 is chaotic;

(b) a system with positive KS entropy is chaotic;

(¢) a system equivalent to the hyperbolic or Anosov system is chaotic.

The common part of all these definitions is the existence of local instability
and exponential divergence of initially close trajectories. At the same time, all
definitions are not exactly equivalent, especially if we consider different kinetic
properties of dynamics. More discussions will appear later, after more realistic
systems will be introduced.

4.7 Chirikov resonance overlapping criteria

The resonance overlapping criteria of appearance of chaos was proposed in
Chirikov (1959), and discussed for different applications (Note 4.7). Consider
again an example from Section 3.5 where a resonance chain of islands was intro-
duced for a non-linear one-degree of freedom system perturbed by a periodic
force. The chain was defined by the resonance condition:

ko&)(]@) = EOI/ (482)

with an appropriate pair of integers (kg,¢p) and the resonant value of action Ij.
The value

Alpae (VN2 1 e\ 1/2
ax _ (20) (& 4.83
Io <|w’|> IO (Oz) ’ ( )

where « is introduced in (3.41), defines the width of the resonance, i.e. the
diameter of the separatrix loop along the action axis (see Fig. 3.3).

Let the neighbouring resonances be defined by the integers kg, £y + 1 and the
action Iy + 61. The value 01 is called the distance between resonances along the
action axis. The corresponding resonance condition is

kow(I + 1) = (Lo £ 1)v (4.84)

(for other possibilities see Problem 4.3). Assuming that 61 < Iy and using (4.82)
we obtain:

dw (I
dw = wydl = +v, wh = wl 0). (4.85)
dly
Chirikov has introduced a parameter
ATl Aw
Kch—‘al‘—‘aw 5 (486)
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where dw is a frequency distance between resonances and
Aw = w)AT (4.87)

is a frequency width of the (ko, ¢p) resonance. The Chirikov criteria of chaos is

K 21 (4.88)
or, using (4.84) and (4.85)
Kop = (ea)/22 2 1. (4.89)
14

This means the overlapping of resonances.

A non-trivial meaning of the condition (4.89) occurs from its structure. While
|Aw|/wo and |dw|/wo are both small, their ratio can be large. Another meaning of
the condition (4.88) is the absence of trajectories with locally bounded dynamics.
This type of condition, an absence of trapped particles, was mentioned in
Vedenov et al. (1961) for the so-called quasilinear theory of plasma.

The Chirikov criteria is very convenient for some simple practical estimates
but should be applied cautiously in more formal problems due to the following
reasons:

(a) the set of resonances that should be considered for the overlapping is not
defined from the criteria and it is necessary to guess the ‘correct’ set of them;

(b) the domains of chaos exist even when K. < 1;

(¢) the topology of chaos can be very different for Ky, R 1, i.e. the structure of
chaotic domains in phase space depends not only on the value of K, as it
will be seen later.

Notes

Note 4.1
The basic information on ergodic theory with applications to dynamical sys-
tems can be found in Cornfeld et al. (1982). Discussion of different measures
are in Sinai (1994); Cornfeld et al. (1982); Pesin (1997); Young (2002).

Note 4.2
It is a general belief that typical physical systems are ergodic. Nevertheless,
this notion should be used with some care since the ergodicity has a sense
within ‘domains of ergodicity’ that are not defined. Fairly typical dynamics
can reveal such a complicated topology of an infinite number of subdomains
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I'x that the notion of ergodicity can lose its usual sense, as it will be seen later.
More discussions are in Section 22.6.

Note 4.3
In physical literature the mixing property is considered a necessary condi-
tion for the appearance of statistical properties and for kinetic description of
dynamics. Some type of systems, as will be shown, have statistical behaviour
without mixing. The importance of the mixing property and its relation to the
local instability (see the next section) was discussed in detail in Krylov (1979).

Note 4.4
For more information on the Lyapunov exponents and their properties see
Lichtenberg and Lieberman (1983); Ott (1993); Dorfman (1999).

Note 4.5
The definition of KS entropy appeared for the first time in Kolmogorov (1958)
in an analogy to information entropy. The definition presented here follows
Sinai (1959). See also Sinai (1994). For the most recent review paper see
Young (2003).

Note 4.6
The topological entropy was introduced in Adler et al. (1965). An important
discussion of different entropies can be found in Pesin (1997); Afraimovich and
Sze-Bi Hsu (2003); Young (1995).

Note 4.7
See more in Zaslavsky and Chirikov (1972); Chirikov (1979); Zaslavsky (1970,
1985).

Problems

More complicated problems are marked by (*).

4.1 For the Arnold cat map (4.31) calculate the local instability increment v
and compare it to the Lyapunov exponent o.

4.2 Prove (4.42) using the induction method and assuming that dm(zy) = dxy,
for k > 1, i.e. assuming uniform distribution function for the probability density
after a fairly large number of steps.

4.3 Other than (4.79), possibilities for the resonances correspond to different
changes of integers (ko, o) by 1, for example (ko £ 1,4y), (ko + 1,49 + 1), etc.
Find all possible resonance pairs of the integers (k,¢) neighbouring to (ko, £o)
and calculate the Chirikov criteria for them.

4.4* Find the overlapping criteria for the resonances in the Problem 3.4.
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PHYSICAL MODELS OF CHAOS

All physical classical models are described by differential or integro-differential
equations and the discrete time systems can be considered as simplified versions
of these equations. A discrete form of the time evolution equations will be called
maps and, generally speaking, they can be written in a form of iterations:

(pn+17qn+1) == Tn(pn»qn)v (51)

where the time-shift operator 7}, is (2N x 2N) matrix that depends on n.
An additional equation is necessary to define time instants of the application
of operator T,:

with an appropriate function g. It is important that the systems (5.1) and
(5.2) describe physical phenomena adequately, and the absence of the second
equation (5.2) may lead to an ambiguity or to a nonsense.

In this chapter we introduce the most typical physical models.

5.1 Mapping the dynamics

Let us start from an example with the Zeno map:

The Greek philosopher Zeno of Elea (c¢.450 B.C.) is credited with creating
several famous paradoxes, one of which, the ‘Achilles paradox’, was described
by Aristotle in the treatise Physics. The paradox concerns a race between the
fleet-footed Achilles (the Greek hero of Homer’s The llliad), and a slow-moving
tortoise. The Achilles paradox postulates that as both start moving at the same
time, Achilles can never catch the tortoise if the tortoise is given a head start.
The Zeno map conveys this idea that Achilles can never catch the tortoise. It is a
set of positions {x;}, with Achilles initially at point x¢, and the tortoise at point
1. When Achilles arrives at x1, the tortoise achieves x5 and evidently zo —x1 <
x1 —xo. When Achilles arrives at xo, the tortoise is at 3 and z3 —x9 < o — 27,
and so on. There is always a finite distance between Achilles and the tortoise
which are supposed to move with constant velocities. A solution for this paradox
is in a special selection of the set of time instants ¢; that generate the map
{zg,x1,...}. This solution shows that no map of the form (5.1) can represent
dynamics that is adequate to real trajectories or, simply, that adequately present

57
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Fic. 5.1. Trajectory in the Sinai biliard model.

the trajectories in phase space. This solution cautions us in the choice of a map
that should replace real trajectories.

Another example can be considered for the Sinai billiard model (Fig. 5.1):
a convex scatterer (a circle for the sake of simplicity) in a square with ellastic
collisions between a point ball and the boundaries. The corresponding map can
be naturally introduced, for example, as the connection between the coordinate
¥ on the circle and velocity direction 1 at consequent collisions of the ball with
the scatterer:

(79n+17¢n+1) = Tn(ﬁnvwn) (53)

The results for the ergodicity, mixing, and kinetics depend significantly on
equation (5.2) that defines the time intervals between the collisions.

The Poincaré map is most often used in physical applications. Consider
a hyper-surface S in the phase space and the set of points (p,, q,)s on S together
with time instant ¢,,. The Poincaré map is the connection:

(pn+1a qn—i-l)S = T(pna q’ﬂ)Sv tn-i-l = gS(tn) (54)
(see Fig. 5.2).

For example, if N = 2 and the dynamics is bounded, the area of location of
trajectories is IR bounded by a hyper-surface of constant energy E:

E = H(p1,q1;p2, q2)- (5.5)
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Fi1G. 5.2. Construction of the Poincaré map.

Fic. 5.3. Structure of phase space presented by the Poincaré map.

One can consider a plane, for example, ¢o = const and a trajectory intersection
with this plane and condition py > 0 for the orientation. We will get circles in
the case when trajectories wind the invariant tori, and the set of points (p1,¢q1)
fills a domain densely when the trajectories are chaotic. A symbolic picture
is presented in Fig. 5.3. The pattern can be different for different surfaces of

59
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sections, and full information about the phase space topology can be obtained
only by more detailed analysis of different Poincaré map sections (Note 5.1).

Figure 5.3 shows a large domain of chaotic dynamics called stochastic sea
and islands filled by invariant KAM curves or tori. Inside the islands there can
be narrow strips or layers filled by chaotic trajectories, called stochastic layers.
We will see how complicated the phase space topology is when we consider
specific examples.

5.2 Universal and standard map

Consider a Hamiltonian
H = Hy(p) + K f(x Z 6(—n) (5.6)
n=—oo

in which perturbation is a periodic sequence of d-function type pulses (kicks)
following with period T = 27 /v, K is an amplitude of the pulses, and |f(z)| <1
is some function. The equations of motion, corresponding to (5.6), are

b= £ o51)

S (5.7)
i = Hy(p) = w(p).

Between any two consequent kicks there is a free motion
p =const, x = w(p)t+ const. (5.8)
The solution on the left side of the n-th kick
pn =p(tn, —0), z,=2(t,—0), t,=nT (5.9)

can be connected to the solution on the right side of the kick p(t,, +0), z(t, +0)
using equations (5.7) and the condition of continuity of x:

p(tn +0) —p(t, —0) = —KTf/(:Un),

x(tn +0) = x(t, — 0). (5.10)

Using notations (5.9) and results (5.8) and (5.10) we can derive the iteration
equation

Pn+1 = DPn — KTf/(CEn),

(5.11)
Tnt+1l = Tn + w(pn+1)T~

We will call (5.11) the universal map.
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The obtained system, together with the condition t,, = nT, is equivalent to
(5.7). In the case that f(z) is periodic with a period 27, any trajectory can be
considered in the following four different types of phase space:

R?: (—00 < p < 00; —00 < 1 < 00),

T!:(—r<p<m-7<z<T),
L (5.12)
R, x Ty : (-0 <p<oo;—7m<x<T),

T;XR;:(—w<p<7r;—oo<:v<oo).

Equations (5.11) define a Poincaré map for this specific case.

The properties of the map (5.11) depend drastically on the function f(z). For
example, if f'(z) = —z and w(p) = p, we have the Anosov type system (4.35).
If there are points x* with f/(z*) = 0, then in the vicinity of these points we
have invariant curves of the KAM type (see Problem 5.1). There is a special case
for f(z) = —cosx and w(p) = p, i.e.

Pnal =pn — Ksinz, Zpi1=Tp + ppa1 (5.13)

The map (5.13) is known as the standard or Chirikov—Taylor map, or kicked
rotator map (Note 5.2).

For small K <« 1 we can replace the difference equations (5.13) with the
differential ones:

DR Pni1 —Pn=—Ksinz, T~z,01—2,=p (514)
or
i +wisinz =0, wi = K. (5.15)

This is the pendulum equation, and its solutions are presented in Fig. 5.4.
Nevertheless Fig. 5.4 has additional small loops and stochastic layers (dark
area magnified in part (b), which are due to the neglected terms of the original
equations (5.13). To see all of these terms, we can use the identity:

o0

3y 5(;—711) - i cos(%Tmt) (5.16)

m=—0oQ m=—0o0

(see Problem 5.2). Applying (5.16), one can rewrite the Hamiltonian (5.6) in
the form
H= po — Kcosx i cos muvt (5.17)
2 ’ '
m=—oo
where a term with m = 0 is responsible for the equation (5.15) while the other
ones generate the higher order resonances and stochastic layers.
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2.80

a) part of the phase

(

space 2 x 2 periods; (b) magnification of an area of a stochastic layer at the

edge of a separatrix loop.

0.5:

Fi1G. 5.4. Phase portrait of the standard map for K
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g
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0 X 6.28319

Fi1a. 5.5. Stochastic sea and islands for the standard map and K = 0.98 > K..
Islands are filled by invariant curves.

Properties of stochastic layers will be studied in the next chapter. For small
K, different stochastic layers are separated by invariant curves (Fig. 5.4). The
breakup of these curves for K. = 0.9716... calculated in Green (1979) and
MacKay et al. (1984). The phase portrait for K > K. is shown in Fig. 5.5
demonstrating a typical pattern of stochastic sea and islands.

A principal difference between the cases K < K, and K > K, is that an
infinite diffusion along the p-direction is possible only for K > K..

Jacobian matrix of the universal map (5.11) is

e ~Kf"(x)
M = (5.18)
W'(p) 1-Ku'(p)f"(x)
where we put again T' = 1, and its eigenvalues are
2+ K 24 K)? v
Ao = z + ( +4 F_ 1] , (5.19)

where

K = —Ku/ ()" (x), (5.20)
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and it consists of a product of the non-linearity w’ and perturbation parameter K.
Particularly, for the standard map (5.13):

K = —K cos . (5.21)

Eigenvalues are real if K > 0, (A1 > 1, o = 1/A; < 1) or K < —4, (|Ao] > 1,
[A1] = |1/A2] < 1). As it follows from (5.20) and (5.21), independently on the
value of K, there are always intervals of 2 within which |K| < 1 and islands of
stability can appear. Using the first condition K > 0 and comparing it to (5.20)
and (5.11) we can write

K. = max

nt1 _ 1‘ >1 (5.22)
dz,

as the qualitative condition that defines the occurrence of chaotic sea with
unbounded diffusion along p.

The condition (5.22) will be called the strong chaos condition. As it is seen
from Fig. 5.4, chaotic zones (chaotic layers) exist even for K < 1 and, as it
will be shown later, for any arbitrary small K. Between stochastic layers there
are invariant curves that represent trajectories of regular dynamics. Condition
(5.22) means also destruction of the invariant curves between stochastic layers.

As it was already mentioned above, a theory of the critical value K, was given
by Greene (1979).

5.3 Web map (kicked oscillator)

The web map appears as a result of the consideration of particle motion in
a constant magnetic field and an electrostatic wave packet propagating perpen-
dicularly to the magnetic field (Zaslavsky et al. (1986)). The Hamiltonian of the
system is

H o= 207 4+ wda?) — 8 cos i (L - (5.23)
—2p Wy T T cos T T nl, .

n=—oo

where wy is the gyro-frequency and K is the dimensionless parameter propor-
tional to the perturbation amplitude. The derivation of the map is similar to
that for a standard map.

Consider the equation of motion that follows from (5.23):

K = t
;ié—&-ng:—on sin x Z (5<T—n>. (5.24)

n=—oo

It describes a linear oscillator affected by a periodic set of kicks. The model (5.24)
can be reduced to the standard map (5.13) in a singular limit: wy — 0, K — oo,
woK = const. For any finite K, the results described below cannot be considered
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in the limit wy = 0, and that makes the kicked-oscillator model independent of
the kicked-rotator model. Let us define

= i(t, — 0) (5.25)

‘Tﬂzx(tnfo)ﬂ Ty = Up =

37

>~

with a discrete time ¢, = nT. It follows from (5.4), by integration,

x(tn, +0) = z(t, — 0),

(5.26)
&(tn +0) = &(tn, — 0) — Kwp sin x,,.

Between two adjacent kicks, the solution of (5.24) satisfies the free motion
equation,

i+ wir=0

that permits to express x,,+1 = (tp+1—0), Tny1 = &(tpr1—0) through (¢, +0),
Z(t, + 0). After applying (5.26), we obtain the map

Unt1 = (up + K sinvy,) cos a + vy, sin a,
. . (5.27)
Unt1 = —(up + K sinvy,) sina + v, cos a

(see Problem 5.4) where the following dimensionless variables are introduced:

u=—, v=-z, «a=uwyl. (5.28)
wo

The map (5.27) is called the web map for the reasons that will become clear
soon.
Using the complex variable z = u + v, we can rewrite the web map (5.27) as

Zpi1 = (zn + K sin = ;Z > e, (5.29)
i

that is,

Znt1 = Ra(1+ S(K))zp, (5.30)

where R, is the rotation transform by « and S (K) is the shear transform along
Im z with intensity parameter K. We will also use a notation

Tw () = Ra(l+ S(K)). (5.31)

The map Tw(a) possesses many different regimes that have not been studied
in depth yet. The most interesting case, involving the web map (5.27), corres-
ponds to the resonance between the sequence of kicks and the oscillator frequency
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wp. To simplify this condition, consider

2
a=wl =" (5.32)
q
with an integer ¢ and denote
Tiw(q) = Barjg(1 + (). (5.33)

Some simple examples of the resonance case (5.32) include
TW(l) fUp+1 = Up + Ksinv,, vpy1 = Un,
Tw(g) fUpt1 = —Up — Ksinv,, vp41 = —0p, (5.34)
Tav(g) S Upto = Uy + 2K sinv,, Unpto = Uy,

which are integrable and correspond to the operating regimes of the earliest
cyclotrons. A more complicated case arises when ¢ = 4:

TW(4) S Uptl = Up, Uptl = —U, — K sinu,. (5.35)

Tt is non-integrable and posseses chaotic trajectories (see Fig. 5.6).
One can meet in the literature the so-called Harper kicked oscillator model:

Ty:u=u+ Ksinv, ©=u— Ksin. (5.36)

-
where v’ = u + 7, i.e. Tgv 4 and Ty are equivalent up to the axis reflection and
a shift by 7 for one of the variables. This difference does not influence the phase
space topology (see Problem 5.5).

The following comments about the web map distinguish it from the universal
or standard map (5.11):

It is simple to show that

v =Ty

, (5.37)

= TgV(4) (u',v) v

(a) Tw(q) for ¢ > 2 has an unbounded net of stochastic layers called stochastic
web in IR? along both directions (u,v) or (p,z) for any arbitrary small K
(see Chapter 6) contrary to the universal map or standard map. This prop-
erty appears as a result of the degeneracy of the unperturbed Hamiltonian
in (5.23) that can be written in the action-angle variable as:

1
Ho = 10 + e = o,
5.38)
o7\ 1/2 (
p= (2wol)?cos, x= () sin 99,

wo
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50.2652

12.5664 |

0 X 7 12.5664

F1G. 5.6. Stochastic web and invariant curves for the four-fold symmetry web
map Ty (4) with ¢ = 4, K = 1.5: (a) an element of the web on the (u, v) plane
and (b) magnification of the central part of the web.



68

PHYSICAL MODELS OF CHAOS

i.e.

=0 (5.39)

(compare to (3.46)).

We cannot apply, at least straightforwardly, either the KAM theory due to
the condition (3.46) of non-degeneracy, or the resonance overlapping criteria
due to the condition (3.42) that requires the finiteness of the non-linearity
a>e>0.

The standard map and the web map can be considered as two complementary
cases that cover numerous physical situations. Many of them can be
considered as a combination of both of these models (see Chapter 8).

The main theoretical interest to study the web map and its generalization has
a threefold purpose: it is a system with or close to degeneracy; fast diffusion
along the webs is an alternative to the slow Arnold diffusion (Arnold (1964));
it is a new method to study a symmetry of tiling the plane.

Different specific properties of the web map will be considered later (Note 5.3).

5.4 Kepler map

In this section we discuss a family of maps with variable time intervals between
successing kicks. Such maps appear in dynamics in a gravitational field and they
also are typical for many other problems. Consider a particle of the mass m
moving in a vertical direction in the gravitational field and reflecting elastically
by an oscillating plate (Fig. 5.7):

a b ¢

FiG. 5.7. A particle is jumping on the oscillating plate and returns due to:

(a) gravitational field, (b) reflection from the upper plate, (c) a magnetic
field.
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A simplified map neglects the amplitude of the plate oscillations. Then:

Un+1 = Un + 2uf(¢n)7

Wl (5.40)
Ont1 = On + V|Ug+1|, (mod 27),

where ¢,, = vt,, t, is a time instant of the plate-particle collision, f(¢) is periodic
function with |f(¢)] < 1 and frequency v, and u is an amplitude of the plate
velocity. The function uf(¢) determines the oscillations of the plate.

If there is no gravitational field but the particle returns due to reflection from
an upper rest plate, at distance £, then (see Fig. 5.7(b)):

Un+1 = Un + 2uf(¢n)»

5.41
Pp+1 = On + 2 (mod 27). (5.41)

[vnta|’

Both models in different variants were considered with respect to the Fermi
stochastic acceleration (Note 5.4).

One more modification of a similar model is a replacement of the gravitational
field by a magnetic field (Fig. 5.7(c)). In this case one can write the coordinates
of the skipping particle instead of its velocity (see more in Sagdeev et al. (1988)
and references therein).

The Kepler map (Petrosky (1986) and Sagdeev and Zaslavsky (1987)) invest-
igated the stochastic dynamics of comets from the Oort cloud, perturbed by
Jupiter. A simplified version of the Kepler map has the following dimensionless
form:

En+1 - En + Eanf(d)n)v

(5.42)
b1 = bn +20(—2E,)3?,  (mod 27),
where E is the comet energy in the apocenter point, ¢ is the comet phase (angle
between the comet direction to its pericenter and to Jupiter), € is some constant,
on = 1 depending on the relative rotation directions of the comet orbit and
Jupiter orbit, and f(¢) is an integral of the Melnikov type (see Natenzon et al.
(1990) for more details).

All equations of maps for different physical map problems (5.40)—(5.42)
belong to the class of the universal map (5.11). Nevertheless, a difference for
all of them will be apparent when studying the kinetics. For this part an addi-
tional information is necessary for the time interval between successive kicks.
In all considered cases:

9 _
Aty =tny1 —t, = M (5.43)
v
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in contrast to the standard or web maps where At, = const = T (compare
to (5.2)).

All maps of this section were studied in detail (see, for example, Zaslavsky
et al. (1991) and references therein), but this study is far from complete and
there are different important questions that are still waiting for their resolutions.
The reason for the difficulties is a complicated topology of phase space and
non-uniformity of chaotic mixing. This situation will be studied later.

Notes

Note 5.1

For more information about maps see Sagdeev et al. (1988). The Sinai
billiard was considered in numerous publications (Sinai (1961, 1970);
Bunimovich et al. (1991); Young (1998a, 1998b)) and the model has inspired
many works in the study of chaos. It was shown for the Sinai billiard that
the correlation function depends on the type of the mapping construction
(Bunimovich et al. (1991); Young (1998a)). For example, the map can be of
the type (5.3) or (p,q) pair can be taken on a side of the square boundary,
and the results are very different (Bunimovich et al. (1991); Chernov and
Young (2000)). We will discuss the model more later as an example of
appearance of fractional kinetics.

Note 5.2
The standard map is also known as Chirikov—Taylor or Taylor—Chirikov
map (Taylor (1969); Chirikov (1979)). Its discussion can be found in
many textbooks because of the simplicity of its derivation. The map
displays many features of the dynamics of real systems (see Lichtenberg and
Lieberman (1983); Ott (1993); Sagdeev et al. (1988)).

Note 5.3
More systematic discussion on the webs, their symmetry, and applications
can be found in Zaslavsky et al. (1991). Physical problems with a coupled
web map and a standard map were studied in Zaslavsky et al. (1989);
Afanasiev et al. (1991); Neishtadt et al. (1991); Beloshapkin et al. (1994).
For a generalization of the web map, see Dana and Amit (1995); Pekarsky and
Rom-Kedar (1997).

Note 5.4
The idea of a stochastic acceleration of particles was proposed by Fermi (1949)
to explain the origin of highly energetic charged cosmic particles as a result of
their encounters with randomly moving magnetic clouds. A simplified model to
study the origin of chaotic (random) dynamics was introduced by Ulam (1961),
but his own investigation of the problem did not show anything chaotic.
A model of the (5.40) type was proposed in Zaslavsky and Chirikov (1964)
and was investigated with analytical and numerical evidence and conditions
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of the chaos occurrence. Different modifications appeared in Zaslavsky (1970,
1985).

Problems

5.1 Find invariant curves near a point z*, f’(z*) = 0 for the map (5.11)
expanding f(x) near z*.

5.2 Prove the relation (5.16).

5.3 Find out the overlapping parameter K, for the Hamiltonian (5.17). Use each
term of the sum to calculate a width of different resonances.

5.4 Derive the equations (5.27).
5.5 Prove the connection (5.37).

5.6 Find the condition of strong chaos in (5.40) and provide its physical
interpretation.

5.7 The same as in Problem 5.6. for the map (5.41).
5.8 The same as in Problem 5.6. for the map (5.42).

5.9 Explain the appearance of the term (—E)3/ 2 using the dimensionless
Hamiltonian for the unperturbed Kepler problem in action-angle variables.
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SEPARATRIX CHAOS

In low dimensional Hamiltonian systems, the area near a separatrix is the most
important domain to study the origin of chaos, since the dynamics near a saddle
point is sensitive to small perturbations. The problem of the change of the
dynamics near a separatrix under a periodic perturbation can be studied in fairly
general way. Destruction of separatrices under perturbations leads to chaos, and
that is why this problem is one of the most important ones in the analysis of
dynamics.

6.1 Description of models

Let us formulate a few different problems that have numerous physical
applications:

(a) a perturbed pendulum with the Hamiltonian:

1
H= §p2 — w2 cosx + ews cos(kx — vt), (6.1)

where we put the mass m = 1 for simplicity. This problem corresponds to a
pendulum with rotating suspension point (Landau and Lifshits (1976)).
(b) a resonance interaction model:

1 1
H= 5p2 — 2w2 cos (2yt> cos T

L, 2 ! !
:§p — wy |cos m+§ut + cos $—§Vt : (6.2)

This problem has the same amplitude terms which correspond to two reson-
ance chains separated by v in the frequency scale (see Sections 3.5 and 4.7).
(¢) perturbed double-well dynamics:

1 1 1
H = 5pQ — 5w3x2 (1 - 2x2> + eVo(z) sinvt, (6.3)

where Vj(x) is some smooth function.

We will see that an arbitrary small periodic perturbation destroys the sep-
aratrix and creates instead extremely complicated phase space topology with a

73
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4832 T —

F1G. 6.1. A Poincaré map for the perturbed pendulum (e = 0.1, v = 4.0, k = 1,
wp = 1) demonstrating the presence of a stochastic layer filled by KAM-curves
and islands with possible other stochastic layers of higher order inside the
islands.

domain of chaos, called the stochastic layer (or ergodic layer), and an infinite
number of islands. All visualization of trajectories for the models (6.1)—(6.3)
can be obtained by plotting the corresponding Poincaré map, i.e. points of
trajectories plotted each time instant ¢, = nT = 2an/v (n € N are integers).
Figure 6.1 provides an example of the stochastic layer for the pendulum
model (6.1) (compare to Fig. 5.4).

Two other pictures in Fig. 6.2 for the same pertubed pendulum model are
obtained for the parameters of the same order. Nevertheless, their difference is
very strong and unpredictable from any qualitative type of analysis, including
the overlapping criteria.

The difference of the phase space pattern (topology) is also important for
the problem of kinetics and transport which, as we will see later, is sensitive to
the island’s topology. It is interesting that tiny islands persist in Fig. 6.2(b) and,
despite the fairly dense plot of the trajectory points, we should expect an infinite
set of small islands. The unsolved problem is: are there such values of (e, v) that
islands disappear (together with invariant KAM-curves inside the islands)?
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7.334

-2.117 :
0.000 X 6.283

4.317

0 X 6.28

Fi1G. 6.2. Two different Poincaré section plots for the perturbed pendulum
model with wg = k = 1 and (top) ¢ = 0.9, v = 5.4, and (bottom) € = 1,
v = 2.07. There is a strong topological difference despite the same order of
values of €, v.
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6.2 Separatrix map

Consider a perturbed Hamiltonian in the form
H = Hy(p,z) + eV (x,t), (6.4)
assuming that the unperturbed dynamics has a separatrix at some value
E; = Ho(ps,xs) (6.5)
of the unperturbed energy
E = Hy(p,x). (6.6)
A general formula

E = Ho(paz) = [H07H] = E[HOaV]
OHy OV OV

€ op 9z Py (6.7)

is exact for the Hamiltonian (6.4). The change of the energy of the unperturbed
system due to perturbation is

g aV

AE( t") = —e/ dtp%. (6.8)

t/
Particularly, for the perturbed pendulum (6.1) we have

t//
AE ") = ek:wg/ dt &sin(kx — vt), (6.9)
t/
where we put p = & for a unit mass particle. In the following we start from the
pendulum model (6.1) and use either energy E or action I variables depending
on the situation. The connection is given in Section 2.1:

E = HO(I)a ES == w(2) - HS;

1 7r 8 (6.10)
IS = ESWOE (5, ].) = ;(JJ[).

We will be interested in the dynamics near the unperturbed separatrix, i.e.
|E — Ey| < Es, |I —1I| < Is. (6.11)

The main idea for obtaining the separatrix map is based on a specific beha-
viour of the unperturbed velocity & = v near the separatrix, shown in Fig. 2.3.
As it follows from the results of Section 2.1, the width of a pulse in Fig. 2.3 is
the width of solitons, i.e. & Ty = 27/wp, and the interval between neighbour
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pulses is of the order

2 32 TWo

0= ey = e

(6.12)
where

hE) = '1 - E£ < 1. (6.13)

S

This means that T > Ty for h(E) — 0 and the shape of pulses remains
unchangeable with the exponential accuracy. R
The performed analysis permits us to introduce the following map Ts:

(En—i-l,ﬁn—o—l) = TS(Enaﬁn)a (614)

where the time instants set {7;} of the mapping is taken at intervals
T(E)=T(h):

{iy={mo,mn=10+T1), 2 =71 +T(ha),...}. (6.15)

The point 7y can be taken in the middle of two pulses. The corresponding
sampling of points 7,, and the energy values E,, (or h, = h(E,)) are shown
in Fig. 6.3.

Then the map (6.14) can be written in the form

thrl =h, + Ahna
o (6.16)

Tn =Tn + 5
i w(hn41)

where

r
Ah,, = —Ei / dta;«?)—v
s S o (6.17)
T(hy)

TLi =7,
On

where 6, = 2 or 4 depending on the cases (a) or (b) in Fig. 6.3. The expression
(6.17) can be simplified since it should be taken over one pulse with a centre at
t = 7. The inequality T > T permits us to write (6.17) in the following form

T 100
‘ dt 3. 2V~ Ab(ry). (6.18)

Ahy, = ——
Es ) -~ Ox

The map (6.16) together with (6.18) is not exactly of the universal type (5.11)
and it will be called the separatriz map. It is written for energy-time variables
and is area-preserving. It is worthwhile to mention that values (h,, 7,) are taken
in different time instants (see Fig. 6.3).
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Tn

En+1

En+1

/

Fi1G. 6.3. Points of sampling for the separatrix map for two different cases.

Expression (6.18) depends on the sign of velocity & with respect to the
unperturbed saddle point. A specific analysis of the behavior of separatrices
under perturbation leads to a phenomenon of separatriz splitting, discovered by
Poincaré, and to appearence of very complicate structures of perturbed sep-
aratrices. They are known as homoclinic or heteroclinic structures that appear
due to intersection of splitted separatrices (see Fig. 6.4).

The expression (6.18) is called the Melnikov (or sometimes Poincaré-
Melnikov) integral (Note 6.1).

6.3 The stochastic layer

The stochastic layeris a domain of chaotic dynamics that replaces the perturbed
and destroyed separatrix. There are other notions in use: ergodic or chaotic layer.
From (6.16) and (6.18) we can write the Jacobian matrix as:

dAhy,

R dm,
M, = . (6.19)
- dw(hy) 1 T dw(hy,) dAh,
w?(hy)  dhy, w?(hy)  dhy, d,
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KX

F1c. 6.4. Formation of homoclinic (left) and heteroclinic (right) structures.

Comparing this expression to (5.22) and the map (6.16) to (5.11), we can write
the condition that defines the chaotic domain:

T
K. = max ‘

>1 (6.20)

w?(h)

dw(h)| | dAR
dh || dr

and the boundary of stochastic layer hgy appears from the equation:

-1 (6.21)

K. = max

™ dw(hse) dAQ(T)
w2(h54) dhsg dr

Let us calculate (6.21) for the perturbed pendulum model (6.1). We have
o :I:2w0
coshlwo(t — tn)]’ (6.22)
xs = 4arctan exp[two(t — t,,)] — ,
on the separatrix, where the time instant ¢,, is introduced as an initial condition.
Near the separatrix we have also (6.10) and (6.12). This information is suffi-
cient to calculate the Melnikov integral, Ah, in (6.18) and in the map (6.16).

After substituting V' = cos(xzs — v(t — 7)) in (6.18) and omitting fairly simple
calculations, it is found that

Ah, = eM, sin ¢,,,

2
o 4 (w%) exp (an%)

n . )
sinh ™
wo

(6.23)

dn = v (mod 27)
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with sign-function ¢, = +1 and
Ont+1 = Op - sign hy,. (6.24)

Using (6.23), the separatrix map for the perturbed pendulum can be presented
in the following form:

hn+1 = Iy, + €My, sin ¢,

32 (6.25)

Gt = Gn + Sy (mod 27).

n
wo |hn+1| ’

The expression for M,, can be simplifed in the case v > wy:

2
Mn:87r(y> exp(—mj>, on >0,
wo 2w0

(6.26)
v\? 3
M, =8r ( ) exp (—) , on < 0.
wo 2&)0

When o,, < 0, the value M,, is much smaller than that for ¢, > 0 and it can
therefore be ignored. Finally, the map (6.25), together with definitions (6.23)
and (6.24), forms a separatrix map when v > wy.

Combining the expressions (6.26), (6.21), (6.12), and (6.23), we obtain the
half-width of the stochastic layer:

3
14 ™ vV
hey =4 — —_ — . 6.27
" “<wo> exp( . w0> (6.27)

The result shows that the width is exponentially small with respect to the large
parameter v/wg. The general expression (6.23) for the Melnikov integral M,, can
be used for an estimate when v ~ wq. In this case:

hse ~ €, (6.28)
which seems to be the largest width of the stochastic layer (Note 6.2).
To conclude this section, two comments need to be made:

(i) Consider a parameter

hs@ hs@ v
- = = — .2
maxAh  eM  wp’ (6.29)

which is ratio of the stochastic layer width to the value of the Melnikov
integral. For high frequency perturbation d;, > 1 and the estimate of the
domain of chaos strongly deviates from the value of the Melnikov integral.
(ii) A real parameter of expansion, in obtaining the value of hgy, is the parameter
of perturbation € if v ~ wy. When v > wy, the value of hy is exponentially
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14.39 [

—2.408
0.00 X 6.28

Fi1G. 6.5. Two stochastic layers for the perturbed pendulum model with large
€ =5.1, v = 10.4 but small €.

small (see (6.27)) and the real small parameter is
_ wo \ 2
E—e (7) <1, (6.30)

which is due to the high frequency perturbation. Figure 6.5 illustrates a
small width of stochastic layers for large € with a small € (Note 6.3).

6.4 The stochastic layer of the standard map
The standard map was introduced in Section 5.2 by the Hamiltonian
H= 1pszcosx i 0 ifn = pochosx i cosmvt. (6.31)
2 T 2 ' '

n=—oo m=—o0
Now we are interested in small perturbations:
K< 1. (6.32)

Nevertheless, even with this simplification, (6.31) is still extremely complic-
ated. This can be seen in Fig. 5.4 which demonstrates the phase portrait of
system (6.31) for small K. It comprises different typical elements. Stochastic
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layers replace the destroyed separatrices. Inside the layers, a family of nested
invariant curves resides, which confines the point (0, 0; (mod 27)). Outside the
main stochastic layer, there are chains of separatrix loops with considerably thin-
ner stochastic layers, which are not visible in Fig. 5.4(a), but they can be seen
after magnification in Fig. 5.4(b). The chains correspond to non-linear reson-
ances of different orders and invariant curves lie between them. Thus, the phase
portrait resembles a sandwich composed of an infinite number of invariant curves
alternated by stochastic layers. The stochastic layers do not merge for the values
of K < K, (see (5.22) and the following discussion).

There is a fairly simple way to observe the formation of stochastic layers for
the standard map. To do so, consider the second form of the Hamiltonian (6.31)
and keep only the terms with m = 0, 1. Thus, we obtain

1
H~ §p2 — K cosx — 2K cosvtcos . (6.33)

Equation (6.33) describes the perturbed pendulum model with a dimensionless
pendulum frequency

wo = K2, (6.34)

It has the same amplitude as the main term in the Hamiltonian H and a
perturbation frequency v, or its dimensionless form

v =2 (6.35)

if we put the interval between kicks T = 1. Due to (6.32) and (6.34) we have
v > wy for small perturbations. This enables to use the formulas (6.23)—(6.27)
for the width of the stochastic layer after some substitutions

e — 2K, wy— K2, Eszwg—>K, v— D =2T, (6.36)
we obtain:
47)3 —72
M, ~ (21() exp <K1/2> =M (6.37)

independently on the sign of o,. The corresponding separatrix map can be
simplified due to the symmetry of the Hamiltonian (6.33) and M,,:

hp41 = hyp + 2K M sin ¢y,

b1 = b + ( 2n ) In <h32> ., (mod 2n) (6.38)

K1/2 n+1

(see more details in Chirikov (1979)). In the same way as (6.27), we obtain a
half-width of the stochastic layer:

hoe = 227 ( — ) . (6.39)

K1/2 K1/2
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Equation (6.39) defines an exponentially narrow stochastic layer for any small
value of K.

Should the subsequent terms with m = %2 be retained in the sum (6.31),
the resulting corrections to (6.39) will be exponentially small. This is because
the effective frequency of perturbation due to these terms is 7 = 4xw. Thus, the
definition of the exponential term in (6.39) is very accurate.

An important comment on the estimation (6.39) is that the coefficients for the
main term, K cosz, in (6.33) and the perturbation are of the same order, that is,
the effective perturbation parameter is of the order one. Nevertheless, the small-
ness of the width of the stochastic layer is attributed to the exponential factor
in (6.39), rather than to the amplitude, i.e. pre-exponential factor.

6.5 Hidden renormalization group near the separatrix

It would be too simplistic to remark that the perturbed motion near the sep-
aratrix is so complicated that we have not yet been able to create a more or
less complete picture of the basic properties found inside the stochasic layer and
in its vicinity. Surprisingly, some global properties of the layer’s pattern can be
obtained due to specific dynamics near a saddle point. This section describes
the existence of a ‘hidden’ (non-evident from the Hamiltonian) renormalization
transform. The occurrence of the transform, denoted as R, follows directly from
a specific form of the separatrix map (6.25). Before deriving the transform R,
let us provide a qualitative analysis of a general property of the motion near the
separatrix (Note 6.4).
Consider again a periodically perturbed system

H = Hy(p,x) + eV (z,t) (6.40)

with

27

V(z,t+T,)=V(z,t), T, (6.41)

v
If © =0, p=0is a saddle point of the unperturbed Hamiltonian Hy(p,x), we
can expand near the point

1
Hy(p,z) = i(p2 — w?2?) + const (6.42)
with a constant ws which defines the increment of instability. The dependence,
x = x(t), on an unperturbed trajectory near the saddle point can be obtained
by a direct integration of equations of motion that follow from (6.42):

td tdx /t dx
Wet = wsg —_— = Ws — = Wy (

x D 2h + x2)1/2

=1In|z + (2h 4 22)'/2| + const, (6.43)
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where, as in the previous section,

(Ho — wy)
h= —z (6.44)
is the dimensionless energy calculated from the separatrix value Hy = w?.
Consider a renormalization of h and z in (6.43):
h— Arhy, x— A%z, Ag >0, (6.45)

where A is a renormalization constant. The substitution of (6.45) into (6.43)
leads to the time shift

At = — In Ag. (6.46)

2wy

One can therefore conclude that in the case of a periodic dependence on the
phase w,t, the shift leads to the preservation of the equation of motion near the
separatrix if wsAt is a multiple of m. Consequently, the phase space topology
is preserved. This property is rigorously formulated and proven below. At this
point, some general remarks are helpful:

(i) The renormalization transform R, derived below demonstrates the existence
of scaling invariance with respect to the appropriate renormalization of the
perturbation parameter €, that is, the renormalization constant Az depends
on €.

(ii) The invariance under the transform R, appears as an approximate property
of the topology of a part of phase space, which is in the vicinity of the saddle
point.

(iii) The R.-transform can be applied to that part of phase space, which includes
the stochastic layer and the nearest set of resonances lying outside.

Rewritten in a more general way than (6.42), the expansion of Hy(p, z) near
a saddle point is

1
Hy— E, = 5(Ag 2 A2 =weata” (6.47)

where E; = Hy = w? is the energy at the saddle point and A,, A, are constants,
and new amplitudes,

a® = (2ws) T2 (App £ A,x) (6.48)
and an imaginary ‘frequency’,

ws = ApA, (6.49)
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are introduced. Hamiltonian (6.47) describes the hyperbolic motion with
increment (decrement) wq:

0H,
s+ 0 _ +
a 7:|:8a:F = twqa™, (6.50)
that is,
a®(t) = a*(0) exp(£wst). (6.51)

The saddle point (0, 0) belongs to a singular curve, or separatrix. Consider
the motion on a cylinder phase space R, C,. For fairly smooth Hamiltonians, the
non-linear frequency near the separatrix can be written in a way that is similar
to (6.12)

Awg
w(h) = n(B/h)’ (6.52)

where A and B are some constants depending on the form of Hy(p, ), and

_ ‘E_Es|

h
Es

(6.53)

which is similar to (6.13) with energy E = Hy. In the example (6.12), ws = wy,
A=r, B =32
The separatrix map (6.25) can be rewritten in a more general form as

hn+1 = hn + EM(TL, ¢n)a

w., B (6.54)

n = Pn Y TR d 2 )
¢ 1 (b + wSA B |hn+1| (mo Tr)

where eM(n, ¢,) is the Melnikov integral Ah(¢,) in (6.18), ¢, = v7,, and
expression (6.52) has been used.

Proposition (P1) The separatrix map (6.54) is invariant under the transform

R.: e = Age, h — Agrh

2w A
AR = exp < d ) . (6.55)
It also follows from (6.55) that the invariance under the transform
R :e — Age, h— AEh, m==+1,42,... (6.56)

with the same Ag as in (6.55).

The statement (P1) follows from (6.54) if one takes into account that the
phase ¢,41 is defined in (6.54) up to a term 27m where m is an integer.
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In other words, the renormalization transform R, (6.55) preserves the phase
space topology near the saddle point with the same level of accuracy with which
the separatrix map (6.54) was obtained.

In order to formulate a similar invariancy to (P1) for the original Hamiltonian
(6.40), let us recall that in the construction of the separatrix map (see Section 6.2)
the time instants 7,, correspond to the midway point between the two adjacent

passages of a saddle point, say T,Ss) and 7'7(521. This means that

— ()
Tn A R (6.57)
or, after multiplying by v,
s %
=00t g o = (6.58)

We also need to recall that the quantity h,, is taken precisely at the time instant

rés) of the passage near the corresponding saddle point, that is,

by, = h(7{) (6.59)

by definition. The substitution of (6.58) into (6.54) yields

Bpq = Ry, + €M (5) . TV
+1 +€ <na ¢n + 2w(hn) )

(s) _ (s) v 1 B TV hn+1
¢n+1 ¢n + wsA n |hn+1| + 2wSA n hn

(6.60)

) (mod 27).

The map (6.60) is called the shifted separatrix map (SSM). Its specific property
is that both variables (h, ¢(*)) are taken at the same time instant.
Let us now formulate the invariant properties of the SSM.

Proposition (P2) The SSM (6.61) is invariant under the renormalization
transform

R.: € — \ge, h — Agrh, ¢(S) _ ¢(S) +,
2wSA) (6.61)

/\Rexp<

The difference between (P2) and (P1) is that there is a phase shift of ¢(*) by
7 for the case (6.61) where both variables (h, ¢(*)) are taken at the same time
instant. The results, (6.61) can be applied directly to the Hamiltonian (6.40).

Proposition (P3) The phase portrait topology near the saddle point, obtained
as a Poincaré map of the Hamiltonian (6.40), is persistent under the
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renormalization transform

R.: e = Age, Hy— AgrHy, t_>t+I
v

r — )\};L./Za:, p— A}fp

AR = exp <2ijA) . (6.62)

The proof for (P3) is based on the expansion (6.47) for Hy near the saddle point.
Tt follows from (P3) that the scaling transform

R : e — Nge, Hy— NgHo, t—t+ 2
14
= AP0, p— AT Pp m= 1,42 (6.63)

preserves the phase portrait near the saddle point with the same Ag as in (6.62).
Transform (6.63) is analogous to (6.56) and is valid up to some m < mg when
the accumulation of errors becomes significant.

2.8 X 3.5

F1G. 6.6. Poincaré section of motion in the ergodic layer: (a) before the renor-
malization (v = 5.4; wy = 1; € = 0.01); and (b) after the renormalization
(e = 0.003124; Ag = 3.2011).
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F1G. 6.6. (Continued).

Figure 6.6 illustrates the properties (P1) and (P3) for the perturbed
pendulum model (6.61). In this model, ws = wy, A = 7 and

2
AR = exp < 7Tw0> . (6.64)

v

In the numerical example in Fig. 6.6, we have Agp = 3.2013. Hence the dif-
ference between the values of perturbation constant e and /A% for the cases
(a) and (b) is almost of one order.

There are two remarkable properties of the renormalization transform R.:
the existence of the hidden renormalization is not evident when looking at
the Hamiltonian (and that is why we use the word ‘hidden’), and the renor-
malization parameter Ar can be obtained directly from the Hamiltonian of
the types (6.40) and (6.41) if the result (6.64) is known.

As another example, consider the Hamiltonian with a double-well potential

1y, 1,5, x?
Zpt— = 1 - =
HO 2p 2’Y$( 2 )

(6.65)

1
eV = Zex"‘ sin vt.

For this case g is of the same type as in (6.64):

AR = exp (27VW> . (6.66)
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0.15

-0.15

FIG. 6.7. Stochastic layer for a double-well potential: ¢ = 8.3 x 1075, a = 1,
a=0.25and g =1.

Furthermore, for the numerical example in Fig. 6.7, we have v/v = 0.25;
Ar = 4.81. Figure 6.8 reveals a strong coincidence in the topology near the
saddle point for both the original and renormalized phase portraits.

This type of renormalization R, does not exist for the standard map due to
a lack of constants that can be renormalized.

6.6 Renormalization of resonances

The transform R, can be applied to the stochastic layer as well as to the
resonances lying beyond it, though not too far from the separatrix.
A resonance condition can be written for the phase equation (6.54) as

Pntq = Pn + 27s, (6.67)

where s is an integer. By definition, (6.67) corresponds to the (g, s)-order
resonance. When the phase equation (6.54) is iterated ¢ times, it yields

Pntq = Z In B

- <q, Tk (6.68)

Let us make a formal transform

h=-— (6.69)
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(a) 0.04

0.3

-0.09

0.7

Fi1G. 6.8. The vicinity of the saddle point for the same model as presented in
Fig. 6.7: (a) before the renormalization (see parameters in Fig. 6.7); and (b)
after the renormalization with A = 4.81 and the phase shifted by .
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and apply it to (6.68):

q
% B TV

nta = On + El + —¢qln)gr, (mod 2m). 6.70

Ontq = ¢ wsAj:1n|h;L+j| wsAqn R (mod 2m) ( )

From (6.70), we obtain a condition that the resonances of the separatrix map
(6.54) are invariant under the transform (6.69)

TV

- Aqln Ar = 27s’ (6.71)

with an integer s’. This gives

/
25 ”“"A> . (6.72)

N — P
AR(q,S)—eXp( . v

In particular, for the perturbed pendulum (6.61), A = 7 and ws = wy, and
instead of (6.72) we have

Ar(q,8') = exp (%Z V> . (6.73)

In the case when s’ = ¢, we have the same renormalization constant as (6.55)
and (6.61) as well as the transformation of the resonance family (6.67) into a
family

g = g + 278", s =s5+5. (6.74)

Condition (6.74) should be used together with (6.70) to determine the resonance
energies ' = h/(q, s”). The result can be formulated as follows:

Proposition (P4) When the condition (6.67) defines a resonance family of
order (g, s), and (6.68) defines the corresponding resonance values of energy h =
h(q, s), it leads to the existence of a family (6.72) of renormalization constants,
Ar = Ar(g,s’), which transforms the resonance of order (g, s) into (g,s”) with
energy h' = h'(g,s”), that satisfies (6.74).

This renormalization of resonances near the separatrix is also hidden, i.e., it
is not obvious from the initial Hamiltonian.

6.7 Hidden renormalization for coupled oscillators

A more complicated situation appears for two coupled degrees of freedom.
Nevertheless, due to the specific behaviour near the saddle point, the hidden
renormalization group still exists.
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0.0008

—-0.0008

0.0004

—-0.0004

F1G. 6.9. Poincaré section for the Hamiltonian (6.75) with § = 0.0625, a = 1,
v=1,4& =04, E=0.5, 9 =0, for two values of perturbation. Top: (z, &)
plane with B = 10~*. Bottom: (x,4) plane with B = 2.377 x 10~°, spatial
dimensions scaled by )\}%/2 =0.4875.y =0, y > 0.
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S

0.924176 | ..

-0.002 0 x 0.002

F1G. 6.10. The same data as in Fig. 6.9, but (x,y) plane. Top: B = 1074

Bottom: ﬁ = 2.377 x 107°, x scaled by )\}%/2 = 0.4875 and y scaled by
Ar =0.2337. 9y =0, § > 0.
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Consider a Hamiltonian with 2 degrees of freedom:

H —1(¢2 +97) — Lsa2 (1 a
o YT 2a?
Lo 1.4 Lao o Ao
+ -y +zay” | + ZBz7y5, 4, & > 0. (6.75)

2 2 2
Such Hamiltonian appears in the classical dynamics of homogeneous Yang-Mills
field. The saddle point for 3 = 0 exists at x = 0. Then the renormalization R,
has the following definition (Kuznetsov and Zaslavsky (1997)):

R, : € — ARe, 6o+ (Ar — 1)B<y(2)>»

a® —a? 1+w B=ey/E,H=FE
6 ) )
x—>)\1/ ;v—>)\1/2 Y—v+m, y— —y
) _ A/.2\\1/2
AR:eXp[ ul ﬂy%» 1 (6.76)

where

(4R) = (Tl) / R (6.77)

with yo(t) as an unperturbed motion with period T},. The corresponding demon-
stration is given in Figs. 6.9 and 6.10. The calculations were performed with
simplectic integrator of fifth order, and they demonstrated the high coincidence
of the topological structures in both planes of projections.

Notes

Note 6.1
The story of the Melnikov theory (Melnikov (1963)) from the ‘physical point
of view’ is the following. The paper appeared in 1963 and attracted the atten-
tion of physicists working on the problem of stable magnetic surfaces in such
toroidal devices as tokamak and stellarator designated for fusion. The main
message from the paper was the destruction of unperturbed separatrices and
their replacement by a complicated pattern now known as the homo(hetero)-
clinic structure (see Fig. 6.4). Although the Anosov systems, the models
with positive KS entropy, and the resonance overlapping criteria already were
presented in the literature with respect to chaotic (stochastic) dynamics, there
were 1o statements anywhere, including the original (Melnikov, 1963) public-
ation, that the homo(hetero)-clinic structure meant chaos. A few years later
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the problem of stability of magnetic surfaces became a research project of the
Institute of Nuclear Physics in Novosibirsk and a first appearance of chaos
(stochasticity) of magnetic field lines was a subject of the paper (Rosen-
bluth et al. (1966)). Immediately after that, Roald Sagdeev proposed to extend
this result expecting the overlapping of resonances near the separatrix as a uni-
versal phenomenon. This work was performed in Filonenko et al. (1967) with
first estimates of the width of stochastic layer and simulation that showed the
presence of a positive Lyapunov exponent (local instability). Soon after these
results the separatrix map was derived in Zaslavsky and Filonenko (1968)
and a formal approach was formulated for the estimate of the stochastic layer
width in the non-adiabatic case including an estimate of the exponentially
small width. There were further developments of these results in Chirikov
(1979); Zaslavsky et al. (1991); Afanasiev et al. (1990), along with some rigor-
ous results in Lazutkin et al. (1989); Rom-Kedar (1994, 1995); Treschev (1996,
1997, 2002).

Note 6.2

Both estimations for the stochastic layer width, the exponentially small (6.27)
and of the order € (6.28), were obtained in Zaslavsky and Filonenko (1968).
They were re-derived in a number of subsequent publications: Chirikov (1979);
Zaslavsky (1985); Lazutkin et al. (1980); Treschev (1996). In the latter two
references, more power methods were used (see also Treschev (1997)), which
improved the tools of obtaining the pre-exponential numerical constant in
(6.27). A more sophisticated case is the adiabatic perturbation with v >
wo- Special methods were developed in Neishtadt (1975); Cary et al. (1986);
Neishtadt et al. (1997). The form of the separatrix map with M,, as a function
of n was proposed in Rom-Kedar (1995). For some recent results see Luo
(2004) and for experimental observations see Evans et al. (2002).

Note 6.3
The appearance of a factor (wg/v)? < 1 is typical for high frequency perturba-
tions (Landau and Lifshits (1976)). Its discussion for the stochastic layer can
be found in Zaslavsky (1994c).

Note 6.4
The hidden renormalization transform was found in Zaslavsky and Abdullaev
(1995) and then was generalized and applied to different systems in Abdullaev
and Zaslavsky (1996) and Abdullaev and Spatschek (1999), and particularly
for two degrees of freedom (Kuznetsov and Zaslavsky (1997)) and for homo-
clinic tangles in Kuznetsov and Zaslavsky (2002). The figures in this section
are taken from Kuznetsov and Zaslavsky (1997).

Problems
More complicated problems are marked by (*).

6.1 Prove that (6.16) is an area preserving map using (6.18).
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6.2 Find the separatrix map for a model of resonance interaction with the
Hamiltonian (6.2).

6.3* For the model (6.2) find a width of the stochastic layer (use results of
Problem 6.2).

6.4 Find a renormalization constant Ar for the model (6.2) (use results of
Problem 6.2).
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WEAK CHAOS AND SYMMETRY

Chaotic dynamics per se means a strong instability of trajectories and their expo-
nential separation from each other. Nevertheless, the area occupied by chaotic
trajectories can be very small, even exponentially small, comparing to the whole
phase space. An example of this situation appears when stochastic layers are
narrow. Considering higher dimension phase space, one can imagine it being
filled by different bounded domains of regular integrable dynamics, which are
separated by thin channels of stochastic motion. We call this situation weak
chaos. The channels of chaotic motion can form a web that penetrates phase
space. We call it the stochastic web. The first example of the stochastic web was
proposed by Arnold (1964). The Arnold web universally exists for N > 2.

Typically in Hamiltonian systems stochastic webs replace the separatrices
destroyed due to interaction of different degrees of freedom. A non-trivial result
of the existence of stochastic webs is that the phase space partitioned by the
webs will carry a symmetry imposed by the web symmetry. This is a situation
of the dynamical origin of symmetry.

7.1 Stochastic webs

Consider again a system that is close to an integrable system, with the
Hamiltonian

H = Hy(I) + eV (I,9), (7.1)

where I = (I,...,Iy) and 9 = (¢1,...,9n) are the N-dimensional vectors
of action and angle, respectively, and € is a small parameter of perturbation.
For ¢ = 0, the system is described by its Hamiltonian Hy and possesses N
commuting first integrals of motion (actions). The motion is performed along an
N-dimensional torus defined by specific values of I. In the set of the tori, some are
singular and correspond to separatrices or hypersurfaces with self-intersections.
In two-dimensional phase space, separatrices are special trajectories that pass
through saddle points. The set of separatrices can form a connected net in the
phase space (see Fig. 7.1) where a particle can move. In fact, the likelihood of
a particle moving along a separatrix is minimal since the time taken to reach
a saddle point is infinite and particles are not able to pass through any saddle
(see Problems 7.1 and 7.2). Inside the meshes of the net, dynamics is finite. This
leads to a conclusion that the general type of integrable motion is partitioned by

97
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F1G. 7.1. Stochastic web formation.

a net of separatrices in an integrable case, in addition to the Liouville-Arnold
theorem on integrability.

The influence of a small perturbation in (7.1) does not significantly change
the motion inside the meshes of the net. However, it causes a crucial destruction
of the separatrices and their replacement by stochastic layers. A connected net
of channels of finite width along which an effective particle transport can be
performed is therefore created. The set of channels is called a stochastic web
presented in Fig. 7.1.

Different kinds of finite or infinite stochastic webs are possible, including
those with or without symmetry. It is convenient to introduce a notion of the
web skeleton since the width of the web tends to zero if e — 0. It can happen that
the skeleton of the web does not coincide with the separatrices net for e = 0, and
the web can only occur when there is a finite perturbation. Such a case takes
place for the periodically kicked oscillator introduced in Section 5.3:

1, . Wo - ¢
H= §(x2 + wiz?) — ?Kcosx Z o (T - n) ; (7.2)

m=—0oQ

where the oscillator mass is equal to one. The unperturbed part of the
Hamiltonian corresponds to a free oscillator motion,

1
Hy = 5(1'2 + wia?) (7.3)
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with a degenerate rotational symmetry and without any separatrices and saddle
points. The perturbation has an amplitude K and a translational symmetry
along : x — x + 2mm with integer m. As it was demonstrated in Section 5.3,
for K # 0, stochastic webs occur if the resonant condition

a=wl =— (7.4)

is valid, where ¢ is an integer. Although this is not the only case of the existence
of stochastic webs, condition (7.4) will be used for the sake of simplicity.
Our general comments to the web problem are:

(i) The existence of stochastic webs is an important physical phenomenon since
infinite particle transport is performed along the channels of the web.

(ii) The skeleton of the web tiles the phase plane (or partitions the volume) and
imposes a dynamical origin of symmetry groups.

For example, the Arnold diffusion occurs for the number of degrees of freedom
N > 2. It requires the non-degeneracy condition

‘ 0% Ho £0. (7.5)

aI,01,,

The diffusion rate is very low. Stochastic webs, that occur in the model (7.2),
correspond to the case when (7.5) is not valid and N < 2. The diffusion rate
along the channels of the web is much faster than in the case of Arnold diffusion.
Many other possibilities also exist for higher dimensions (N > 2). Some of them
will be considered in this chapter (Note 7.1).

7.2 Stochastic webs with quasi-crystalline symmetry

The stochastic webs considered below occur when the condition of non-
degeneracy (7.5) is violated. Rewrite the Hamiltonian (7.2) using the more
convenient variables (5.28) v = #/wp and v = —z, and renormalize H by
a constant

H:%(uervz)chosv 3 b(r—n). (7.6)

n=—oo
The equations of motion are

OH OH
U=——, Uv=-——, 7.7
Ov ou (77
where the dot denotes a derivative with respect to the dimensionless time
7 =1/T. The equations of motion (7.7) can be partially integrated (as it was
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done in Section 5.3) in order to replace them by the discrete map (5.27):

. Uni1 = (uy + K sinwv,) cosa + v, sina,
Twe : (o _ ») o (7.8)
Unt1 = —(up + K sinw,) sina + v, cos a.

In this section we consider the resonance case (7.4) which defines the web map

2 2
Unt1 = (up, + K sinwvy,) cos il Up, SIn i,
T : ; ‘ (7.9)
e . . 27 .27 '
Unt1 = —(up + K sinwy,) sin r + v, sin e

The map Tw(a) in u,v € (—m,7) has a central elliptic fix point (0,0). The
eigenvalues, \,, of the tangent matrix, M, at this point satisfy the equation

A2 2T M, - Ao +1 =0, (7.10)

where Tr M, refers to the sum of diagonal elements of M,. The solution of (7.10)
leads to a condition

K>2 ’cotan (%)‘ =K (7.11)

when the origin (0,0) becomes unstable and the elliptic point is transformed to
the hyperbolic one.

In Section 5.3 we demonstrated a few cases of the stochastic web with a
crystalline symmetry, that is, when ¢ = 3,4,6 and belongs to the set

{ac} ={1,2,3,4,6}. (7.12)

The set {g.} corresponds to the cases when rotational and translational sym-
metries coexist on the plane (u,v). The cases ¢ = 1,2 are trivial and their
corresponding motion is therefore regular. Figure 5.6 shows the stochastic web
with the crystal-type symmetry of order 4. Figure 7.2 corresponds to ¢ = 3 and
6. Some of their properties are formulated as follows:

(i) Crystal-type stochastic webs exist for arbitrarily small K. The size of the
meshes do not change since K — 0 (up to the higher order terms in K, and
it disappears when K = 0). Proof of this statement is in Section 7.4.

(ii) Diffusion coefficient along the webs is proportional to K? unless an
anomalous transport takes place. This statement is proven in Chapter 14.

A stochastic web still exists for ¢ # {q.} if 1 > K > K., where K, is a small
critical value. Examples of the corresponding webs for ¢ = 5 are shown in Fig. 7.3
and for ¢ = 7 and 8 in Fig. 7.4. In all these figures, the webs are infinite and
their finite sizes correspond to a finite computing time. All the webs have the
quasi-crystal type symmetry which will be explained in the next section. It can be
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84.74

-84.7181
—87.0057 X 87.0166

-24 X 24

F1G. 7.2. Stochastic webs with crystal symmetries ¢ = 3,6: (top) ¢ = 6,
K =1.2; (bottom) ¢ =3, K = 1.7.
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conjectured that K. = 0, i.e. unlimited stochastic webs of the quasi-crystal type
exist for arbitrarily small K > 0. Characteristic sizes of their meshes increase as
K decreases. This point will be discussed more in Section 7.4 (Note 7.2).

7.3 Stochastic web skeleton

A Hamiltonian in the form of (7.6) with the resonance condition (7.4) is time-
dependent. Nevertheless, the maps of the trajectories shown in Figs. 7.2-7.4
and others reveal the existence of invariant structures. To obtain an effective
Hamiltonian, Hg(u,v), which describes the structures, let us introduce polar

Fia. 7.3. Three different samples of the five-fold symmetric stochastic web.
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F1G. 7.4. Stochastic webs of the (a) seven-fold and (b) eight-fold symmetries.

coordinates (p, ¢):

u=psing, v=—pcoseo (7.13)
and generating function
1
F=(p—an), I= 5,02 (7.14)

that corresponds to the transformation to a coordinate system rotating with
a frequency « and new angle ¢ (in the following we write simply ¢). In new
variables, the new Hamiltonian becomes

H=H+ 5 = —K cos[pcos(¢ — aT)] Z o(r —n), (7.15)

n=—oo

where the first term of the Hamiltonian (7.6), which represents linear oscillations,
disappears. This is a typical feature of the transformation into a rotating frame
of reference.

Consider the following identity

o) q e’}
S bron =3 S bl (ma+ ), (7.16)
n=—oo j=1lm=—cc

where we use the representation for a sum of §-functions:

oo . B 1 oo o _j
Z r—j—mq) = p Z exp (2mmq> . (7.17)

m=—0oQ m=—0Q
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Substitution of (7.16) and (7.17) into (7.15) and a regrouping of terms yields

H:Hq"_vzzv

1 q
Hy=—-—-K cos &,
a ; (7.18)

2 O ! 2
V, = —gKZcosgj Z cos< Zm(r—j)) ,
j=1

m=1

2 2 P
£ = —psin (¢+;j> = vcos (;U) — usin (;j). (7.19)

Expression (7.19) can also be written in a compact form

using a unit vector definition
2mg 2mg
e; = [cos <7U> , —sin <M>} , (j=1,...,9 (7.21)
q q

p = (v,u). (7.22)

where

and

Equation (7.21) defines a regular star formed by ¢ unit vectors e; and (7.20)
defines the projection of the star unit vectors onto a two-dimensional plane.
Expressions (7.18)—(7.22) define the stationary Hamiltonian

1. < 2K
H, = Hy(u,v) = —iﬁq;cos(p -ej), Q= o (7.23)
which we call the skeleton Hamiltonian. The rest of H is Vg, which defines the

non-stationary part of the Hamiltonian H. The expression H, = H,(u,v) defines
a surface and the isolines of a constant energy,

1 u
E= —§Qq Zcos(p -ej). (7.24)
j=1

The isolines are invariant curves that tile the plane (u, v) with a symmetry called
g-symmetry. For example, if ¢ = 4,

Hy = —Qy(cosu + cosv) (7.25)
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F1G. 7.5. Isolines of the four-fold symmetric skeleton Hamiltonian.

and the corresponding isolines are shown in Fig. 7.5. The values of £ > 0 define
sections of humps on the surface of E' = Hy(u, v), the values of E = Hy(u,v) <0
define sections of wells, and the value E = Hy(u,v) = E5 = 0 defines an infinite
net of separatrices that tile the plane with the four-fold symmetry. This net is
the skeleton of the stochastic web for ¢ = 4.

Similarly, one can obtain expressions when ¢ = 3 and 6:

cos v + cos <;v + ?u) + cos (;v - ?u)] . (7.26)

The structure of isolines is shown in Fig. 7.6. The net of separatrices can be
obtained from the equation

1
Hy = 2H; = =

1
E = E‘S = 590 = H6(’US7’U,S) (727)

and all solutions are
v =7m(2n1 + 1), wvs = V3ug + 2m(2ng + 1),

(7.28)
ve = —V3us + 27 (2ng + 1), (n12,3=0,%1,...).

The net of separatrices at the skeleton of the stochastic web forms the so-called
kagome lattice with hexagonal symmetry.
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F1G. 7.6. Isolines for the three(six)-fold symmetric skeleton Hamiltonian.

Ph

Fi1c. 7.7. Distribution of saddles for Hs.
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Here are some general features of skeletons for the crystalline symmetry
(q = 3,4, 6)

(i-c) All saddle points of the Hamiltonian H,(u,v) have the same value of
energy E, (see Figs. 7.5, 7.6).

(ii-c) All separatrices are isolines of the same energy surface Hg(us,vs) = Es.

(ii-c) Skeletons are unbounded and they tile the plane with the corresponding
square or hexagonal symmetry.

In the case of ¢ # {¢.}, the saddle points of the Hamiltonian H,(u,v) do
not belong to some unique value of energy anymore. They are distributed in
a complicated manner although some values of energy do exist where a higher
concentration of saddle points is found. For example, when ¢ = 5, the maximum
number of saddle points corresponds to E,, ~ 7%05 (see Fig. 7.7). In fact, not
much is known about the distribution of saddles and elliptic points for the values
of ¢ # {q.} (Note 7.3).

Consider, for example, all isolines for the values of energy F taken in a layer
E € (E,,—AE, E,;,+AE). They form a ‘thick’ line structure. The corresponding
pattern is shown in Fig. 7.8(a) and is related to the so-called quasi-crystal sym-
metry of the fifth order. The Hamiltonian H, in (7.23) is a general expression
which generates quasi-crystal symmetry of isolines. The examples of isolines
for ¢ = 7, 8, and 12 are shown in Figs. 7.8(b)—(d). They are obtained in the
same way as for ¢ = 5. Here are some features of the Hamiltonian H(u,v)

for ¢ & {q.}:

(i-cq) Some constant energy plane H, = E consists of separatrices that form
webs, but all of the webs are of finite sizes. There is no connected net
that tiles the entire plane in the same sense as it was for ¢ € {¢.}. In
other words, a connected infinite net with a finite size of meshes does not
exist when ¢ € {q.}.

(ii-cq) Consider a thin layer (F, E4+AF) of the width AE. Any two saddle points
are connected if their corresponding energies are E € (E,E + AE). A
net, connected through the layer AFE, exists for a finite AE > AE,, and
it is the way of formation of a skeleton of the stochastic web with ¢-fold
symmetry. In other words, a connected ‘thick’ net with the thickness AFE,
exists. An example of ‘thick isolines’ for ¢ = 5 is shown in Fig. 7.9. The
connected net is easily visualized and it forms a specific grid. Distances
between parallel lines correspond to the so-called one-dimensional quasi-
crystal (see Fig. 7.10) (Note 7.4).

(ii-cq) It is assumed that the property (ii-cq) can be strengthened by
a conjecture: AE. = 0, i.e. any finite thickness, AF > 0, of the energy
layer induces an infinitely connected net with a finite size for its meshes.
The smaller AF is, the larger the meshes.
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FiGg. 7.8. Isolines of the skeleton Hamiltonian for different quasi-crystal type
symmetries: (a) g =5; (b) ¢ =7; (¢) ¢ = 8; and (d) ¢ = 12.
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Fic. 7.8. (Continue

fold rotational symmetry for even ¢ and 2¢-fold

(iv-cq) The Hamiltonian H, has ¢

rotational symmetry for odd ¢. The symmetry of H, does not coincide
with the symmetry of the original Hamiltonian H because of the averaging
procedure. Up to the corresponding correction, the symmetries of H, are
sub-symmetries of H for small K, and the symmetry properties of H, can
be used to describe real trajectories of the original Hamiltonian H(x, &, t).
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Fi1c. 7.9. ‘Thick isolines’ for ¢ = 5 in the energy layer E € (0,2) forms an
infinite web.

(v-cq) Hamiltonian H, defines an integrable system but there is no description
of its solutions which follows from the equation (compare to (7.7)):

L_od, . o,

— W, W. (7.29)

From all properties described above, one can deduce the existence of a dynam-
ical generator of symmetry. It means that the Hamiltonian H(u,v,t) in (7.6) is
associated with a specific composition of orbits and singular points in phase space
(phase plane) which partitions or tiles the space with approximate g-fold sym-
metry (better known as quasi-symmetry). The accuracy of the quasi-symmetry
can be enhanced by applying the averaging procedure to obtain a skeleton
Hamiltonian, Hy, in (7.23). The smaller the parameter K in (7.6), the closer
the generalized quasi-symmetry is to a symmetry (Note 7.5).

7.4 Symmetries and their dynamical generation

This section demonstrates how we can obtain non-trivial symmetries from
dynamics. It also shows how symmetries can be modified by applying methods
of dynamics. In considering how the five-fold symmetry can arise in dynamics,
we use the Hamiltonian (7.6) for ¢ = 5, and the map TW(5) from (7.9). This

constitutes the first step. In the second step, the averaged Hamiltonian FI(1:5 in
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\
AY

o]

Fic. 7.10. A one-dimensional quasi-crystal is a sequence of black points
obtained as a projection from a strip of a square lattice. The slope of the
strip is 1/79, 70 = 2cos(7/5), and the distances between the black points
follow the Fibonacci sequence (see Note 7.4).

(7.23) is obtained. In the third step, both the maximum saddle point distribu-
tion as a function of energy, and the corresponding value F,, . are derived. In
the fourth step, the ‘thick isolines’ portrait which belongs to the finite energy
layer, (Fmax — AE/2, Enax + AE/2), with an appropriate small AE is found.
In the fifth step, using the thick isolines portrait (see Fig. 7.8(a)) as a stencil
and, applying algorithm to connect different points on the stencil, a tiling is
created. As an example, Fig. 7.11 demonstrates the famous Penrose tiling by
connecting the centers of small five-stars with centers of small pentagons. A
deliberate attempt was made to show a slightly asymmetrical tiling by using
two kinds of rhombuses to illustrate different possibilities. A more sophisticated
seven-fold symmetric tiling with three kinds of rhombuses is shown in Fig. 7.12.
Figure 7.8(b) has been used as a seven-fold symmetric stencil to produce the
tiling in Fig. 7.13. This tiling (Zaslavsky et al. (1991)) uses only 3 different tiles
as rombi with angles (7w /7, 67/7), (2r/7, 57 /7), and (37 /7, 4w /7) (Note 7.6).
The above comments suggest a new and unique opportunity of investigating
a complex symmetry such as the quasi-crystalline symmetry by using methods of
Hamiltonian dynamics. Let us demonstrate the relationship between symmetry
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Fic. 7.11. Formation of the Penrose tiling using Fig. 7.9 as a stencil.

breaking and bifurcation in a dynamic system, for ¢ = 3. The invariant curves of
the map Ty (3) form a tiling of the hexagonal type if K < K&O) with a = 27/3,

where K" is defined in (7.11). The tiling is shown in Fig. 7.13(a). From the
same map Tyy(s), one can obtain a tiling of the brickwall type (Fig. 7.13(b))

if K > Kéo). The value K > K&O) corresponds to the value of K where the
elliptic points at the centre of the hexagons lose their stability. For ¢ = 3 or
a = 2m/3, K&O) = 2/\/§ = 1.1547.... If certain ‘fine’ details of the figure are
ignored, the hexagons are modified to become close to rectangles and there is
a corresponding change in the symmetry of the stochastic web which occupies
very narrow regions between the rectangles, if K > K O An example of a web
with the brickwall symmetry is shown in Fig. 7.13(b).

The examples described in this section enable us to formulate the following
statement: the web map Tw(q) is considered as a dynamic generator for tiling a
plane which has either a symmetry of an arbitrary order g of the crystalline type
when ¢ € {q.}, or of the quasi-crystalline type when ¢ ¢ {g.}. As a method of
tiling, we can first obtain a web skeleton and then perform a desirable algorithm
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Fig. 7.12. Seven-fold symmetric tiling using three types of rhombuses

0.5

3 form hexagonal tiling when (a) K =

1.3.

FiG. 7.13. Invariant curves for ¢

and (b) brickwall tiling when K
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for the tiling (this method was described above). Another method uses the phase
portrait of the system directly and it can be simplified by removing some of
small details or smoothing some special orbits. It should be noted that part of
the phase portrait lying inside a cell of the web may have a completely different
symmetry from that of the web itself and, in particular, it may not have any
special symmetry. Inside the central cell of the web, there are various stochastic
layers which are separated from one another and from the stochastic web by
invariant curves.

We can also say that a 2D-tiling with a ¢-fold symmetry is the result of a
decoration of the phase portrait. The decoration refers to a rule to select and/or
alter some elements of the phase portrait. A decoration of the skeleton in Fig. 7.11
(¢ = 5) results in its conversion into the Penrose tiling.

7.5 Width of the stochastic web

To calculate the width of the stochastic web, the representation (7.18) for the
Hamiltonian H in the rotating frame of reference is used. The case of ¢ =
4 provides a good illustration of the application of the method described in
Section 6.3.

Using (7.18), we obtain

H~Hy+Vy,
Hy = —Qy(cosu + cosv), (7.30)
Vi = —2Q4(cosv — cosu) cos T

by neglecting the other terms in V4 which are proportional to cos(mm) with
m > 1. Their small correction will become apparent at the end of the calculations.
Due to the degeneracy of the unperturbed Hamiltonian (7.3), there is no small
parameter in the perturbation V4 in (7.30) and the influence of the perturbation
is small via a different mechanism (as it was, for example, in Section 6.4).

For the unperturbed Hamiltonian Hy, defined in (7.23), the energy value on
the separatrices is H; = 0 and the corresponding separatrices are defined by the
equations

vs = +(us + ) + 27m, (m=0,%£1,...). (7.31)
From the equation of motion (7.29) we derive
U =Qusinv, v=-—Qsinu. (7.32)
On the separatrices

Uy = FQysinu,, v, = £y sinv, (7.33)



WIDTH OF THE STOCHASTIC WEB 115

or

tan (%) = FU(T—m),
(7.34)
tan (%) = eFa(r=mn)

where 7, is the point of reference in time. Other than (7.34), another form of
solution is

. . 1
SINUg = — SN Vg = 7m (735)
Adopting the same scheme used in Sections 6.2 and 6.3, (7.31) yields
Hy =402sinu - sinv - cos . (7.36)

Replacing u,v on the right-hand side with wug, vs and substituting (7.35) in
(7.36) as well as performing the integration, one obtains a change in the energy
due to the perturbation of particle motion in the vicinity of the separatrix:

Tn+00
AH, = —402 d cosTT — _yp? ST 7.37
! ! ~/‘rn—o<> " cosh? Q4 (7 — 7,) " Sinh(r%/20) (7:37)

Since Q4 = K/2 < 1, this expression takes the form of

2
AH, = —872 cos T, exp (—;{_) ) (7.38)
The period of oscillations in the vicinity of the separatrix is
4 8y ) 8 4K
THy) = —In|— | =—=In—:. 7.39
1= g;m (F) = 2 7y (739

The time needed to pass near the separatrix is equivalent to one-quarter of the
period, that is,

T T n (7.40)

Tn+1 — Tn ~

T(H) _ 1, (894>_2 LA
[Hal ) K [Hy

Setting Hy to be equal to H, inﬂ), and taking the expression (7.37) into account,
we obtain the separatrix map in the form

2
HinJrl) _ Hin) — 812 exp (_7;(> COS T Ty,
(7.41)

L2, < 4K >
Tn+1 =Tn — 1n ﬁ .
K\ |H{Y)
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This procedure was described in Sections 6.2 and 6.3. Using the same procedure,
we obtain a boundary of the stochastic layer from the condition

57—n+1

- 1‘ > 1. (7.42)

max
Tn

Hence, the border Hy of the stochastic layer is

1 3 2
H, = om exp (—ﬂ-> . (7.43)

K K

This result was obtained in Afanas’ev et al. (1990).

The quantity 2H defines a width of the stochastic layer. Since all separatrices
are connected, forming a single network, the quantity 2H is also the width of
the stochastic web. It is exponentially small since K < 1. The neglected terms,
arising from Vj in (7.18), give a correction of the order exp(—27n?/K) which is
too small compared to (7.43).

The same considerations can be applied in the case of an arbitrary value of
q. The width of the stochastic web can be estimated as

H, ~ exp <CO;St) : (7.44)

where the value of const increases somewhat with the growth of q. However, for
all ¢ € {q.}, there is a peculiarity which needs to be discussed.

It was mentioned in Section 7.3 that all hyperbolic points belong to the same
energy level E for ¢ € {q.}. In the case of ¢ & {q.}, this property is absent.
Saddles and separatrices are distributed among different energy levels and there
is no single infinite net of unperturbed separatrices for any value of the energy.
An example of isolines for Hy is presented in Fig. 7.14 for ¢ = 5. The figure
shows saddles forming a pattern resembling a family of parallel straight lines (a).
However, in Fig. 7.14(b), it can be seen that near the value F,, = —(5/2 (see
Fig. 7.7), the separatrix loops approach each other very closely. Nevertheless,
the intersections of the loops are located on different planes of constant energy.
The gaps between some separatrices can be so small that even a small perturba-
tion can create narrow stochastic layers which overlap these gaps. This is how a
single stochastic web net is formed. In the case of quasi-symmetry, the mechan-
ism for the web formation is quite different from that for the crystal symmetry
since there is no single separatrix for the web-skeleton Hamiltonian H,.

Concluding this section we should mention that topological properties of the
phase plane are defined by a set of singular points and curves. These proper-
ties can be imposed by an unperturbed Hamiltonian and a perturbation. The
symmetry of the Poincaré map is the result of a complex interplay between the
symmetries of the unperturbed Hamiltonian and the perturbation.

Thin filaments (channels) of chaotic dynamics, called the stochastic web, form
a net with a symmetry or quasi-symmetry. The web map of the type discussed
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F1a. 7.14. Example of isolines for Hy: (left) the ‘thick lines’ belong to the range
of energy F € (0.8,1.2); (right) an enlarged image of isolines from the marked
square in (left) with E € (0.9,1.1).

in Section 5.3 generates the web that tiles the phase space with a symmetry of
the quasi-crystal type. The tiling can be characterized by a web skeleton. Thus,
the web map is a generator of the g-fold symmetric tiling of an arbitrary order q.

It is significant that the connected net with ¢-fold symmetry appears as a
structure of finite-width channels in phase plane. However, the width of the
channels is exponentially small.

7.6 Symmetry in art and nature
7.6.1 Symmetry and chaos

This chapter would not be complete without a discussion of symmetry in art
and nature. Symmetry in nature has captivated human consciousness from the
ancient times. It has since become a challenge to science to determine how and
why natural symmetry occurs. It is significant that the fundamental methods
used by contemporary physicists are now the symmetry-based approaches that
investigate the basic laws of dynamics and the interaction of particles. It would
be an oversimplification to say that symmetry is a mere reflection of ‘harmony
in nature’. The symmetries can be considered as the unique or only possible
way for natural laws to self-organize, for instance as it is reflected in the funda-
mental equations of motion. This view of symmetry, that of it being the result of
specific features of natural forces, was introduced and discussed by Johannes
Kepler (1619). Kepler also attempted to find a five-fold symmetric tiling of
a plane.
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What is puzzling and paradoxical, however, is the fact that the knowledge of
five-fold symmetric tiling had already existed, possibly as far back as the twelfth
century in Iran (Makovicky (1992)). Yet this knowledge remained unknown to
scientists well up until modern times, and the publication of the Penrose tiling
(Penrose (1974)) was considered as a discovery. This discovery, of course, encour-
aged the hope for the existence of quasi-crystals of five-fold symmetry. Schehtman
et al. (1984) were able to get, in fact, real quasi-crystals.

Symmetry does not exclude chaos, and wice versa. While some variables
have a symmetry, others can be of chaotic changes. A trivial example is the
Newton equation for the periodically perturbed pendulum. It is area-preserving
and symmetric with respect to time shift by the period of perturbation. To speak
in more detail about the symmetry of dynamics, it is convenient to include
some elements of the dynamics that are invariant with respect to the system
evolution, or, simply, which do not depend on time. These are stationary points
and separatrices. One can say that a set of elliptic and hyperbolic points is a
‘carrier’ of symmetry in phase space. Invariance of these points has been used to
obtain a symmetric tiling of the phase plane by chaotic attractors (Note 7.7).

The role of chaos is still vague, and we should go further to understand
more. The following problem was posed by Weyl (1952): can we find a dynamical
generator of different kinds of symmetries? This is a more specific formulation of
the attempts of Kepler. Can, for example, we find a dynamical generator (within
Hamiltonian equations), i.e. a kind of force, that drives a particle exactly along
a square lattice? There is a precise answer: ‘No.” Trajectories along the lattice
are separatrices and an infinite time is necessary to overcome even one side of
the lattice. This situation can be reckoned with if we take into account that any
small periodic perturbation splits the separatrices, and then replaces them by a
thin stochastic web, as in Fig. 7.1. Particle dynamics along the web is random
and has a finite speed. This means that one trajectory with an initial condition
within the web tiles the infinite plane following the channels of the web. This
tiling does not have exact symmetry because of the finite and non-uniform width
of the web. Nevertheless, the deviations from the exact symmetric tiling can be
arbitrary small. We call this type of tiling quasi-symmetric, i.e. a stochastic web
tiles the plane with a quasi-symmetry. In other words, the web map W(q) can be
considered as a generator of ¢-fold symmetry since the corresponding stochastic
web tiles the plane with g-fold quasi-symmetry. Let us remember that the tiling
created by the only trajectory can be performed because of chaotic dynamics
within the stochastic web, and this can be considered as a unique demonstration
of the coexistence of chaos and symmetry and even of chaos-assisted symmetric
tiling.

7.6.2 Ornamental patterns

The history of mosaics can be traced back some 4,000 years with the use of
terracotta stones for stenciling of mostly simple patterns. Ancient tilings, or
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ornamental patterns were used as architectural decorations in the Byzantine
Empire and Rome, and later and most intensively in oriental art. The main con-
dition of decorative ornamental art is: (1) to make a stencil that is unbounded
and has a finite number of elements (tiles), and (2) to decorate the tiles. The first
problem is purely mathematical or geometrical, and it appears in contemporary
design art, such as wallpaper, that should satisfy any size of walls, with no seams
or jumps in the patterning. It happens that three-, four-, and six-fold symmet-
ries globally dominated in ancient patterns, while the five-fold symmetry tiling
appeared probably in Iran during the twelfth century (Markovicky (1992)), and
later moving to other places such as Alhambra Palace in Granada (Spain), Seville
(Spain), Jerusalem, and other places. Figures 7.15-7.17, obtained by the author,
show different variants of the five-fold symmetric ornaments in the architecture.
More about different tilings can be found in Grunbaum and Schepard (1987) and
for oriental ornaments in Critchlow (1999).

F1G. 7.15. Ornamental window in the Mirador de Lindaraja (Alhambra Palace,
c. sixteenth century).
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Fi1a. 7.16. Ceiling in the Pilato House (Seville, c. fifteenth century).

7.6.3 Patterns in nature

Patterns with five-fold symmetry, or with a five-fold axis of symmetry, can be
found often in nature. Living organisms such as echinoderms (starfish, brittle
star, sea urchin, feather star, sea cucumber, and sand dollars) have an axis
symmetry of the fifth order. Plants, such as sunflowers or pine cones, have
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F1G. 7.17. A door in the Los Reales Alcdzares (Seville, c. sixteenth century).

a spiral structure (called ‘phyllotaxis’ or plant spirals) of seeds that correspond
to the Fibonacci series. Sections of DNA have a decagonal structure.

Why is it that we meet with pentagonal order in living nature, yet we do
not meet with triangular, or square-shaped plants or creatures? One interesting
hypothesis has been expressed by Belov (1976): because the pentagonal struc-
ture is resistant to its crystallization. An important comment was also given
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by Schrodinger (1944): not as much information can be written on the peri-
odic structure. At the same time, the molecules responsible for life should have
a fixed, but not periodic (crystalline) order. In this way Schrodinger arrives at
the notion of aperiodic crystals as an ordered structure that can carry a fairly
large amount of information.

In a set of experiments (Douady and Couder (1992, 1996)), the dynamical
situations that can lead to phyllotactical patterns were modelled. In another
set of experiments (Gollub (1995)), two-dimensional quasi-crystal patterns
were obtained in the capillar wave dynamics. These brief comments indicate
a deep link of quasicrystal type symmetry in physical and biological phenomena
(Note 7.8).

Notes

Note 7.1

The Arnold diffusion, introduced in Arnold (1964), is the subject of
numerous investigations and applications (Chirikov (1979); Lichtenberg and
Lieberman (1983); Nekhoroshev (1997)). Contemporary results and their dis-
cussion can be found in Delshams et al. (2003). Recently the Arnold diffusion
has received a new fundamental aspect of a great interest. As was mentioned
in Arnold et al. (1993), the Arnold diffusion may guarantee the metrical
transitivity of Hamiltonian dynamics for N > 2.

Note 7.2
For further reading on stochastic webs, see Zaslavsky et al. (1991). Differ-
ent properties of stochastic webs were considered in Lowenstein (1991, 1992,
1994a, 1994b); Pekarsky and Rom-Kedar (1997); Dana (1995); Dana and Amit
(1995). The symmetries of the webs were studied in Arnold (1988); Lowenstein
(1992, 1993); Lamb (1993); Lamb and Quispel (1994).

Note 7.3
More information on the distribution of elliptic and hyperbolic points can be
found in Zaslavsky et al. (1991) and Lowenstein (1991, 1994b). Particularly,
the distribution of saddles is important for a problem of percolation
in a quasi-symmetric potential (Chaikovsky and Zaslavsky (1991);
Isichenko (1992)). An interesting result was obtained in Chernikov and
Rogalsky (1994): the fractal dimension of a long (possibly infinite) curve
for H, for large enough ¢ (for example ¢ > 32) coincides with the fractal
dimension of a percolated trajectory. The percolated trajectory is any infin-
ite curve that crosses the infinite domain with the random potential V' (u,v)

and energy level £ = V(u,v) z E., where E, corresponds to the percolation
threshold.

For the Hamiltonian H,,q ¢ {g.} the existence of infinite curves has
not been proven yet. See more discussion on this problem in the book
Arnold et al. (2003).
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Note 7.4
The one-dimensional analogue of the quasi-crystal with a five-fold symmetry
is simply a one-dimensional ‘grid’ of points with coordinates

1 |n
Tp=n+p01+— |:+52:|7
To LTo

where n is an integer, 3; and [ are any constants, [a] is the integer part of
a, and 7y is the golden mean:

1+v5

T
0 = 5 2 cos (g) .

This grid is related to the so-called Ammann lattice. Information on the
Ammann lattice can be found in Grunbaum and Shepard (1987). It is easy to
find this grid in Fig. 7.9. A one-dimensional grid is rotated 5 times by 27 /5.
The points z,, form the Fibonacci sequence. See more in Seneshal (1995).

Note 7.5
The problem of dynamical generation of symmetries was formulated by A.
Weyl (1952). The web-map can be considered as a generator for the crystal
and quasi-crystal symmetries in a two-dimensional case.

Note 7.6
For more information on the Penrose tiling see Penrose (1974); Senechal
(1995); Zaslavsky et al. (1991).

Note 7.7
There exists rich literature on obtaining different structures with crystallo-
graphic symmetry by using chaotic attractors (Field and Golubitsky (1992);
Dumont and Reiter (2000); Dumont et al. (2001)). For the g-fold symmetry
generation, see Zaslavsky et al. (1991). For more on the Penrose tiling, see
Gardner (1977).

Note 7.8
For more discussions of patterns in nature, see Ball (1999), and for a different
appearance of the five-fold symmetry, see Hargittai (1992). On the appearance
of the five-fold symmetry in architecture and art, see Zaslavsky et al. (1991).

Problems
More complicated problems are marked by (*).
7.1* The m-tuple saddle point 0 is shown in Fig. P7.1. Consider m = 4.

(a) Write down a model Hamiltonian that describes the dynamics in the
vicinity of 0.

(b) Consider a particle dynamics with energy E such that |E — Ey| < Ey where
Ey is the energy on a separatix. Find the solution ¢(t), p(t).
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A

Y

Fic. P7.1. Example of the m-tuple saddle point with m = 4.

(c) Find a time that is necessary to reach the turning point, that is close to 0,
from a distant point if the particle has energy F and |E — Ey| < Ep.

7.2 Describe the dynamics on the separatrix near the m-tuple point.

7.3 Prove that rotational and translational symmetries on the plane coexist only
when the rotational angle is 27/q, ¢ € {q.} (see (7.12)).
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BEYOND THE KAM-THEORY

In Chapter 3 we discussed different approaches based on the idea that a
fairly strong non-linearity can stabilize the perturbed dynamics. KAM-theory
is perhaps the most important example of this situation. As was mentioned,
the main two parameters that characterize the evolution of the system under a
perturbation are dimensionless perturbation parameter ¢ and the non-linearity
parameter . We saw in the previous chapter that in the case of degeneracy,
that is, o = 0, qualitatively different dynamics can appear and the correspond-
ing physical situation becomes different. In fact, any kind of condition like ¢ — 0
or a — 0 sometimes is physically senseless since the ratio of small but finite €
and « can be of importance for the understanding different possible processes.
This will be the subject of this chapter, where the case of vanishing non-linearity
will be studied. Let us recall that the important condition of the applicability
of the KAM-theory is just the opposite: a finite non-linearity and vanishing
perturbation (Note 8.1).

8.1 Small non-linearity

This section continues with a consideration of 1 1/2 degrees of freedom systems,
that is, a time-periodic perturbation in a system with one degree of freedom.
The results can be extended to systems with two degrees of freedom. The KAM-
theory guarantees the persistence of invariant tori (curves) within the limit of
a small enough perturbation

e—0 (8.1)
provided the non-degeneracy condition

’62%([) £0. (8.2)

01,01,

The system to be considered is described by the Hamiltonian
H = Ho(I)+€eV(I,0,1), (8.3)

where I, 9 are action-angle (phase), and ¢ is the dimensionless parameter of the
perturbation. The form of the Hamiltonian (8.3) shows that its unperturbed
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part, Hy, describes an integrable system. The non-degeneracy condition (8.2)
takes the form

PHy(I)  dw(I)
az ~ ar 70 (84)

where the non-linear frequency

(8.5)

is introduced for the unperturbed motion. Condition (8.4) therefore concludes
that the unperturbed system should be non-linear for the results of the KAM-
theory to be applicable.

From the physical point of view, condition (8.1) means that e should be
fairly small, or € < €y. However, condition (8.2) has no meaning since it does not
indicate a critical value, g, for the dimensionless non-linear parameter

dw
dl

I

)
w

(w #0), (8.6)

such that fairly small o < a should be considered as a violation of the condition
(8.2). It would be more acceptable to write the condition of validity of the
KAM-theory as

€< Ca’, (e,a — 0) (8.7)

with some § > 0 and constant C' independent (or slightly dependent) on «.
A situation which differs from that in the KAM-theory occurs when the
inequality (8.7) is not valid.

This problem can be described more specifically by using the typical models
of perturbed pendulum and perturbed oscillator with the Hamiltonians

1. wi
Hzixz—wgcosx—i—e

kg cos(kx — vt) (8.8)

for the perturbed pendulum and

1o 1,5
H= 5@° + woz” + €z cos(kx — vt) (8.9)

for the perturbed oscillator; their corresponding equations of motion are,
respectively,
wh

i+ wising = e sin(kz — vt) (8.10)
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and

2
¥+ wie = ew—ko sin(kz — vt). (8.11)

The effect of the perturbation for a linear oscillator is the strongest in the
resonant case

vV = ngwo, (8.12)

which has an integer ng. Unless another condition is mentioned, this assumption
is used below. The amplitude of a linear oscillator grows linearly with time until
it is stopped by the non-linearity. The latter is induced by the same perturbation.

It is evident that system (8.8) (but not (8.9)) satisfies the condition of non-
degeneracy in (8.4). At the same time, the expansion

2 ot

cosx—l—?—i—ﬂ - (8.13)

endows (8.8) with the same Hamiltonian as (8.9) when the non-linear term z*

can be neglected. This gives rise to the following questions: how small should €
be to be able to apply the KAM-theory in (8.8)?7 And how should one consider
(8.9) which is a non-KAM-case? The answers will be formulated in the following
sections.

8.2 Web-Tori

Let us introduce the polar coordinates for the perturbed oscillator (8.9)
and (8.11)

T = psing; I = wypcos . (8.14)
The following expansion,
cos(kx — vt) = cos(kpsin ¢ — vt) = Z JIm (kp) cos(me — vt) (8.15)

is also used, where .J,, is the Bessel function. With the new variables the
Hamiltonian (8.9) becomes

1
H = 5 wip? + ewo Z JIm (kp) cos(me — vt) (8.16)
or with a singled out term with m = ng:

1
H_*(UOp +

1 1
2 6Wo Ino (kp) cos(nogp — vt) + ﬁaug Z Im (kp) cos(me — vt).

k2 m#no
(8.17)
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Let us introduce new action-angle variables:

2
wWop

I = 0 = — vt. 8.18
2n0 ) Tl0¢ v ( )

A new Hamiltonian is then written as
H=H—uvl, (8.19)

where H is expressed as a function of (I,6). A direct calculation ensures that
the equations

. OH . 0H
I =—— = — 2
90’ o oI (8:20)
are equivalent to the equation of motion (8.11). Substitution of (8.18) in (8.17)
and (8.19) yields

~ 1
H = (nowo — v)I + 2 ewOJnU(kzp) COSG—F ewo Z I (kp)

m#ng

X COS [mﬁ - (1 - m> I/t:| , (8.21)
no no

where p is introduced to obtain a more compact notation. According to
(8.18), pis

p= (2"‘)[) v . (8.22)

Thus, the expression H = H(I,6;t) is the Hamiltonian with respect to the
new canonical variables (I, ). It can also be written as

H = Ho(I,0) + V(I,6;1), (8.23)

where in accordance with (8.21),

1
73 €0 2T, (kp) cos b,

VL0:0) = e 3 (ko) cos UZQ B (1 B m) Vt] (8.24)

n
m#no 0

g0(179) (nowo — V)I +

and expression (8.22) is used for p.
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Turning now to the resonance case (8.12), the expression (8.24) for the
Hamiltonian part Hy takes the following form:

1, 1, 2001\ "/
HO:ﬁewOJno(kp)cosﬁzﬁewo,]no k m cosf. (8.25)

In performing a preliminary analysis of the dynamic system that emerges in
a resonance case, it is noted that the two terms in the Hamiltonian (8.23), Hy and
V, are proportional to e. Hence, the stationary part of the Hamiltonian, which
is time-independent, is affected by the time-dependent part which is considered
as a perturbation. The fully transformed Hamiltonian H vanishes at e — 0. This
is a new feature of the problem which has not yet been discussed and that shows
that the limit € — 0 cannot be performed.

It is possible to consider Hy(I,#) as an unperturbed part of the Hamiltonian
H and V(I ,0,t) as a perturbation. The phase portrait for the Hamiltonian
(8.25), presented in Fig. 8.1, corresponds to (x,4) plane if a time instant is
fixed. Separatrices form a net on the plane (z,%) in the form of a spider-web
with the number of rays 2ng and the rotational symmetry at an angle o = 7 /ny.

N

Fic. 8.1. Phase portrait of a system with the separatrix net in the form of a
web (ng = 4).
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The singular points of the system can be found from the following equations:
0H, oH,
_— — = 0. .2
57 0, 50 0 (8.26)
For Hy (8.25) we obtain a set of hyperbolic points (pp, 0)
™
Jno(kph) = 0, 9h = :|:§ (8.27)
and a set of elliptic points (pe, 6)

Jh (kpe) =0, 6. =0, (8.28)

A family of separatrices is formed by 2ng rays and circumferences with the
radii pgs) crossing the rays at points which are solutions to the equations (8.27).
Inside the cells of the web, motion occurs along closed orbits around elliptic
points located at the centres of the cells.

There is a principal difference between the motion described by the
Hamiltonian (8.25) and the motion of a non-linear pendulum. In the former, the
web of separatrices covers the entire space with a regular set of finite meshes,
and the particle motion along the web can occur in a radial direction. In the
latter, however, any motion in the radial direction is ruled out. This is a typical
feature for non-linear cases where the non-degeneracy condition (8.2) or (8.4)
holds.

However, the radial motion is only possible along separatrices in the unper-
turbed case. In the vicinity of hyperbolic points, the radial motion is frozen.
Hence there is no progress along the radius for the Hamiltonian Hy (8.25)
unless the perturbation V in (8.24) is taken into account. As a result, the
separatrices in the unperturbed form would disappear and be replaced by chan-
nels of finite width and with stochastic dynamics along them. Before discussing
this phenomenon in greater detail, consider a structure of the unperturbed
web-tori (Note 8.2). For the sake of simplicity, consider the regions which are
sufficiently far from the centre of the web, that is, with

kp> 1. (8.29)

The asymptotics of Bessel function are
1/2
2 1 1
In(kp) ~ <7Tk‘p> cos (kp — 5= 477) . (8.30)

A cell in the web is singled out for a description of the family of unperturbed
trajectories found inside it (Fig. 8.2). Let po be an elliptic point in the centre of
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F1Gc. 8.2. A cell of the web.

the cell, then, according to (8.28) and (8.30), there are two possibilities:

1 1 1 1
kpo — 5o — 4T = 0, kpo— 5o — 4T =T. (8.31)
Using the expression (8.30) and the condition (8.31), the Hamiltonian (8.25) can
be rewritten as

3 w 9 \ /2
Hy = —0e-2 < ) coskpcosf, o=+l1, (8.32)
mkpo

where p = p — po. Different signs correspond to different directions of rotations
around the elliptic point as well as to different coordinates of the elliptic points.

The analysis of trajectories determined by the Hamiltonian (8.32) shows that
the size of the separatrix cell is of the order 27/k. Therefore, max Ap = 27 /k
and according to inequality (8.29),

18l = lp = pol < po. (8.33)

From the definition of action (8.18) it follows

1 1 wopo -
I= —wop® ~ —wop? + 205

8.34
o (8.34)
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A change of the variable

- 1 wopPo -
I=1—— 2 = 8.35
2ng woPo ng P ( )

is canonical (shifted by a constant). Within the same approximation and, as in
the case of the Hamiltonian H, the pair of variables (p,0) is canonical. Thus,
Hamiltonian equations of motion have the following form:

no aﬁo . no 8H0
- , 0= —. 8.36
powo 00 powo  Op (8.36)

e
Il

In fact, they coincide with those derived from (8.20) under condition (8.33).
After denoting

ey = —0 <2> v oo (8.37)
“ m (kpo)3/?
and defining a new Hamiltonian,
H,, = wy cos&cosh, (8.38)
where ¢ = kp, the equations
Sz%, 9:—% (8.39)

are equivalent to (8.36). The Hamiltonian H,, can be called Hamiltonian of the
web-tori (see Note 8.1) and w,, is frequency of small oscillations.
Rewriting (8.39) in an explicit form:

= —wycosésing, 6 =wy,sinécosb, (8.40)
using (8.38), and integrating (8.40), we obtain
sinf = K sn(wy, (t — t9); K), (8.41)

where sn is the Jacobian elliptic function, tg is a time instant at which 8 = 0,
and k is the modulus of the elliptic function

K= ( - H5>1/2. (8.42)

Using solution (8.41) and expressions (8.38) and (8.42), we derive

cn(wy, (t —to); K)
dn(wy (t —to); k)

sin =k (8.43)
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Both solutions (8.41) and (8.43) are periodic functions of time. The period
of non-linear oscillations is

T(H,) = !

||

4K (k), (8.44)

where K (k) is a full elliptic integral of the first kind. When x — 1,

2

B |Ww|’

T, (8.45)

that is, the frequency of small oscillations coincides with frequency (8.37). Near
the separatrix, x — 0 and it follows from (8.44) that

4 4 4 4wy |
T(H,) = 1 - 1
He) = LI T2 = o] ™ THL
™12 4 w2 2\ 1
=(= kpo)®/?In |42 . 8.46
(2) enowo( ) H[GkQ wkpo |Ho| ( )

On the separatrices, H,, = 0. From (8.38), it follows that four separatrices
in Fig. 8.2 are defined by equations:

cos€ = 0, §:ig (8.47)
and
T
cosf =0, 0= :|:§. (8.48)

They correspond to four sides of the square (under the approximation p < pg)
in Fig. 8.2. Solution for the case (8.47) is

™

sin @ = ttanh[2|w,,|(t — to)], &= :|:2

(8.49)
It corresponds to two horizontal separatrices. For the case (8.48) of two vertical
separatrices, the solution is

sin€ = Ftanh[2|w,|(t — to)], e:xg. (8.50)

Closed trajectories defined by the Hamiltonian (8.32) and (8.38) become
cross-sections of the invariant tori if we add a ‘time’ variable to phase space (I, 6)
(see also Note 8.1) in a usual way (that is, by taking into account the perturbation
V which is periodic in time). The invariant tori lying inside a web are referred to
as web-tori and they differ from the KAM-tori in the way how their period Ty,

depends €. In the case of KAM-tori, T' ~ 1/€'/? while for the web-tori T}, ~ 1/e.
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Another important difference between KAM-tori and web-tori is the angle at
which their separatrices cross. It can be arbitrarily small for KAM-tori while it
is a constant for the web-tori [7/2 in the case of (8.38)], depending on the web’s
structure.

We can state that in the case of the web-tori, the degeneracy condition

d*Hyo(I)

allows radial infinite diffusion while the conditions (8.4) do not allow it in the

KAM-case and 1 1/2 degrees of freedom.

8.3 Width of the stochastic web

For the perturbed oscillator model (8.9), the Hamiltonian was rewritten as (8.24)
which transforms into

_ 2 2
H,(1,0) = e%JnO(kﬁ) cosf + e% 3" J(k7) cos [229 - <1 _ m> ut}

m#ng

for the resonance (8.12) with

onoi \
5= ( 1o ) (8.53)
wo

[see (8.22)]. Unperturbed motion is defined by the first term in (8.52) which
corresponds to the Hamiltonian (8.25). Its phase plane is covered by a web-like
net of separatrices (Fig. 8.1). The second term in (8.52) defines a perturbation

-\ 1/2
2
W 2ngl m m
V’no = k— E Jm k ( w0 > COS |:nog — <1 — n0> I/t:| s (854)

m#ng

(&)

whose presence destroys the separatrices and replaces them with stochastic
layers. The width of the stochastic layers can be obtained using the same scheme
described in Chapter 6.

To simplify estimations, we use the inequality (8.29) in the form

onoi\
kpo:k:<n0> >1 (8.55)

wWo
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and retain two terms with m = ng £ 1 in the sum (8.54). It gives

2/ 9 \/? 1
Voo = 26ﬂ ( ) o sin kp sin 0 sin {

(0 + Vt)] (8.56)
no

for the perturbation (8.54) where the sign function, o, indicates similarity to
(8.32), a type of the considered cell. Thus, the entire problem is described by
the following Hamiltonian:

W2\ 1
H,, = 0e-—2 ( > {—coskﬁcos¢9+ZSinkﬁsinﬁsin [(H—H/t)] }
’/Tkpo no
(8.57)

Calculations are omitted and the final results can be obtained in a similar
way as those in Chapter 6. For the Melnikov integral (6.18) we have

2 T\ 5/2 12 .
AH,, =2r° 72 exp{ ; (5) (kpo)Y/ }sm%, (8.58)

where ¢ is a phase that depends on an initial time instant. The corresponding
width of the stochastic web is

w 1w 5/2
AH, = 21/277/21 ~(kpo)' /2% exp{ : (5) (kpo)l/Q}. (8.59)

Expression (8.59) indicates that the width of the web decreases quickly as
the radius py grows, that is, the width of the web for fairly distant cells is
exponentially small due to two large parameters in the exponent: 1/e and kpg
(Note 8.3).

8.4 Transition from KAM-Tori to Web-Tori

Compare now equations for the perturbed pendulum and oscillator, (8.10) and
(8.11), respectively, using the expansion (8.13). Hamiltonian (8.24) for the
perturbed oscillator can be rewritten as:
n2 2
H = (nowg — v)I — 60 sin @ + e=0 k2 o (kp) cos 0 + Eﬁ Z Im(kp)

m#ng

X cos [;’ze - (1 - ;Z)) yt] . (8.60)

For the purpose of estimation:

1. Consider only the part which includes the first three terms and keep as a
perturbation only the term with m = ng & 1 in the sum.
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2. Ignore the non-resonant detuning arising from the first term in H, that is,
put nowo = v.
3. Replace sin? ¢ by its average value 3/8.

Elliptic and hyperbolic points of the unperturbed Hamiltonian satisfy (8.26).
Non-trivial solutions exist for these equations if

Tlg ig d‘]”o (kp)

3 €k2 T, (861)

which means that non-linearity is smaller than perturbation. The ‘effective’
perturbation parameter is

2
_ew
€= 1720 (8.62)
and the condition (8.61) becomes
w2§3
et > 0> (8.63)
167, (€)

where £ = kp is a dimensionless parameter required for the determination of
a stationary point radius. The criterion for its existence is given by (8.63), where £
is proportional to I'/2 and it characterizes a level of non-linearity. The expression
(8.63) has a perturbation parameter on its left-hand side and a non-linearity on
its right-hand side.

Consider now the unperturbed, i.e. time-independent, Hamiltonian in (8.60)
for the case of exact resonance nowy = v:

1
Hy= —Engﬁ sin? 0 4 €J,,, (€) cos b. (8.64)

The equations for elliptic and saddle points are

0Hy 0H,

a7 = 0, 50 =0. (8.65)
The exact equations (8.65), without averaging sin® 6, can modify slightly the
const multiplier in (8.63), but we will ignore this difference as not essential.

If condition (8.63) is valid, non-trivial solutions of (8.65) exist. A bounded
stochastic web is implanted in the separatrix loop of the perturbed
pendulum. Numerical examples of this phenomenon are presented in Fig. 8.3.
Figure 8.3(a) shows the separatrix loop of the perturbed pendulum with a thin
stochastic layer instead of the destroyed separatrix. At the same time, fragments
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T +0.3

—n X +7 -0.1*n X +0.1*n

+0.12

-0.12

-0.04*n X +0.04*n

FiGc. 8.3. Implantation of a part of the web in the separatrix loop of the per-
turbed pendulum problem with wy = 1, v = 4, k=75 and ¢/k = 3/200:
(a) separatrix loop with implemented web; (b) magnification of the central
part of (a); (c) the same as (b) but with £ = 300 and ¢/k = 1/400.

of the web-tori with a stochastic web between them, instead of the regular
KAM-tori, are implanted around the central elliptic point. The corresponding
web-structure is magnified in Figs. 8.3(b) and (c).

It follows from (8.63) that for an appropriate vicinity of the resonance con-
dition and arbitrarily small perturbation € — 0, it is possible to find k such that
the KAM-tori structure does not exist in the vicinity of the origin.

A deviation from exact resonance dw = v —nwg # 0 can be considered in the
same way as small non-linearity (Note 8.4).
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Notes

Note 8.1
The material of this chapter follows the publications of Chernikov et al. (1987,
1988). See also Zaslavsky et al. (1991).

Note 8.2
We deliberately use the notion of tori or web-tori even though the Poincaré
map consists of invariant curves and not tori. When we allow for the motion
along z, as, for example, happens for a charged particle dynamics in a constant
magnetic field, the closed curves inside the cells of the web represent sections
of the corresponding invariant tori. Also, a time axis can be used instead of
the z axis.

Note 8.3
The width AH for the stochastic web was obtained in Fukuyama et al. (1977).
See also Zaslavsky et al. (1991).

Note 8.4
The described web structure and transition between web-tori and KAM-tori
follow Chernikov et al. (1987, 1988). The phenomenon of radial transport
arising from the stochastic web has various applications in plasma physics
(Lichtenberg and Liberman (1992); Horton and Ichikawa (1996)).

Problems

More complicated problems are marked by (*).

8.1 Consider an electron dynamics in a constant magnetic field B oriented along
the z-axis and in the electrostatic wave field £ = & cos(kxz — vt) directed along
the z-axis. Find the equation of motion, compare them to (8.9), and find wy.
8.2 Derive formulas (8.41) and (8.42) using properties of elliptic functions.

8.3 Find asymptotics of solutions (8.41) and (8.42) for x — 1 and explain the
result.

8.4 Find the Melnikov integral (8.58).

8.5* Write the separatrix map for the web defined by the Hamiltonian (8.52)
and calculate the Melnikov integral (8.58).

8.6 Estimate a width AHj of the stochastic web (see (8.59)).
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PHASE SPACE OF CHAOS

The phase space of an idealized system with chaotic dynamics is uniformly filled
by almost all trajectories. This reveals both ergodicity and mixing independently
on the initial conditions up to zero measure exclusions. The Arnold cat area-
preserving map

Tnt1l = 2Tn + Yns  Yntl = Tn + Yn, (:E,y mod 1) (9'1)

is an example of such a system. Physical reality is so different from the case
(9.1) that there is still a lack of understanding of different properties of chaotic
trajectories. For example, there are no answers to several questions, such as:

(i) Is the measure of chaotic orbits finite (non-zero)?
(ii) How many different measures (or distribution functions) exist in the domain
of chaotic motion?
(iii) What is the connection between the character of mixing and the phase space
topology?

The major difficulty stems from the existence of infinite number of elliptic
points and islands with invariant stable curves that fill the islands. This property
is guaranteed by the KAM-theory and it was demonstrated in Figs. 5.4 and 5.5.
The presence of islands makes the chaotic motion non-ergodic. Initially, it was
believed that, after excluding the islands set, the remaining domain would consist
of the ergodic motion with ‘normal’ (chaotic) properties such as for the system
(9.1). Unfortunately, we have to admit that:

(a) A measure of the remaining domain after the island set has been extracted
is unknown, and one cannot exclude a possibility that this measure may be
Zero.

(b) Behaviour of trajectories around the boundaries of islands is ‘sticky’ to the
boundaries and the stickiness depends on a type of islands and on some
parameters. Therefore, singular zones exist formed by the boundary layers
of the islands.

9.1 Topological non-universality of chaos

Despite the complicated situation of our insufficient understanding of the
chaotic dynamics, some general features and scenarios can be introduced with
a reasonable level of certainty. It seems that the destruction of separatrices and

139
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the creation of stochastic layers is the typical seed of chaos in low-dimensional
Hamiltonian systems. Locations and connection of the separatrices in the phase
space form a net that can be considered as a topological skeleton of chaos.
A common difficulty in finding the skeleton arises because, in an attempt to ease
the problems of doing so, we prefer to consider small perturbations of systems
close to the integrable ones. That means that sometimes unperturbed systems do
not have any separatrices. Also, the separatrices sometimes occur after the effect
of a perturbation has taken place and, more precisely, they reveal themselves
in the destroyed form of thin stochastic layers. Examples of this phenomenon
include the kicked rotator and oscillator. Both display two different scenarios: the
standard map has thin layers strongly separated from each other in p-direction,
while the web-map has a stochastic web that covers the entire phase space in
both directions like a connected net (see Fig. 5.4(a)). In both cases, the thick-
ness of stochastic layers and the perturbation parameter € tends to zero without
any changes in their skeleton topology. However, there are situations where the
skeleton topology depends significantly on € when € — 0.

Consider what happens when € increases. For the standard map (5.13), the
parameter K is equivalent to the parameter ¢, and for K > K. = 0.9716...,
the stochastic layers merge (as in Fig. 9.1), creating a connected domain of
chaotic motion that covers the entire phase plane and permits the unbounded

-3.14 X 9.42

F1c. 9.1. Stochastic sea and islands for the standard map with overlapping
resonances (K =1).
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propagation of particles in p-direction. When K continues to increase, the visible
size of the islands decreases and only the largest of them can be found in the
‘stochastic sea’. In fact, the islands play an extremely complicated bifurcation
game, such as splitting, appearing, and disappearing. Some of the properties of
the islands are discussed in Section 9.4.

The transition of the separated stochastic layers to the stochastic sea,
described for the standard map, does not exist for the web map (5.27) or (5.35).
This is because the meshes of the stochastic web cover the entire phase plane.
The islands for the value of K = 3.15 (Fig. 9.2(a)), are sufficiently small and
we can say that they are embedded in the stochastic sea. The distribution of
the points of a trajectory in the stochastic sea looks fairly uniform if we exclude
the area of the islands. Nevertheless, the boundary of some islands has a dark
area, indicating that it is a more frequently visited area due to the phenomenon
of stickiness that will be discussed in Section 9.3. In Fig. 9.2(b) we present a
magnified view of a tiny island from Fig. 9.2(a). Its area is smaller than that
of a large island in Fig. 9.2(a) by more than two orders. At the same time,
the influence of tiny islands on the process of diffusion is much stronger as will
be shown later. This reveals how deceptive an oversimplified consideration of

6.2832 |7

¢ e iy vf‘.“-'l
u 6.2832

o
© [T

F1G. 9.2. Phase portrait for the web-map with ¢ = 4 and K = 3.15: (a)
stochastic sea and islands; and (b) magnification of some small island in
(a) which corresponds to the accelerator mode (Section 9.3).
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Fic. 9.2. (Continued).

chaotic dynamics can be. The significant difference in the roles of the islands is
due to their different properties, which are considered in Section 9.4.

9.2 Examples with billiards

Two more examples emphasize a non-trivial role of the non-ergodicity in phase
space.

The first example is related to the Sinai billiard of the so-called infinite
horizon type. A typical picture of its trajectory is given in Fig. 9.3. Any tra-
jectory has an infinite number of arbitrarily long parts that correspond to a
particle that bounces almost vertically (or horizontally), as shown in Fig. 9.3(a).
In the periodically continued billiard, that is, for the corresponding Lorentz gas
(Fig. 9.4), the long bounces correspond to long ‘flights’ without any scattering.
The Poincaré map for a particle trajectory can be introduced in different ways.
Let us use a coordinate x, when the trajectory hits the lower horizontal side,
and velocity v, at the same time instant. The corresponding phase portrait in
Fig. 9.3(b) does not have islands. The motion is ergodic up to some zero-measure
area. The distribution of points for the Poincaré section seems constant. One can
see four scars of zero-measure which are due to the stagnation of the trajectory
near the singular zones that correspond to infinite bounces without scattering
(infinite flights). Two of the scars are related to horizontal and vertical bounces,
and two others are related to oblique motion. In fact, an infinite number of
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F1G. 9.3. Sinai billiard: (left) trajectory of a bouncing particle with a long-
lasting non-dispersive part; (right) Poincaré section for the same trajectory
unveils ‘scars’ that correspond to the flights.

such scars exist in the phase space of the billiard. The zero-measure domains of
non-ergodicity strongly influence all kinetics and long-term characteristics of the
motion, as will be shown in Chapter 22.

The second example is related to the so-called Bunimovich, or stadium,
billiard (Fig. 9.5) for which dynamics is chaotic and there are no islands. Never-
theless, the situation is similar to the Sinai billiard, and zero-measure domains
strongly influence kinetics and other statistical features of the system.

9.3 Accelerator mode islands

An island with an adjoining boundary layer is called a singular zone. Dynamics in
the entire phase space is influenced by the presence of these islands. Nevertheless
a local structure of islands and their vicinity may be sufficient in predicting
large-scale asymptotics. In other words, there exists a possibility of finding
a connection between the local properties of a singular zone and large-scale
properties such as kinetics and transport. This gives rise to an interest in the
origin, structure, and transformations of islands. At present, there is no com-
plete classification of types of islands. However, there are few types of islands
that are known to influence the kinetics.

Islands imbedded in the area of stochastic motion correspond to some reso-
nances between unperturbed motion and perturbations. As the perturbation
parameter changes, the topology of the islands also change and different bifur-
cations follow one after another. In Sections 3.4, 3.5, and 4.7 we considered
resonance islands. They exist around the elliptic points due to KAM-theory.
Some islands can occur from the parabolic points as a result of bifurcation. They
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Fic. 9.4. So-called Lorentz gas is a model of point particles scattered by a
double-periodic lattice of similar objects (top). This figure is obtained by
a double-periodic continuation of Sinai billiard. A larger part of the same
trajectory is shown at the bottom. The free flights of a particle correspond
to the bouncing parts of the particle’s trajectory in the Sinai billiard.
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F1c. 9.5. Bunimovich (stadium) billiard (bottom), and Poincaré section of a
trajectory (top) show scars and bounces similar to the Sinai billiard.

are called tangle islands (Rom—Kedar and Zaslavsky (1999)). In this section we

will be interested in catching a birth (or death) of the so-called accelerator mode

islands at some critical values of the perturbation parameter K (Note 9.1).
Consider the standard map (5.13)

P+l =Pn + KSINTy, Tny1 = Ty + Doy, (HlOd 27T) (92)
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in the fundamental domain (0 < p < 27, 0 < z < 27), which can be periodically
continued in x and p directions as shown in Fig. 5.4(a). An attempt can be made
to find a solution that corresponds to a ballistic motion along x- or along both
the z- and p-directions. For example, let

p(()a) =27mm, Ksin xéa) =27/, (£>1), (9.3)
where m, ¢ are integers. Then
pgf‘) =27l -n+ péa) (9.4)

is known as the accelerator mode. This is because the momentum p grows linearly
with time ¢ (number of iterations n) and, correspondingly, = grows as t2.

The values (9.3) and (9.4) can be stirred slightly without destroying the
existence of the accelerator mode. To find a domain of the stability of the
accelerator mode, consider the tangent matrix to (9.2)

;|1 Kecosz
M= Hl 1+ Kcosz (9.5)
and find its eigenvalues A. From the equation
9 1
A% —2) 1+§Kcosx +1=0 (9.6)

one derives
1/2

1 1 ?
)\:1+§Kcosxj: (1+2Kcos:v> 1] (9.7)

and the stability condition is
0> Kcosx > —4. (9.8)

Combining (9.8) and (9.3), the stability domain for the accelerator mode is
obtained:

oml < K < [4+ (2m0)?)Y/2. (9.9)

For example, when ¢ = 1 the critical value is K. = 27 such that for K < K,
the accelerator mode is unstable, and the domain of stability appears in phase
space only for K > K.. An example of such an island is given in Fig. 9.6. Its phase
portrait is presented on the torus: (x,p) € (0,27; —m, 7). Invariant closed curves
inside the island correspond to the accelerator mode trajectories in the infinite
phase space. Any initial condition outside the island will correspond to a chaotic
trajectory. Similar islands of stability of accelerator modes can be obtained for
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F1c. 9.6. Birth of an accelerator mode island for the standard map (K =
6.2890).

any ¢ with a corresponding threshold K, = 27/ and the condition K > K.. The
larger ¢ is, the smaller the area of stability and the size of the island are.

In writing a Hamiltonian for the invariant curves inside the island, K. = 27
is retained for the sake of simplicity, K = 27 + AK; © = /24 Az and p = Ap,
where

AK =K — K, =K — 2r, (9.10)
Az=z—2z, Ap=p—p?, (mod 27) (9.11)

and z(®) p(®) belong to the accelerated trajectories (9.3) and (9.4) taken on the

torus. This means that a trajectory (z,p) is in the vicinity of the trajectory with

initial points (x(()a),p(()a)) = (m/2,0). For the terms up to the second order in Az,

Ap and the first order in AK, the equations can be derived from (9.2):
Ap = —AK +7(Ax)?, Ai = Ap, (9.12)
where
Ap = ppi1 — App, A~ Azxpq — Axy, (9.13)

are replaced and the dot refers to the derivative with respect to dimensionless
time ¢t/T. Equations (9.12) are of the Hamiltonian type with a canonical pair of
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variables (Ap, Ax):

H® = L(Apf 4 AK - Az~ T(Aa)’,
. 9H®W . QHW

It can be easily concluded from (9.14) that the island collapses at AK = 0,
that is, at K = K., and it does not exist if AK < 0, that is, K < K.. The
structure of the Hamiltonian (9.14) is important since it defines a rescaling
possibility in the form

Az — E(AK)Y2, Ap— - (AK)*
H @ (Az, Ap) — HW (&) - (AK)*/?, (9-15)
where (&, 7) are rescaled variables. This case is further discussed in Chapter 12
with respect to the dynamical traps. R
A similar example exists for the web map Ty (4) in (5.35):

Up+l = Up, Unt1 = —Up — K sinv,. (9.16)

For instance, the conditions

m s
K. =2nr, = —, = — 9.17
7 Ug B) Vo D) ( )
define the accelerator mode trajectory
w®, = @ + A7 '@ = @ _yp (9.18)
n+4 — “n ) n+4 — “n . .

As in (9.11), let us introduce the deviations of the parameter K from the value
K. = 27 and the coordinates (u,v) from the initial trajectory (9.18):

AUy g = Upiqg — uSﬁLU AvVpg = Upgg — Ur(:ip AK =K - K.. (9.19)

The absence of the superscript ‘a’ indicates an arbitrary trajectory (9.16) with
parameter K and the initial conditions that are close to (9.17) respectively. After
iteration of (9.16) four times and expanding it up to the second order terms in
Au, Av and first order terms in AK, it yields

Atpig = Auy — 20K + ZW(Avn)Q,

9.20
Avy g = Avy — 2AK + 27( Aty 4)? (920
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or simply,
1 1
AU = §AK — §7T(A'U)2,
X 1 (9.21)

where the dot indicates a time derivative that appears after a replacement similar
to (9.13):

1
(Atpta — Aup) = Adiy,

‘i (9.22)
Z(Avn+4 — Avy,) = A,
The system (9.21) can be written in the Hamiltonian form
OH@® OH@®
Ay = Av=— 2
YT oAr BT T oA (9-23)
with
H® = %AK(AU — Au) — %[(AU)S — (Aw)?. (9.24)

Isolines for the Hamiltonian (9.24) and separatrices are presented in
Fig. 9.7(a). The corresponding trajectories for the map (9.16) and K =
6.28318531, which are very close to K. = 2, are given in Fig. 9.7(b). A coin-
cidence is observed in the topology of the patterns. The double-island structure
occurs only when

Kmax - Kc > AK =K — Kc >0 (925)

with some value of Kyax (see Problem 9.5). When the islands collapse to zero, the
topology of the isolines, imposed by the Hamiltonian H(®) in (9.24), persists. The
Hamiltonian of the accelerator mode island satisfies a rescaling transformation

Au— §(AK)?, Av—n(AK)Y?,
H@(Au, Av) — (AK)*?2H (¢,7), (9.26)
which is similar to (9.15) for the accelerator mode of the standard map. Never-

theless, like the phase space topologies, the Hamiltonians (9.24) and (9.15) are
different (Note 9.2).
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2=0.4(Y=X)-Y3+X3
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F1G. 9.7. Borning (collapsing) pair of islands for the four-fold symmetry web
map: (a) isolines of the model Hamiltonian; and (b) phase portrait (¢ = 4,
K = 6.28318531) obtained from the original map (9.16).
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9.4 Ballistic mode islands

In the previous section we considered islands with such trajectories inside the
islands that corresponded to the constant acceleration dynamics. In this section,
another case will be considered that corresponds to the trajectories with a
constant velocity. This is the so-called ballistic mode or ballistic trajectories.

As an example, consider the separatrix map

hn+1 = hy + €K, sin ¢n

Gnt1 = ¢p +vIn ( > , (mod 2m) (9.27)
|hn+1‘
with
g2 _ﬂ) _
M, = M = 8mv exp( 5 ) on =1,
0, on, = —1,
Ont1 = Op sign hy,qq (9.28)

for a model equation of the perturbed pendulum
i+ sinx = esin(z — vt). (9.29)

The equations (9.27) and (9.28) are equivalent to (6.25) and (6.26) if we put
wo = 1 and neglect M, for o, = 1 due to its smallness. The basic ballistic
trajectory is

e“M* 3T
=1, A= = — .
go ) 0 9 ) ¢0 2 (9 30)
with an additional condition
¢ M* = 64 exp (—%(2m+1)>, m=0,1,.... (9.31)
v

Since M = M (v), equation (9.31) defines ¢* = €*(v) and we have only one free
parameter v.
Let us define new variables

14
Al/)k = Ad)k + ﬁAhky Ahy = hy, — h]tv Ad)k = ¢ — ¢]>:7

_Be_(=9) (9.32)

€* €*

4]

Then

hy=ho, ¢4 =5+ (4m+2)m = o, (mod 27),
oy =09 (9.33)
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up to the terms of the order of 62, §Ahy, AV, (AYr)?, SvpAhyg,. .., and the
dynamics is ballistic with averaging over four steps. The effective Hamiltonian
for trajectories within the ballistic island is

2

*

— 2
H®D = b (Ag)? + dv=— S Ah — 5 h”*z (Ah)? (9.34)
and it defines the Hamiltonian equations
. 2 5H(bal)
Ap = —4vd+2——(Ah)> = —————
V= 2 (A= g
(bal) (9.35)
. OHP>
oh =2h"AYp = ———
G PN

where the dot corresponds to the derivative with respect to 7 = ¢/4. The ballistic
island exists for 6 > 0, that is, € > €*, in the domain

*\2 1/2
0<AR< (65(}; ) ) = 16(31Ae)/2 exp{—z (2m+ ! +1/>} (9.36)

14 v

(Note 9.3).

9.5 Cantori

The notion of cantorus has been coined by Persival (1974, 1979) for a specific
singular object in phase space, which is a product of a cantor-type circle Si and
IR or S and TN,

Let us start from a definition of rotational number © (see Arnold, 1992).
Consider again the standard map on the torus as an example:

Pn41 =Dn + Ksina,, xn41 =2y + Pni1, (p,z) € T? (9.37)

and, for simplicity, put 7' = 1.
For K =0

Pn =D0s Ty = To + npo, (mod 2m). (9.38)

Trajectories defined by (9.38) reduce to a finite set of points if py/2 is rational,
and densely cover the torus if p,, /27 is irrational. The expression

m
. . 1 . T
u—%gnmgzl(xn — Tp_1) = n}gnoog(mm —x0) = mlgnooﬁ7 (9.39)
n—=
defines a mean rotation frequency along x, that is, v/27 is a number of revolu-
tions along z. For the case (9.38) it is ¥ = pg. In the general case of py, we can



CANTORI 153

present v/27 as a continued fraction

v 1
V= — = = |aq,aq,...]. 9.40
2r a1 + az_lf_m b ( )
Any n-th approximation of o
Up = la1,ag,...,a,) (9.41)

corresponds to a periodic curve since 7, is a rational number. The existence of
periodic invariant curves is evident for the map (9.38) but it is not so clear for
the standard map with K > 1.

Equations (9.37) can be rewritten in the form

Tpt1 — 2Xp + Ty = Ksinz,. (9.42)

Since any solution of (9.42) is located on T2, one can expect that solutions should
be periodic along x direction with the period 2m, that is, with ©# = 1 or with
7 =m € N. It was shown in different publications that there also exist solutions
with arbitrary irrational 2. Such solutions can be written in the form

Xy = 2m(n0 + Do) + f(nd + Do) (9.43)

where g is arbitrary constant, 0 < 9 < 1, and f(&) is periodic in £ with a
periodic T, = 1/ = 27 /v.

The following properties of the rotational number are important in finding
the solution (9.43):

(i) The limit (9.39) exists for the equation (9.42) with arbitrary K.

(ii) If there exists a gap of the interval x € (0,27) free of points of the
solution (9.43), than all images of the gap obtained by iterations (9.37)
do not have any intersections. For K > K. = 0.9716 any trajectory periodic
with an irrational 7 has a cantor type closure on the circle x € (0,2n).
This is a cantor-circle or the cantorus S!. In a similar way we can introduce
cantorus T2 = T! . S! (Note 9.4).

The cantori are invariant, unstable, and dense. They are embedded in the
stochastic sea and they make a kind of dynamical barrier for particle diffusion.
Diffusion along the p-direction is possible due to the gaps in the cantori (which
are the larger) the bigger K — K, is, and the farther the cantori are from the
border of an island. The role of the cantori is very important if we are interested
in the phenomenon of anomalous transport. Nevertheless, work with cantori is
difficult and constructive tools have not been found yet (see also Hanson et al.
(1985); MacKay et al. (1984); Reichl (1992)). Due to specific structure of the
cantori, particle trajectories stick to the cantori borders making the particle
transport non-Gaussian (see Fig. 9.8).
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FiGg. 9.8. Particle passing through cantori gaps.
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FIG. 9.9. A ‘net trap’ for the standard map with K = 6.9009 after 10 iterations:
(left) an island that is close to the bifurcation value of K; (right) magnification
of the vicinity of the island.

9.6 Sticky domains and escapes

There is no classification of sticky domains, or of their description and theory.
Only a few of them can be described in a phenomenological way. In Fig. 9.9
(see Zaslavsky (2002a)) we show an example of a singular zone for the standard
map, which appears for a specific value of K near the value of a bifurcation. The
bifurcation corresponds to a separation of three islands from the central island.
The figure shows the points that belong only to the trajectory, and the dark area
means that this trajectory spends a longer time there.
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A phenomenological description of a singular zone can be done by introducing
a probabilistic description of the stickiness. Let Pug.(t; A)dt be a probability to
escape a domain A during the interval (¢, ¢+ dt). Then Peg.(t; A) is normalized as

/ Page(t; A)dt = 1. (9.44)
0

We can distinguish two limit cases for Pes.(t; A): the exponential law

Pege = hesc exp(_hesct) (945)
and the power law
t
Prce ~ C;ﬂ (t — o) (9.46)

with some escape rate hes. and escape exponent es.. We provide different
estimates in Chapter 12.

Notes

Note 9.1
For a description of the resonance islands, see Meiss (1986, 1992). A description
of the accelerator mode islands can be found in Lichtenberg and Liberman
(1983); Ichikawa et al. (1987). A description of an accelerator mode island for
the standard map, and its appearance from a parabolic point is in Karney
(1983). See also Rom-Kedar and Zaslavsky (1999) and references therein.

Note 9.2
The structure of the accelerator mode island for the web map with four-
fold symmetry was obtained in Zaslavsky and Niyazov (1997) and Zaslavsky
et al. (1997).

Note 9.3
The Hamiltonian (9.34) and the domain (9.36) for ballistic island were
obtained in Rom-Kedar and Zaslavsky (1999). The ballistic trajectory (9.31)
for the separatrix map was considered in Iomin et al. (1998).

Note 9.4
The discovery of solutions of the (9.43) type with irrational rotation numbers
v is in Percival (1974, 1979) and Aubry (1983). Persival proposed this solution
as a consequence of special variational principle, giving them a name ‘cantori’.
Many properties of cantori were described by J. Mather (Mather (1982)).
S. Aubry has arrived at the cantori by considering some problem of the
condensed matter physics and the commensurate-incommensurate phase
transition in a chain of coupled atoms. The critical value K, is the same
as that obtained by J. Greene for the destruction of the last invariant curve.
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Problems
More complicated problems are marked by (*).

9.1 Find a size of the accelerator mode island for the standard map and
arbitrary [.

9.2 The same as in Problem 9.1. for the web map of four-fold symmetry.
9.3 Derive the equations (9.18).

9.4 Find a trajectory of the accelerator mode for the four-fold symmetry web
map (9.16) and initial conditions K, = 27, ug = 37/2, v = 7/2.

9.5 Find Kpax in (9.25) and estimate the size of the domain of the corresponding
accelerator mode island.

9.6 Prove the relations (9.33) applying the separatrix map (9.27) and (9.28) four
times and neglecting the small terms indicated after (9.33).

9.7* Using the notations (9.32), show that

Arpy = Ahg — 4v6 + 203 (h*) 72 (Aho)?,
Ahy & Ahg + 2h* Ay

(see Rom-Kedar and Zaslavsky (1999)).



PART 2
FRACTALITY OF CHAOS



This page intentionally left blank



10

FRACTALS AND CHAOS

The structures generated by chaotic dynamics in the phase space are so complex
that they cannot be described in a conventional way. One is therefore reduced to
dealing with objects that are unusual, ‘wild’, and ‘strange’. There is a possibility
to use the notion of fractal objects in chaotic dynamics but, as will be seen
below, even this proves insufficient in describing chaos. There are a few reasons
for this:

(i) Any trajectory is a solution of the equations of motion. This means that the
fractality, i.e. fractal features, of trajectories cannot be introduced a priori
but, instead, they should be ‘derived’ from the first principles, i.e. from the
Hamiltonian of the system. Extremely complicated phase space topology
prevents an easy way of describing the fractality of dynamical systems.

(ii) Any trajectory describes the system evolution in phase space and time.
Evidently, fractal features in space and in time are different for a generic case.

(iii) For a practical reason, it is important not just to describe the fractality, but
to describe the system evolution, i.e. kinetics, transport, etc., and one can
expect that to be a non-stationary fractality.

In this and the following chapters, we present different approaches to the fractal
features of chaotic dynamics (Note 10.1).

10.1 Fractal dynamics

The main feature of a fractal object is its self-similarity. A brief discussion of
the definition of fractal properties of dynamical systems starts from a set of
elements {u;} distributed in the phase space. One can imagine a set of points
on the Poincaré map in the phase space. Then {u;} is a set of functions of
the coordinates r; with the subscript j indicating the iteration number of the
map. There are many different ways to characterize distribution of the points of
a map in phase space. A normal physical approach is to introduce a distribution
function, F'(r;, p;;t) in the phase space. This function should be coarse-grained,
or smoothed, in some way to simplify the description of the dynamics by reducing
the information on the trajectories. Nevertheless, even a typical coarse-graining
of the distribution function does not remove some underlying ‘wild’ structures
of the space, which form a support for chaotic trajectories. A brief glance at
Fig. 5.4 warns that the object of consideration, the phase space of chaos, is
highly complex and can be analysed, in part, via its fractal properties.

159
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Let us start with some definitions. Consider a set of elements, say points,
embedded in an arbitrary dimension space confining these elements. Cover the
elements by using a set of balls with the same diameter € and consider only the
minimal set of balls, N.. There are two ways to proceed:

(i) Box dimension. Consider a limit

In N,

de = lim ———. 10.1
= (1 /e) (10-1)

d¢ is called box dimension because of the relation
el . N, ~ const (10.2)

in the limit ¢ — 0, that is, d¢ is an ‘effective’ dimension of small boxes
that cover the set of points. More accurately, one can say that there are two
limits, upper d¢ and lower d. For typical systems, do = d = d¢ but there
do exist exotic examples when it is not the case (Pesin, 1988).

(ii) Hausdorff dimension. Consider a sum

S(e,d) = inf Z e?, (10.3)
J

where j labels a ball and inf means that summation is performed over a
minimal set of balls with diameter €;, which is assumed to be in some interval
€; € (€,e+ de). For € — 0, the number of terms in (10.3) tends to infinity.
Since S(e,d) is a monotonic function of €, the limit exists. Moreover, there
exists a critical value dy such that

oo, d< dH7
S(d) = lim S(e,d) = ¢ const > 0, d=dm, (10~4)
e—0
0, d>dmy,

where dy is some number called the Hausdorff dimension. For more details
see Pesin (1988) and Afraimovich and Hsu (2003).
If all €; are the same, the expression (10.3) yields

S(dn) = lim N (e)e (10.5)
and d¢ will coincide with dg. In fact, there are some exceptions which will
not be dissussed here.

An example of a fractal object is shown in Fig. 10.1 where the prolifera-
tion of balls continues until infinity. This type of object is called the Sierpinski
carpet. Let

Sn+1 = )\SSn7 (106)
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Fi1G. 10.1. Sierpinski carpet as a fractal object. Only 3 generations are shown.
All smaller disks should appear in a similar way.

where S,, is the area of a circle of the n-th generation and Ag < 1 is a constant,
each generation gives birth to ¢ circles (¢ = 8 in Fig. 10.1). Thus, for the n-th
generation

Ny =q", Sn=A" (10.7)
and
de = dy = lim lnq"/2 = lnf/z . (10.8)
= In A [ InAg

Since ¢ = 8 and A\g < 1/9, one has dg <In8/In3 < 2.

10.2 Generalized fractal dimension

As will be seen later, different scaling properties of dynamical systems can be
formulated in a similar way as (10.4). However, they do not have a specific
relation with dimensions. This means that the characteristic exponents of the
self-similarity can be negative or complex. Such a situation can be described by
a dimension-like characteristic introduced in Caratheodory (1914) and general-
ized in Pesin (1988); (see also Pesin (1997)). Here it is called a generalized fractal
dimension or Caratheodory-Pesin dimension.
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Let u; be an element of phase space, {u;} be a partition of phase space, and
&(u;) and n(u;) are some ‘good’ functions defined on the partition element wu,;.
One can select the elements of the partition in any convenient shapes so that
its effective diameter satisfies the condition diam u; < e. Consider a limit of the
minimal sum,

S(&m; d; {us}) = Jim inf 3 S €(us)n’ (), (10.9)

where the infimum of the sum refers to a cover of the set of points
with coordinates r; by using a minimal number of the partition elements
uj = uj(7,€). We can introduce a constant d, similar to dy in (10.4), for
which the sum 0 < S(&,n;dg; {u;}) < oo exists. The number d, is the generalized
fractal dimension. The following examples illustrate the use of dy in different
situations:

(uj) = €. This gives the Hausdorff dimension [see (10.3)].

L &=11
2. £ =1, n(u;) = n(e;). This yields the Carathéodory dimension.

More sophisticated examples will be considered in Chapter 12.

Definition (10.9) and the existence of the limit provide a broad view on the
notion of fractal dimension that can be related to some non-geometrical charac-
teristics of an object. An example in the next section confirms this statement.

10.3 Renormalization group and generalized fractal dimension

Consider an object, Ag, and its consecutive transformations:
A =TAy, A, =TA,_1="--=T"A,. (10.10)

For example, A; may be a domain of phase space and T is either a time-
shift operator at interval 17" or any another transformation of the domain A;.
Let A; = A;(r) and r be a characteristic diameter of A;. Consider also the
transformation of r by a factor A:

SA;(r) = A;(wr). (10.11)

Let V(A,) be a function defined for the domains A;. For example, V(A,,)
may be a volume of A,,. Consider the transform

R=ST (10.12)
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and assume that there exists a self-similarity of volume V'
V(RA,) = X7V (A,), (10.13)

where dp is an exponent that characterizes the self-similarity of {A;} under the
renormalization transform R. In general, condition (10.13) is valid only in the
limit

dp = lim In[V(SA,41)/V(An)] ~ lim In[V(RA,)/V(Ay)]

n— oo In A\ n— 00 In A ’

(10.14)

where we use the definitions (10.10) to (10.12). If the sequence {Ag, A1, ...} has
a fixed point A*, it follows from (10.14) that

_ In[V(SA47)/V(A")]
dp = Y (10.15)
or the equivalent equation
V(SA*) = NrY (A*) (10.16)

can be used to define A* and dp.
One can see that the definition of dp coincides with that of d¢ in (10.1).
Indeed, as a result of (10.11)

V(SA*(r)) = V(A*(\r)) (10.17)

and we should take into account the fact that V/(A*) in (10.15) does not depend
on A while V(5.A4*(r)) does. It follows from (10.15)

dr = lim ————22 — (. (10.18)

If r is not a diameter and V is not a volume, then the definition of (10.15) for
dr has the same structure as (10.9). To show it, rewrite (10.9) as

S, d: {uz}) ~ N(uy) - n(u;) ~ const (10.19)
The condition for the existence of a limit when N — oo, 7 — 0 yields

In N (u;
d—d,— tim —2N0W)

Jim ) dg, (10.20)

which is the same formula for (10.18). The crucial reason for considering dp
as a particular case of dy is due to the existence of both the Renormalization
Group and the fixed point (see also Suzuki (1983)).
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10.4 Multifractal spectra

A situation may occur when the set of objects {u;(r;)} and the behaviour in
the vicinity of r;, cannot be described using the same self-similarity exponent,
dy = dr and more of such exponents are needed to do so. To be more specific,
consider partition of the space by using a set of elements, {u;}, and let:

¢; = diam u; <e. (10.21)
Assume that for a fairly small € the probability of finding a particle in the cell u; is
P; = const - E}j, (10.22)

where 7, is a characteristic exponent defined locally for the j-th cell. Let us
construct a generating sum:

Zy(q) =Y P{=const y (. (10.23)
J J

On the right-hand side, the summation over j runs throughout the entire set
{u;}. The aim is to rewrite the sum (10.23) in a way that takes into account the
existence of different cells with the same value . If AN () be a number of cells
with the same value v, then instead of (10.23), we have

Zy(q) = const Z AN (7)1, (10.24)

where a desired change of variables from j to v is performed. Expression (10.24)
indicates a new situation called multifractality since the system has many dif-
ferent scaling exponents v. The same property as in (10.22) can be applied to
AN (%), that is,

AN(v) =750, (10.25)

where a new important exponent, f(v), is introduced. It is called a dimension
spectral function which is the quantitative characteristic of the multifractality
(Note 10.2).

The calculations that follow are very formal. Substitute (10.25) into (10.24):

Zy(q) = const »_ 00, (10.26)

el
There are two ways to proceed. First, one can apply the same consideration as in
(10.9) where the generalized dimension was introduced. Second, which is more

typical in physical consideration, is to replace the sum (10.26) by integration.
The expression

AN(7) = dN(y) = p(y)t~ 7D dy (10.27)
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is used instead of (10.25). Here p(7) is a density function which does not depend
on ¢ or depends slowly. Hence

1
20 = [ar sy {- (i) -sen}. aozs)
where the const in (10.26) is included in the definition of p(v). Consider a limit
Z(q) = lim Ze(q)- (10.29)

Without any special comments, we can put

1
k=lIn 7 (10.30)
and consider a limit kK — oo instead of £ — 0. After applying the steepest-descent
method, we arrive at

Z(q) ~ exp{—£lgvo — f(70)]}, (k — 00), (10.31)
where the saddle-point, 7, satisfies the equation
Fin) _ (10.32)
dryo

The final expression, (10.31), can also be rewritten as
Z(q) = exp(—rD(q)),  (k— 00), (10.33)
where

D(q) = v0q — f(70) (10.34)

and v9 = 70(¢). The new variable, D(q), is a new dimension type characteristic
of the system. D(q) and f(vo) form a Legendre transform pair.
It is also convenient to introduce the so-called Renyi dimension Dy,

D(q) = (¢ —1)Dy (10.35)

(see Rényi (1970)), and consider its meaning for different values of g. For ¢ =0
we have

D, =-D(q) (10.36)
and (10.33) yields

1
Z(0) = efDo — e N(¥), (k — 00, £ —0), (10.37)

which is similar to (10.2). Hence Dy is the same as d¢, that is, the box dimension.
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To obtain Dy, consider the definition (10.23)

(14 6,) ZP1+5 =144, ZPln (10.38)

where 6, = ¢ — 1 < 1. From (10.33) and (10.35), we have
Zy(1+6,) = £04°Da, (10.39)
A comparison of (10.38) and (10.39) gives

Dy — Iim D(q)zhm[ Z Pilnb] lnN(é)

where P; = 1/N(¢) with the number of cells N(¢). (Compare this to (10.1)
and (10.2)). The quantity

Sint (¢ ZP InP; =InN(¢) (10.41)

is also known as information entropy. It follows from (10.40) that
N(f) ~¢=D1 (10.42)
and in correspondence to (10.37),
D; = Dy. (10.43)

One more dimension, Dy, is of a special interest since it defines the
Grassberger-Hentschel-Procaccia correlation dimension (Note 10.3). Consider
the pair correlation function between points r; and ry:

N2 Ze =), (10.44)
where
_JL §>0,
0(¢) = {07 £<0.

It follows from (10.44) that Ceor(0) = Ceor is obtained when r; and rj belong to
the same cell. If P; is the probability for a particle to exist in the j-th cell, then
the probability of two particles existing in the same cell is simply Pj2 and

Ceor Z P = ~ (P (10.45)
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F1c. 10.2. Typical behaviour of the fractal dimension D,.

based on the definition (10.23). Hence

In Ceor (€)

Dy =1i 10.46
27T e ( )
For the limit cases ¢ = +o00, it follows from the definition (10.23)
Z0(q = 00) ~ Pl ~ L1508 s (30,
(10.47)
Zo(q — —00) ~ P~ (maxd ~ 4D oo
Therefore,
Do = Ymin, D—0o = Ymax- (1048)

A typical behaviour of the dimension D, as a function of ¢ and,
correspondingly, of the spectral function f() is shown in Fig. 10.2.

10.5 Thermodynamic interpretation

Some of the results of the previous section can be interpreted using
‘thermodynamic language’. The sum Z,(¢q) in (10.26) can be considered as
a statistical sum

Zi(q) = const Y 77T = const Y " exp{—rQ(q,7)} ~ exp{—rQ(q,%0)},
vy vy

(10.49)
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where
Qle,7) =av—f(v) (10.50)
is an analogue to a Hamiltonian multiplied by inverse ‘temperature’, and
Q(a,7%0) = a0 — f(70) (10.51)

is an analogue to a free energy, that is,

Q(g,7%0) = — lim M, (10.52)

oo Ok
where we have replaced the notation Z;(q) — Z«(q). The value vy is defined by
the expression

g = Y0 (10.53)

dvo

that is, by the condition of extremum of @Q(g,7). The transition from a sum
to the final result in (10.49) is equivalent to the steepest descent method that
becomes evident if we replace the sum by an integral and consider the limit
K — 00.

The thermodynamic limit corresponds to x — oo, and k can be considered as
an effective number of particles. Then Q(q, Yo0) is proportional to the free energy
F per particle and (10.50) can be interpreted as

A 1 1 1
Q= ;f(Q) = ;J”:(qmo(Q)) = ;U -5 (10.54)
with ‘internal energy’ per particle
dQ(q,
U =0(q) = El i (10.55)
q =70
‘entropy’ per particle
S = f(7) (10.56)

and t as a temperature

1
t dvo do au
Using all these definitions, it is possible to define a ‘pressure’
p_ OF) _ _F (10.58)

ok
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where the role of a volume is played by . Using (10.54) and (10.52), we arrive at

U InZ )
P o —iQ =i tim M2 (10.59)

K—00 ok

P is called topological pressure (Note 10.4).

10.6 Complex dimension and log-periodicity

Consider again the sum (10.9) and assume that it is finite and non-zero for
some d = dg4. Applications of the sum to dynamics, as we will see later, impose
a necessity to expand the domain of definition of d to complex space and keep
S(&,m;d; {u;}) in real space. If dy is the dimension related to the problem then

dim =dg +2mim,  (m=0,%1,...) (10.60)

is also a solution for the problem since it does not change S(§,7;d; {u;}), where
d&’;) is complex generalized dimension that depends on the arbitrary integer m.

Consider any physical characteristic M ({u;}, d&’;‘)) of a system and assume
the existence of an expansion

M({u;}) = Z O M({uz}, ) (10.61)

with some coefficients C'™). The expansion (10.61) is typical for multifractals,
and for real M({u;}) we have

o™ = (oM, (10.62)

Let, for example, £ = 1 in the sum (10.9), 7 — oo but there exist Nmax(u;). Then
we can write in the real space

S ~nls (10.63)

Generalization of this expression for the complex dimensions (10.60) is similar
o (10.61):

Z stm) (nmaX)dgT;)

m=—0oo

= m () Tim
Z S( )(nmax)dcg (nmax)2

m=—0oC

= 8O (o) ){ 22 ‘

§(m)

cos(2mm In Nyax + ¢ )}, (10.64)
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where we use
§m) — | gm)|gied™ (10.65)
and
S=m) — (§m)y= (10.66)

similarly to (10.62).

The complexity of the generalized dimension leads to a periodic term, com-
paring (10.64) to (10.63), with respect to Innpnax instead of ny,.x as a variable.
This phenomenon will be called log-periodicity and it will be implicated later for
the studying of anomalous transport.

Notes

Note 10.1
The notion of ‘fractals’ was coined by B. Mandelbrot (1982) who also showed
a widespread appearance of fractal structures in nature, and who discussed
possible applications of the fractals in turbulence, economics, etc. Fractals
as a mathematical object, i.e. a set of points that has specific properties,
may be attributed first to F. Hausdorff (1919) and A. Besicovitch (1929,
1934), and were then developed in many important publications: L. Richardson
(1961), A. Renyi (1957), C. Caratheodory (1914), et al. For specific applica-
tions of fractals to dynamical systems and random processes, see Pesin (1997);
Kadanoff (1981, 1993); Grassberger and Procaccia (1984); Halsey et al. (1986);
Hentschel and Procaccia (1983); Afraimovich and Hsu (2003) and reviews
in Montroll and Shlesinger (1984); Paladin and Vulpiani (1987); Zaslavsky
(2002D).

Note 10.2
Fractal and multi-fractal analysis of dynamical systems with chaotic motion
became a routine method after the publication of a series of pioneering works:
Hentschel and Procaccia (1983); Frisch and Parisi (1985); Jensen et al. (1985);
Halsey et al. (1986). The rigorous consideration provided in Pesin (1997) con-
firmed the basic physical concepts. For a review of different topics related to
fractals and multi-fractals, see Paladin and Vulpiani (1987).

Note 10.3
See Grassberger et al. (1983) for the original publication and Pesin and Weiss
(1997) for the discussions and rigorous results. The correlation dimension is
very convenient for different practical estimations.

Note 10.4
The analogy to the thermodynamics for the sum Zy(q) looks like a kind of a
formal toy. Nevertheless, there are some similarities in the construction of stat-
istical mechanics-thermodynamics transition and expression for multi-fractal
sums that are similar to statistical sums. In addition to this, the steepest
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descent method should be used in (10.49) and the extremum condition (10.53)
leads to the corresponding Legendre form (10.51). For more discussion see
Dorfman (1999) and Ott (1993).

Problems
More complicated problems are marked by (*).
10.1 Find the box dimension for the Sierpinski carpet in the Fig. P10.1.

10.2* The Koch island is obtained from a square by replacing each side with a
broken line (see Fig. P10.2). Find the box dimension of the Koch island.

10.3* Find the box dimension of the set of loops of the Moran construction in
Fig. P10.3 (see Afraimovich and Sze-Bi Msu (2003)).

10.4 Prove that dc = dy for the Sierpinski carpet in Fig. P10.1.

e

Fic. P10.1. Formation of the
Sierpinski carpet. The white
area is empty.

Fic. P10.3. Formation of the Moran construction.

F1c. P10.2. Formation of the Koch
island.



This page intentionally left blank



11

POINCARE RECURRENCES

Poincaré recurrences, or simply recurrences, are one of the most important
notions for kinetic theory and dynamical analysis of random-like motion.
For a long time after the famous discussion between Boltzmann and Zermelo
recurrences did not play any serious constructive role in the study of dynamical
systems. The situation has drastically changed in recent decades after developing
new tools for time series analysis and for kinetic description of non-linear systems
with chaotic dynamics. The application of properties of the recurrences will
be seen throughout the rest of the book, and more specific discussion will be
continued in Chapter 12 (Note 11.1).

11.1 Poincaré theorem on recurrences

Consider a domain A in the phase space of a Hamiltonian system with finite
dynamics (see Fig. 11.1), and points 2 € A as an initial condition for
trajectories that start in A. Then the trajectories return back to A after some
time repeatedly and infinitely many times, except for some of them with a set
of initial points of zero measure.

A proof of this theorem is based only on the Liouville theorem on the
preservation of phase volume.

F1G. 11.1. Poincaré recurrences to the domain A.

173
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Let By C A be a set of points that never return to A. Then there exists
a time t; such that By = T(tl)Bo and AN B; = 0. Otherwise there are
points in B; that do not exit A. There should be a time ¢, > ¢; such that
for By = T(tQ)BO = T(tz — tl)Bl we have By N By = (. Otherwise there are
points in By that do not return to A and do not exit from B; and, consequently,
B is a sink in contradiction to the Liouville theorem. In a similar way, we
can indicate an infinite sequence t; < to < t3,... and the corresponding set of
images By = T(th)Bo of By such that B;N By = 0, for all (4, k). Due to the same
Liouville theorem I'(B;) = I'(By) for all j, that is in the process of dynamics of
trajectories with initial points in By, they cover the phase volume

I'p=>» T(B;)=TI(B)" . (11.1)
j=0

It follows from (11.1) that either I's = oo, which contradicts the finiteness of
the dynamics, or I'(B) = 0. This proves the theorem.

Applying the same theorem after any return to A, we conclude that any
trajectory, up to zero measure exclusions, returns infinitely many times to A.
A time interval between two adjacent returns will be called the Poincaré cycle,
or simply a cycle (for a periodic dynamics) and a quasi-cycle (for an aperiodic
case).

A weakness of this theorem is, as was first pointed out by Boltzmann, that
there is no information about the time of recurrences, i.e. a length of the quasi-
cycles. Some information about this appears in the next section.

11.2 Recurrence time distributions and Kac lemma

For non-periodic dynamics, Poincaré cycles can be characterized by their
distribution function Pye.(¢; A) such that

AProc(t; A) = Prec(t; A)dt (11.2)

is a probability to have recurrence times to the domain A within an interval
(t,t + dt). This function can be normalized in the following way:

1

lim 7/ Prec(t; A)dt = 1 11.3
r(a)—o I'(A) Jo (t:4) (L3)

assuming that the limit

lim - Po(t; A) (11.4)

Prec(t) = [(A)—0 F(A)
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exists as a Lebesgue measure of the set of recurrence times {¢;}. Then the mean
recurrence time 7ye. can be introduced as

S
Trec = / tPrec(t)dta (115)
0

that is, the first moment of Pe.(t). The mean recurrence time was first
introduced by Smoluchowski for discrete dynamics

220:1 k‘toprec(k‘to; A)
Trec A) = 0
( ) Zk:l Prec(kt(); A)

(11.6)

where tg is a time interval for discrete dynamics (time between consequent steps
of a map) and Pe.(ktp) is a probability to return first time back to a domain
after k steps (Smoluchowski (1912, 1913, 1915)).

The most important result for the 7. was obtained by Kac and known as Kac
lemma (Note 11.2). For the simplicity, we consider it here for discrete maps. Let
A be a domain of the phase space I" of the system with bounded dynamics and
2 € A are all points of A considered at time instant ¢y = 0 as initial conditions
for trajectories started dynamics in A. All trajectories, excluding some of them of
zero measure, return back to A after some time (number of steps of the map 7).
Let E(©(n) C A be a set of those points 2(°)(n) € E©(n) that return first time
to A after n steps. Evidently

A=U2 EOk). (11.7)
Consider a set of points
EVn)=TEO®m), n>1. (11.8)

They occupy a domain disjoint with E(®) and out of A. Otherwise, they will
include points that have a first return time equal to one (see Fig. 11.2). The
same can be applied to

E®(n)=T*EO M), k=1,2,...,n—1. (11.9)
The set of points

E(n) = UZ) E® (n) = Ui T*EO (n) (11.10)

consists of all those points of T' that have the recurrence time n since all E*)(n)
are disjoint. Some of these points are in A but others are on their way to A.
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Fic. 11.2. A sketch of recurrences to the domain A.

All following steps are very formal. From (11.10) we have

i E(n) = i TFEO (n)
n=0 n=1 k=0
and
0 <Z E(n)) =S o (Bw) = 3 S o EO
n=0 n=0 n=0 k=0

where p(E(n)) is a measure of the set E(n).
For the left-hand side we have simply

Zﬂ =
and for the right-hand side we have

p(T*ED (n)) = p(E© (n))

due to the Liouville theorem. Then applying (11.13) and (11.14) to

we have

r =3 np(EO(n))
n=1

(11.11)

(11.12)

(11.13)

(11.14)

(11.12),

(11.15)
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From (11.7) we have, similarly to (11.13):
D(4) = p (G EO®)) = - (B (k). (11.16)

The ratio of (11.15) and (11.16) gives

Trec(A) = tO% < o0 (11.17)
due to the Smoluchowski formula (11.6). Similar results exist for (11.17) for the
continuous time case.

The result (11.17) can be easily understood if we assume a uniform mixing of
trajectories in the finite phase space I'. Then the time to come back to A from
a whole domain out of A is proportional to [I' — T'(4)]/T(A) ~ T'/T(A) since
I'(A) is small compared to T

The expression (11.5) for the continuous time case provides the mean recur-
rence time normalized per unit phase volume. The extension of the Kac lemma
for the continuous case (Kac, 1958) gives also

Trec < 0O (1118)

or the asymptotics

1

Prcc(t) § t,yv

v>2, t— oo (11.19)
in the case of a power law recurrences distribution. In this case v is called
recurrence exponent. Formula (11.19) gives the condition for a fairly fast decay
of the recurrence time probability density when ¢t — oco.

11.3 Distribution of recurrences in uniform mixing

Mixing of trajectories in phase space for the Anosov-type systems will be called
uniform mizing because of the absence in phase space of singular zone domains
with zero Lyapunov exponents. The phase space is full of unstable periodic
orbits (cycles). A trajectory that starts in a vicinity of any point of the cycle
will disperse exponentially from the cycle.

Consider a small domain A and a point 0 € A. After some time the corres-
ponding trajectory returns the first time to A (see Fig. 11.3). A part 00’ of the
trajectory is a quasi-cycle. Since an exponential growth of the distance between
two initially close trajectories, we can write

0x(t) ~ 0x(0) exp(at), (11.20)
where o > 0 is the largest Lyapunov exponent. If 6x(t) ~ 00’ < diam A, then

0x(0) < diam A - exp(—ot), (11.21)
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F1a. 11.3. Poincaré cycle or quasi-cycle (left) and just a cycle (right) for
a system with uniform mixing.

i.e. by an exponentially small perturbation of the initial condition one can trans-
form a quasi-cycle into a cycle. A formal expression of this fact is given by the
Bowen theorem (Bowen (1972)) formulated below.

Let Car be a closed orbit C' that crosses a small volume AI'(A), and let
x2(Car) be a coordinate on the orbit Car. Different closed orbits, i.e. cycles,
will be distinguished by their periods T only; Car = Car(T). Denote by p(x)
a stationary distribution density in phase space, and po(x) the density at points
x(Car). Define

po(AT,T)AT = » 1, (11.22)
CeCar(T)

where summation is over all cycles of the period T' € (T, T + AT) and

dT
AT = “_AT. 11.2
dar (11.23)

The value (11.22) is the number of such cycles.
Then for systems of the Anosov type and any integrable function g(z) the
following is correct (Bowen (1972)):

(g(x)) Z/g(a:) (z)dz = lim

dx.
T—o0 po(AF T)AP »/zGCAF pC( )

(11.24)

ceCa

The formula (11.24) states that the ensemble average is equal to the average over
a periodic orbit with an asymptotically large period. The result is an analogue of
the ergodic theorem for periodic orbits. Due to the uniform mixing any unstable
periodic orbit fills uniformly phase space similarly to non-periodic orbits. This
leads to:

Conjecture For uniformly mixing systems, distribution of periods of unstable
periodic orbits po(T) coincides asymptotically with the distribution of Poincaré
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recurrences, that is,

lim [pc/(T) — Pree(T)] = 0 (11.25)

T—o0

and it provides a way to estimate the recurrences distribution. It is also assumed
that both, pc(T") and Prec(T'), are coarse-grained distributions.

The following result belongs to Margulis (1969, 1970)—the number of
unstable periodic orbits with a period T for good mixing systems is:

N¢(T) ~exp(hT), T — oo (11.26)

and a probability density to find a periodic orbit with the period T €
(T, T +dT) is

pc(T) = hexp(—hT) = %exp <—<§:>) , T — oo, (11.27)
where
1
(T) =7 = Trec (11.28)

is the mean period of orbits or the mean recurrence time. Here is an example of
direct calculation of Ng(T).
Consider a map

Znpr = T2, = Kz, (mod1) (11.29)

with K = 2 (see Fig. 11.4). This map belongs to the Anosov-type system and
h=InK, that is, h > 0 for K > 1 (Note 11.5).
The number of solutions of the equations

Te=z, T?z=u,... (11.30)

permits the estimation of the number of periodic orbits with periods 1,2, ...
correspondingly. The result is

Nc(n) =21 =exp[(n — 1) In2] ~ exp(nln?2) , n — oo (11.31)

conforming the result (11.26) for integer n > 1.
It is possible to extend for a general case of uniformly mixing dynamical
systems, that

Prec(t)dt ~ const

dt
Vol (11.32)

with Ne(t) as a number of periodic orbits with the periods within interval
(t,t + dt) (Note 11.4).
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0 1 0 1

FIG. 11.4. A plot of Tz = 2z, (mod 1) and T2z = 2(2x), mod 1.

11.4 More asymptotics on recurrences

Some cases of chaotic dynamics permit a fairly simple estimate for the distri-
bution of periodic orbits pc(t) and recurrences (quasi-cycles) Prec(t). Consider
a small domain A of the phase volume ATl'g <« I'y,, where I, is the phase volume
of the bounded dynamics. Considering evolution of the phase volume AT, it is
convenient to introduce the coarse-grained volume AI'; which depends on time.
In the case of uniform mixing we have

ATy ~ ATy exp(ht) (11.33)
with

h=> oy (11.34)

a;>0

where o; are positive Lyapunov exponents and summation is over all of them.
Expression (11.33) simply shows the exponential growth of the enveloping volume
of the initial domain A. Uniformity of mixing inside AT; imposes the estimate
of the number of periodic orbit N¢(t) with a period < ¢:

AT

Nc(t) ~ mv

(11.35)

where the elementary cell of the coarse-graining is equal to AT'.
We can use a standard physical estimate prescribing the probability of an
event to be equal to the normalized phase volume occupied by the event, that
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is, a probability to return to Al'g from AI'; during time > ¢

t
1
Prec(0,t zl—/Prectdtwl—izl—exp —ht 11.36
0.0=1= [ Pult i (-ht)  (1136)
with a boundary condition
Prec(0,0) =0,  Prec(0,00) = 1. (11.37)

Differentiation of (11.36) gives a probability density Prec(t) of the returns
normalized to the unit phase volume

Prec(t) ~ hexp(—ht) (11.38)

in correspondence to (11.27) and (11.25).

Let W(t; ATg) be a survival probability for the considered initial domain AT,
that is, a probability not to escape from ATy during the time interval (0,t).
Then

t o
P.(t; ATg) = 1 — U(t; AT) :/z/)(t’;ArO)dt’ =1 —/ P(t'; ATo)dt', (11.39)
0 t

where P,.(t; ATy) is a probability to escape from ATy during the time interval
(0,¢) and ¢ (t, AT'g) is a probability density to escape at a time instant ¢ within
the interval (¢,t + At).

We have an evident inequality

Prec(0,1) < U(t; ATy) (11.40)

since the number of return events cannot exceed the number of escapes. This
gives asymptotically

Proc(t; ATg) ~ h(t; ATy) t— 00 (11.41)
or for the case (11.38)
P(t; ATg) ~ hexp(—ht), t— o0 (11.42)

that is, a probability to escape from a domain at a fairly large time is expo-
nentially small. It follows from (11.41) and (11.42) that 1/h is a mean time of
staying in the domain AT'y, normalized per unit area of the phase space.

Applying the Kac lemma (11.18), definitions (11.39), and the asymptotics
(11.41), we obtain for the mean trapping time

Ter = / t ¥ (t; ATg)dt < oo, (11.43)
0
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which means that the mean time is finite for a trajectory to be trapped in some
domain. Due to (11.40), we have inequalities

Ttr S Trec < 0O (1144)

that appear as a consequence of the phase volume preserved dynamics.

As has been mentioned before and will be seen later, typical Hamiltonian
systems do not have uniform mixing, and recurrences and escapes should be
considered in more detail including specific structures of singular zones.

Let {t; } be a set of time instants when a trajectory leaves A, and let {tj'}
be the set of time instants when a trajectory enters A as in Fig. 11.1. The set

(T Na={t; —ti_a, (=12,..) (11.45)

is the set of recurrences. We call {T;rec)} the recurrence time at j-step, or the
j-th quasi-cycle. There are some other characteristics related to the recurrences.

Exit (escape) times can be introduced as a time interval between the adjacent
entrances to A and exits from A:

{ri™Na = {t; —t}a. (11.46)

Similarly, one can introduce time intervals {T;eXt)} that a trajectory spends
outside of A during one cycle:

{T;ext)}A = {t;r — tj_fl}A . (1147)
There is an evident connection:

T](rcc) _ T;CSC) 4 T;CXt)_ (1148)

The set of recurrence times {TJ( ec)} forms a specific mapping of trajectories. The
sequence {7' } can have fractal or multifractal features. These properties of
recurrences w111 be considered in Chapter 12. Similarly, one can consider the

mapping for {T;GSC)} and {T;exw}.
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The set of intervals {T](esc)} 4 in (11.46) does not play a significant role in the
case of uniform mixing, especially when I'(A) — 0, but it is not the case when
there are singular zones. The distributions of escape time and recurrences time
may depend on how the domain A is selected, how a singular zone intersects
A, and which zone is included into A when there are more than one singular
zones.

It is important to stress that all the introduced functions 1, ¥, P,, and
quantity t;, are local characteristics of motion, that is, they are defined for
an infinitesimal domain AT’y and can depend on the shape and location of AT'y.
In other words, ¥, ¥, P,, and t;, depend only on the properties of the system’s
trajectories inside the AI'g. The reverse situation is one where the distribution of
Poincaré cycles Pye.(7) depends on full, infinitely long trajectories and does not
depend on ATy for sufficiently small AT'g. This means that P.(7) is a global
characteristic of the system. Nevertheless, a connection between Pe.(7) and
P.(1; AT) can be established for some special cases, when there is no uniform
mixing.

When (t; AT'g) possesses the asymptotic property

Y (t; ATg) ~ t7 Yese t — o0, (11.49)

one derives from the definition (11.39)

U(t; ATg) ~ thTese) t — oo (11.50)
and from (11.43)
(r) < o0, Yese > 2,
oo
tir (ATg) ~ / tiYesedr = { limy o0 Int = 00, Yese = 2, (11.51)
nst
“ o0 Yese < 2.

It follows from (11.51) that the mean trapping time is finite only for yes. > 2,
while for vesc < 2 the mean trapping time is infinite and the domain AI'g works
like a real trap in the sense of the time average.

In the case of the exponential (Poissonian) distribution of escapes (11.42),
there is a finite characteristic time of escape, 1/h, but in the case (11.49) such
time does not exist. This gives a possibility of the definition of a sticky domain
as a domain of subexponential (polynomial) time-dependence of the probab-
ility density of escapes. It can be many different sticky domains AT’y and the
corresponding distributions ¢ (t; AT's) and ¥ (¢; AT;). All of them are giving their
specific contributions to the general multifractal structure of the escapes and
recurrences that will be discussed in the next chapter.
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F1c. 11.5. Targeting without (left) and with (right) a singular zone Z.
A trajectory escapes the domain A and first enters the domain B.

09625 X 1.2875 1.45 1.26 X 1.28 1.29

F1G. 11.6. Hierarchy of sticky islands 2 —3 — 8 — 8 — 8... for the standard
map for K = K* = 6.908745. A set of consequent zooms.
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Fic. 11.7. Targeting for the case in Fig. 11.6. Left: location of the start-
ing domain Ay and the targeting domain A, (both in black squares);
right: distribution of Pye.(t). Slope 1 is —2.19; slope 2 is —4.09. The data
obtained after averaging over 3.22 x 10? initial conditions P;arg (t) cannot
be distinguished from Pyec(t).

In an oversimplified form for the case of non-uniform mixing, we can expect
the asymptotic

Cr

Prec (t; AF) ~ i )

t — oo. (11.52)

The expression (11.52) means that as t — oo, different ‘windows’ (¢, ,t;) of
intermediate recurrence asymptotics will appear with the recurrence exponent
vk, and finally will be for sufficiently large ¢

Omin
Prec(t; AT) ~ yE— (11.53)
We also can expect that
Ymin = MiN Yesc, (11.54)

where min e is related to the singular zone with the max 7egc.

To illustrate this way of consideration of recurrences, consider trajectory
targeting, that is, distribution of time intervals that takes a trajectory to exit
from a domain A and to first enter a domain B (see Fig. 11.5).

The corresponding statistics can be collected from one trajectory or from
a large number of trajectories. In its process of wandering, a trajectory arrives
to B fairly fast due to a strong mixing process. Nevertheless, there is small but



186 POINCARE RECURRENCES

finite probability of the trajectory being trapped for a long time in Z. Just such
events are responsible for the distribution of Pec(t) and Prarg(t) for ¢ — oo.
The corresponding Pee.(t) was obtained for the standard map with a value of
K = K* = 6.908745 for which there is strong stickiness (see Fig. 11.6 from
Zaslavsky et al. (1997)). The plots of Prec(t) (see Fig. 11.7 from Zaslavsky and
Edelman (2000)) and Piare(t) are indistinguishable.

Notes

Note 11.1
The description and discussion of the Zermelo paradox can be found in
Zaslavsky (1985, 1999). It will also appear in Chapter 22.

Note 11.2
For the original proof of the Kac lemma in discrete and continuous dynamics,
see Kac (1958). There were some other simplified proofs of the similar result
in Cornfeld et al. (1982) and Meiss (1997).

Note 11.5
More information and references about the map (11.29) can be found in
Zaslavsky (1985).

Note 11.4
For more information on the periodic orbits, see Dorfman (1999) and Ott
(1993).

Problems

More complicated problems are marked by (*).

11.1 Derive the number of periodic orbits N.(T') for the map (11.29) with
integer K.

11.2* The same as in Problem 11.1, but for any K > 1.
11.8 Estimate the number of periodic orbits for the cat-map.

11.4 Estimate the number of periodic orbits for the Anosov type map (4.35)
with K > 1.

11.5* Estimate the number of periodic orbits for the standard map on the torus
and K > 1, assuming that phases X are distributed uniformly.
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DYNAMICAL TRAPS

In this chapter, dynamical traps will be considered in more detail. When the mix-
ing process in phase space is uniform, escape of a trajectory from the selected
small domain follows the Poissonian law and, consequently, there exists a char-
acteristic time of the escape (see Sections 11.3 and 11.4). Typical Hamiltonian
systems do not have uniform mixing and the escapes from a domain, recur-
rences, and targetings may not have a characteristic time. Moreover, Hamiltonian
dynamics does not involve trajectories that are trapped forever, i.e. the notion of
trapping should be accurately defined. In fact, we should speak about the quasi-
trap rather than about the absolute trap, and use a description of the specific
way of a particle that crosses the domain with some stickiness (Fig. 12.1).

As it will be seen, the nature of quasi-traps can be very versatile, strongly
depending on the system parameters. We can state that understanding of the
properties of the quasi-trap is an unavoidable part of the understanding of global
properties of any dynamical system (Note 12.1).

12.1 Definition of the dynamical trap

Consider a small domain A in phase space and a large number of trajectories N4
that start at A. Let AN(¢, A) be a number of trajectories that exit A at time
within the interval (¢, ¢+ dt). Then the probability density to exit from A at ¢ is

Wt A) = lim  lim AN(t, A)

_— 12.1
ATl'—0 N4 —o0 AT NA ’ ( )

Fi1g. 12.1. A sketch of an orbit that gets stuck in a quasi-trap.

187
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where AT' =T'(A) and the normalization condition
/OOO AN(t,A)dt = N - AT (12.2)
leads to
/000 P(t; A)dt = 1. (12.3)
The phase space of a dynamical system will be called uniform with respect

to the exit distribution if ¢(¢; A) does not depend on A. Let A, be a domain
such that 1 (t; As) has subexponential asymptotics for ¢ — oo, that is,

U(t; As) ~ C@) /7, (t — o0) (12.4)
with a slow varying function C(t). The moments of ¥ (¢; As) are
= [t At (12.5)
0

Then, due to (12.4), there exists some mg such that

™ =00, m>mg>1, (12.6)

esc
where the condition mg > 1 is a collorary from the Kac lemma.

Definition A domain A is a quasi-trap or, simply, dynamical trap if there
exists a finite mg that satisfies (12.6).

Since
Prec(t) ~¥(t; As), t— 00 (12.7)

it follows that the system has a singular zone A, which is a dynamical trap if
and only if there exists such mg that

oo
rim) = / t"Proc(t)dt = 00, m>mg > 1;  Tese = 70 < 00. (12.8)
0

Two examples below demonstrate the definitions. In Fig. 9.3 we showed the
Sinai billiard (with infinite horizon) and a sample trajectory with long last-
ing bounces. The Poincaré map of the same trajectory displays ‘scars’ that
correspond to the unreachable part of the phase space. The set Sy of scars
corresponds to the infinitely bouncing trajectories and has zero measure. Any
domain A; : A; N S # 0 is singular. Some qualitative estimates show that for
the Sinai billiard in Fig. 9.3

Proc(t) ~ 1/t3, e =3 (12.9)
(Note 12.2).
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F1G. 12.2. Distributions of the Poincaré recurrences for the Sinai billiard (left)
and Bunimovich billiard (right).

A similar pattern appears for the Bunimovich billiard (stadium billiard) with
the same distribution of recurrences (12.9). Numerically obtained distributions of
the recurrences (Zaslavsky and Edelman, 1997, 2004) are similar (see Fig. 12.2).

The function Pe.(t) has two parts:

exp(—ht), t < t*,
Prec(t) =4 1 . (12.10)
5 t>t

with some crossover value t* that depends on the geometry and location of the
domain A. There are two conclusions from this result. Firstly, the distribu-
tion of the recurrences has two characteristic time scales: mixing time 1/h and
the crossover time t* of the transition from the exponential law of the recur-
rences distribution to the power law. Secondly, there exists a dynamical trap
with mo = 2.

Another important comment on the situation with both examples is a strong
change of statistical properties of the dynamically chaotic system due to the
non-ergodicity of dynamics with an excluded volume of zero measure.

12.2 Hierarchical-islands trap (HIT)

Consider a set of domains embedded into each other: A9 D A; D

D A, D ---, and their differences A9 — Ay, A — As,... A, —
Api1, ..., such that AA, = A, — A1 = (A, — A,q1) is the phase
volume of A, — A,4+1. Let us introduce a characteristic residence time T,
that a trajectory spends in I',, during the time interval between the first
arrival to AA,, and the first following departure from AA, (see Fig. 12.3).
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S
> N\
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Fi1G. 12.3. A model of the hierarchical-islands trap.

The hierarchical islands trap (HIT) is defined by the following scaling
properties:

Ly =T, (Ar < 1),

(12.11)
Tn+1 = T, ()\T > 1)

Let us point out that, contrary to systems with uniform mixing and with
residence time proportional to the phase volume of a considered domain, the
conditions Ay > 1, Ar < 1 are exactly the opposite ones: the smaller the domain
AA,, is, the longer the trajectories stay there. Conditions (12.11) reflect not only
the presence of a singular zone, but also its self-similar structure.

An exact self-similarity that follows from (12.11) is

T, = \bTy, T, = ART, (12.12)

a kind of an idealization, and it can appear only for special values of a control
parameter, say K*, obtained with very high accuracy. More typical is the situ-
ation when the scaling parameters in (12.11) depend on n, i.e. instead of (12.12)
we have:

T, =MTo, T, =Ty, (n— 00), (12.13)
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where Ar and Ay are some effective values defined by the equations

_ 1 &
ln)\p:ﬁ;ln)\p(j)<0, (n — o),
! (12.14)
_ 1 &
In\p = — In A\ (7 0
nir nZn () >0, (n— )

J=1

with scaling constants Ar(j), Ar(j) on j-th step.

Figures 11.6 and 12.4 are demonstrations of HIT for the standard map and
web map with the sequences of islands 2—3—-8—-8—-8.-- and2—-8—-8— .-
(times four) correspondingly. The values T',, correspond to the area inside an
island of the n-th generation, and T,, is a period of rotation of the last invariant

(a) 6.283 (c) 1.76

4.71225 1.7475

> >

1.57075 1.7225
1.57075 u 4.71225 6.283 4.7025 u 47275 474

(b) 1.9 (o T = (d) 1.722

1.725 15 1.722

> >

1.375 [ooe 1.7175
4.575 u 4.925 5.1 4.706 u 4709 4.7105

Fi1G. 12.4. Hierarchical-islands trap for the web map with K* = 6.349972. A set
of consequent zooms.
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curve inside the island. The borders of the islands are sticky and that is why
they are dark in the figures (Note 12.3).

For the standard and web maps K is the only control parameter. The set
{K*}, for which there exist an HIT, is infinite and each value K} has its own
‘word’ (nq, ..., ny,); that shows a sequence ny, of islands-around-islands. Repeat-
ing of this sequence reflects a hierarchical structure similar to what we find for
fractals or multifractals. In contrary to geometrical fractals, the HIT also car-
ries an adjoint fractal structure of the time sequence that a trajectory spends
visiting different objects of the geometric fractal. Better understanding of this
phenomenon needs a notion of the fractal time that will be considered in the
next section.

One more general property of the HIT should be mentioned. The stickiness of
the boundary layers of the islands can be characterized in some formal way. We
can introduce a topological structure G of all sticky borders that can be hit by the
same trajectory. Let us call dr, = F}/ % a diameter of an island that belongs to
the n-th generation. Then G{dr,,, T}, Wy, n+1} includes geometric factors dr,, for
all islands of the n-th generation, the approximate time that a trajectory spends
near an island’s boundary T;,, and a probability of transition W, ,,+1 from one
level of the island’s generation to an island of a nearest generation. Transitions
to the non-nearest generations are neglected. Such structure is called a sticky set
(Afraimovich and Zaslavsky, 1998).

A remarkable feature of the HIT and the corresponding sticky set is the
existence of a universal relation between space-time properties of the structure.
It follows from (12.12) that

In(T,,/To)
= 12.15
In )\T ( )
and
Fn T —Hr
F—O' = exp(—n|InAr|) = (TZ) , (12.16)
where
| In >\I“
= . 12.1
M= o (12.17)
From the definition of the diameters we have
doir =dr,,, = M 2dp, = \/?d, (12.18)

and similarly to (12.16)

-G
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This expression will be used later in the analysis of particle transport. Mean-
while, let us comment that the parameter ur characterizes some non-trivial
properties of the sticky set by connecting its time and space scaling parameters.

12.3 Renormalization for the exit time distribution

It was mentioned above that the exit time probability distribution depends on
the location of the domain AT'. If, for example, AT" is taken in the domain AT
of a singular zone around an island, then due to (12.7)

P(t; Alg) ~ Pree(t), (¢t — o0), (12.20)

where Prec(t) does not depend on AT'y. Equation (12.20) has two advantages:

1. It presents a possibility of finding the asymptotics for the distribution function
of recurrences Pi.(t) using the local information of singular zone properties.
2. Due to the space-time similarity of the domain ATy, as discussed in detail
in Section 12.2; it enables the application of renormalization methods to

Y(t; AT).

Assuming a singular zone Al'y is an annulus surrounding the main island
and there are ¢ islands of the first generation in the annulus (¢ = 6 in Fig. 12.5),
we can divide the annulus into ¢ equal parts each containing a sub-island of the
next generation and perform the same type of partitioning for each segment as
it is shown in Fig. 12.5.

This process can be continued to infinity. Recall that the self-similarity
properties for the islands in the vicinity of the boundary layers (annuluses) area

Sk+1 = AsSk, As <1, (12.21)

x| ol
|| o>

AN

F1g. 12.5. A model of the singular zone near the island boundary: (a) boundary
layer as an annulus and its partition; and (b) self-similar rescaling.
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where S} are areas of the islands, and for periods of rotation around the islands
very close to the island boundary,

Tk-+1 = )\TTk, Ar>1 (1222)
as mentioned in Section 12.2. The two equations (12.21) and (12.22) are based on
the existence of a set {K 3 } of the control parameter K, for which they are valid,
and As = As(K}), Ar = Ar(K7). In the following we omit the dependence on
K7 and assume that the Ag, Ar are taken for a special value K* that is specified
by the structure of the singular zone and by the value of ¢q. Evidently

As=A2=)\r, q¢=A\r. (12.23)

The numerical observations in Fig. 12.6 show that the escape probability

from a singular zone of the HIT type is a self-similar function of ¢ (Zaslavsky
et al. (1997)). To apply a renormalization transform, let us introduce a set of

Logy W(t; AT)
0.0 4
-1.4 4

—2.8

—4.2

3.60 4.50 5.40 6.30 7.20
Logqot

Fi1G. 12.6. Exit time distributions for domains taken in the boundary layers for
the first, second, and third generations (curves 1, 2, and 3, respectively)
obtained after averaging over 9 x 10* trajectories for the four-fold symmetric
web map.
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instants
{te} = {To, Ty = M\ To,..., T = \oTy, .. ). (12.24)
and the corresponding set of intervals
{6tr} = {t —tp} = {f — o5}, (12.25)
where ¢ means that ¢ is taken in the vicinity of the instants tj, that is,
ty <t < tpyr (12.26)

For the survival probability we can write the renormalization equation in the form

1
U(tpy1; Alpy1) Al = Ar W ()\T&kﬂ; AFk) ATy,
= )\T\Il(étk; AFk)AFk, (t — OO) (12.27)

which differs from a usual form of the renormalization equation by the factors
AT';. We also use the relation

Stpyr =1 — tpyr = Ap(t —tg) (12.28)

(see definition (12.25)). The appearance of AT'; can be interpreted as a conserva-
tion of the normalized number of escaping trajectories for the islands of different
generations (compare to (12.1)).

The following steps are very formal. For the asymptotics (12.4) we have

C
W (0tgt1; Algy1) ~ — : p— (12.29)
(t —tht1)

and from (12.27) it follows the condition

At 1
— =1 12.30
AF A%esc_l ( )

up to the slow varying in time terms. Finally, (12.30) gives
| In >\F|

e = 2 =2+ ur, 12.31
gl T + pr (12.31)

where pr is the same as in (12.17). For ¢ — oo and the only singular zone, we
have also

Yrec = Yesc = 2+ pr (12.32)
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as an additional important information on the hierarchical-islands trap.
From (12.23) it follows that

|In Ag|
= = 12.
= Tny T (12.33)
and
[In Ag|
roc = 2 =2 . 12.34
Yree =2+ p =24+ G (12.34)

Parameter p is known as the transport exponent due to reasons that will appear
later. Figure 12.6 demonstrates the self-similarity of the HIT. Three almost
identical curves are shifted by a value of In A7 ~ 2.2 as should occur from the
renormalization equation (12.27).

The hierarchical structures in phase space and self-similarity of time that
trajectories spend in the structures make a solid basis for an origin of fractal
time. This will be considered in detail in Chapter 13.

12.4 Stochastic layer trap

The HIT, described above, is an example of a well-structured part of the phase
space where the dynamics can be described in a fairly predictable way. Opposite
to this case is the almost unpredictable and not well understood case when
a trajectory can be trapped in a stochastic layer without any well-described
structure for an arbitrary long time. We call this structure the stochastic layer
trap (Note 12.4).

The main features of the stochastic layer trap can be understood from
Fig. 12.7. Let an island with one elliptic point be embedded into the stochastic
sea. After a change of the control parameter, a bifurcation appears that creates
two additional elliptic and hyperbolic points. The separatrices are destroyed
(split) by the perturbation and they are replaced by an exponentially narrow
stochastic layer. As we continue to change the control parameter, the width of the
stochastic layer becomes larger. An important feature of the pattern in Fig. 12.7
is that the stochastic layer is separated from the stochastic sea. By a small change
of the control parameter, we can achieve a merge of the stochastic layer to the
stochastic sea as can be seen on the bottom of Fig. 12.7. An intersection area
of the merge can be arbitrarily small and therefore a probability of crossing the
border can be arbitrarily small. The domain of the former stochastic layer is a
trap, and a trajectory that enters the trap can spend an astronomical time there.

An example for the standard map is given in Fig. 12.8. While part (a) of
Fig. 12.8 does not show a big difference from part (a) of Fig. 11.6, the sequence
of resonances that is resolved in Fig. 12.8 is 1-3-7-9-10 and after that we see
in part (d) of Fig. 12.8 a different situation. The dark strip in (c¢) and (d) of
Fig. 12.8 corresponds to a trajectory trapped for an extremely long time near a
high order islands-chain. The simulations show the escape from the strip after



STOCHASTIC LAYER TRAP 197

F1G. 12.7. Appearance of the stochastic layer trap as a result of a bifurcation.

105-107 iterations. This means that we need trajectories with at least two more
orders (i.e. N ~ 108-10%) to find an escape exponent 7es.(A) for the part A of
phase space that corresponds to the stochastic layer (dark strip area) in Fig. 12.8.
A simple estimate can help to find a time of pure ballistic dynamics due to the
trapping. Let

(P*™) ~ (P*™)anom + (P°"ball, (12.35)

where the first term corresponds to the trajectories and their parts that parti-
cipate in the so-called anomalous diffusion that will be considered later, and the
second term corresponds to the ballistic trajectories. Rewriting (12.35) as

(p*™) ~ NtH™ L N - 2™ (12.36)

with NV as a number of ballistic trajectories, and N as a number of the others,
we have a condition when the second term suppresses the non-ballistic diffusion:

N
2m—p(m) > '
t 2y~ N (12.37)
or

@2-pl))mz — (12.38)
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FiG. 12.8. Stochastic layer trap for the standard map with K = 6.9115.

For t ~ 107, N ~ 105, and p(m) ~ 1.5m, we obtain m R 2, i.e. even one
long-trapped trajectory with the ballistic dynamics can influence the values of
high moments. Similar situations were described in (Afanasiev et al. (1991))
where we called a bundle of the long-staying together trajectories as stochastic
jets (Note 12.5).

Notes

Note 12.1
The material of this section related to the traps is based on the publica-
tions Zaslavsky et al. (1997); Zaslavsky and Edelman (1997); Zaslavsky (1995,
2002a). See also a review paper (Zaslavsky (2002b)).
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Note 12.2
There are many publications related to the Sinai and Bunimovich billiards and
to the estimate (12.9) confirmed numerically (Bunimovich and Sinai (1973,
1981); Machta and Zwanzig (1983); Zacherl et al. (1986)). The results in
Figs. 9.3, 9.5, and 12.2 are from Zaslavsky and Edelman (1997, 2004). Some
rigorous results on the Sinai billiard can be found in Young (1998) and Chernov
and Young (2000).

Note 12.3
Hierarchical-islands traps were defined in Zaslavsky (1995), and observations
of them are found in Zaslavsky and Niyazov (1997); Zaslavsky et al. (1997);
Benkadda et al. (1997); White et al. (1998); Kassibrakis et al. (1998) for both

the standard and web maps. For advection see Zaslavsky et al. (1993) and
Kuznetsov and Zaslavsky (1998, 2000).

Note 12.)
The stochastic layer trap was discussed in Petrovichev et al. (1990) for the
problem of particle advection in Beltrami flow and in Rakhlin (2000) for
the problem of electron dynamics in the magnetic field and periodic lattice.
Some recent publications are Aurell et al. (1997) and Zaslavsky (2002a). There
is not yet a quantitative description of this trap.

Note 12.5
For stochastic (chaotic) jets, see more in Leoncini and Zaslavsky (2002).
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13
FRACTAL TIME

Fractal time can be considered as one of the most important concepts in the
description of fractal properties of chaotic dynamics. One can consider any time
series as a set of samples {¢;} imbedded into one-dimensional space and deter-
mine the box or Hausdorff dimension of the set. The notion of fractal time was
coined in Berger and Mandelbrot (1963) to characterize transmission in telephone
networks. Some time later the notion of fractal time was linked to the intrinsic
structure of the set {t;} and the so-called Bernoulli scaling and Weierstrass
random walk (Montroll and Shlesinger (1984); Shlesinger and Hughes (1981);
Shlesinger (1988)). This new concept of the origin of fractal time appears to be
crucial for dynamical systems resembling the situation with hierarchical island
traps and other structures in phase space. Depending on the choice of the set {¢;},
one can consider structural properties of different physical nature and develop a
new kind of analysis of dynamical systems (Note 13.1).

13.1 Fractal time

A quick way to introduce the notion of fractal time is to consider a set of events
ordered in time and to apply a notion of fractal dimension to the set of time
instants {¢;}. However, this method is too formal and not representative enough.
In previous sections, it was shown that for chaotic trajectories the distribution
of exit times and Poincaré recurrences possess the self-similarity property in
large time asymptotics, and that corresponding power-like tails were described
in Chapters 11 and 12. It was also mentioned that a power-like tail in the time
events distribution leads to the divergence in moments.

The idea of considering the random processes of infinite moments is histor-
ically related to the so-called St Petersburg Paradox of Nicolas Bernoulli. It is
based on a special scaling known as the ‘Bernoulli scaling’ (Note 13.2). When
the time events {7;} are scaled as

{rj} = {ror,b?7,.. .} (13.1)
the probability of having an event 7; = b7 T is scaled as
pi(T) = cIp(biT) (13.2)

with some scale parameters b, ¢. Expressions (13.1) and (13.2) can be interpreted
as follows: there are different ways to escape from the domain AI' and each j-th
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way is described by the probability density p;(7). Hence the probability density
of escaping in time t > 7 is

oo

d(r) =Y pi(r) = Ip(t'r) (13.3)
j =0

Jj=0 J

with the normalization condition

/000 Y(r)dr = 1. (13.4)

In the St Petersburg Paradox, Bernoulli had considered the tossing of a coin.
The j-th event is a set of j unsuccessful tail flips until the first head appears.
The corresponding probability is p; = (1/2)7T!. The winning award was d’ so
that the mean winning is

(@) =Y dp; = 5 32" (13.5)

which diverges if d > 2. Similarly, it is possible that (d) < oo but (d?) = oo if
d > 242 etc.

Fractal properties of the exit time distribution can be demonstrated using
a model for (13.3) considered by Shlesinger and Hughes (1981):

1—a

o(t) = Z(ab)j exp(—=bit),  a,b<1, (13.6)

that has a fairly simple physical interpretation. If ¥ (¢) is a probability density
to escape from a domain at time ¢, then the survival probability for the time ¢ is

\Il(t):/t dt'p(t

(13.7)

with the natural normalization condition
v(0) =1. (13.8)

The parameter b defines a scale of the survival time, and a* < 1 can be considered
as a probability to have the survival time scale b*, that is, the survival probability
U(t) is a sum of the survival with all possible time scales.

Performing a Laplace transform of (13.6) we obtain

e k

W(s) = /OOO ety (t)dt = L Y (13.9)

k
a k:18+b




FRACTAL TIME 203

with a rescaling identity

s l—a ab
= - _— . 13.1
¥(s) a¢<b>+ a b+s (13.10)
The solution of the homogeneous part of the equation
* _ * f
V(s) = av (b) (13.11)

is the only one that can be a singular one. Equation (13.10) is a typical equation
of the renormalization group, and it will be considered in detail in Section 15.5.
Here we just mention that

P (s) = 7 K(s), (13.12)

where K (s) is a slow varying function of s and

Ina
=1 (13.13)
Inverse transform of (13.12) gives the asymptotics
1
(L) ~ el (t — 00), (13.14)
that is,
7e5c=1+ﬂ’=1+ﬁ—z. (13.15)

The importance of the result (13.14) is in expressing of the escape exponent Yesc
through the structure parameters a and b that define the process of the escape
from the domain.

Particularly,

e = /O o)t = -

_ o, ﬂ/ é ]-7
T {< o, 31 (13.16)

i.e. mean time of escape is finite for yesc > 2. This conclusion does not contradict
the Kac lemma for Hamiltonian dynamics, and it shows the finite 7. with
VYesc > 2.

But according to the Kac lemma, other results are impossible in Hamiltonian
bounded dynamics, i.e. 3/ < 1 is impossible and the described model cannot be
a model of fractal time in Hamiltonian dynamics. We are very close to the model
of the hierarchical island trap for a scaling, similar to the Bernoulli one, and in
the next section we demonstrate a more general approach.
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13.2 Fractal and multifractal recurrences

For Hamiltonian systems with chaotic dynamics, the motion is not ergodic in
the full phase space and one needs to subtract a (multi-) fractal set of islands
to obtain a domain with ergodic chaotic trajectories. The islands form a sin-
gular part of the phase space. The behaviour of the trajectories near an island
boundary layer was discussed in Chapters 9 and 12. It was shown that for some
values of the control parameter, the set of islands is a fractal object which imposes
a power-wise distribution of different time-dependent characteristics in large time
asymptotics. More specifically, the boundary of the island is sticky, with that of
the sub-islands being more sticky and so forth. Consequently, the fractal space-
time properties of the trajectories should be examined. We encounter a new situ-
ation in which: (i) fractal properties exist simultaneously in space and time; and
(ii) the multiplicity of the sets of resonances that generate islands corresponds
to a multifractal construction of the trajectories rather than to a fractal one.

This section describes the multifractal time and the corresponding spectral
function of dimensions. In general for chaotic dynamics the fractal time cannot be
introduced without a consideration of the space structure. For that reason, space-
time coupling is non-trivial and the same is true of the spectral function of the
fractal dimensions. One needs to extend the methods described in Section 10.4 in
such a way that they permit a consideration of the phase space and time instants
of the events related to a chaotic trajectory as a (multi-) fractal object. As an
event, one can again take the particle trajectory that enters a cell, which is a part
of the annulus in Fig. 12.5, and spends some time there before escaping from
the cell. This process was described in Section 12.3. Also, for some values of the
control parameter K in the standard map and web map, the self-similarities of
the islands’ area and the periods of their last invariant curves were demonstrated
in Section 12.3. However, a more general way of considering the hierarchical
structures is needed.

Using space-time partitioning, which was introduced in Fig. 12.5 and
resembles the Sierpinski carpet (Fig. 10.1), the central square is assumed to
be an island of zero-generation. The island is then surrounded by an annulus
which represents the boundary island layer. It consists of g1 (g1 = 8 in Fig. 12.4)
sub-islands of the first generation (smaller islands in Fig. 12.4). We can partition
the annulus by ¢g; domains in the same manner as in Fig. 12.5 so that each of
them includes exactly one island of the first generation. Each of the first gen-
eration island is then surrounded by an annulus of the second generation. The
process is repeated, after which the segments are squared. On the n-th step, the
structure is described by a ‘word’:

Wn, :w(917927"~7g71)- (1317)
The full number of islands on the n-th step is

N,=g1...9n (13.18)
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and any island from the n-th generation can be labeled as
" =iy iy, i), 1<i;<gn, Yo (13.19)

Let us introduce a time that a particle spends in the boundary layer of an
island. This time,

" = T(u™) (13.20)

carries all information on the n-th generation islands (13.17)-(13.19). By intro-
ducing a residence time for each island boundary layer, a new situation arises,
compared to the plain Sierpinski carpet or a plain fractal situation because of the
non-triviality of space-time coupling. In fact, an additional parameter respons-
ible for the temporal behaviour is attached to a simple geometric construction
similar to the Cantor-set.

A simplified situation corresponds to the exact self-similarity of the
construction described above, that is,

S =5 = xn. 5O (v,
o (13.21)
7" =70 = \p.. 7O | (¥ ),

where Si(") is the area of an island, ugn), Ti(") are introduced in (13.20), and the
sign Vi is related to the same generation. The expressions (13.21) correspond
to equal areas and residence times for all islands of the same generation. Two
scaling parameters, Ag and Ap, represent the existence of the exact self-similarity
in space and time respectively. Such a situation was described in Section 12.2
for the standard map and web map with

As <1,  Ar>1. (13.22)
In addition to (13.22) there is a self-similarity in the islands’ proliferation, that is,
Gn = Ag9o0, Ag > 3V, (13.23)

It follows from (13.18) and (13.23) that
Np = Ajg0o = Ay (13.24)

if it begins with a single island (go = 1). It is useful to introduce a residence
frequency,

1
w™ = — (13.25)
T
with the self-similarity property
(n) (n) _ y—n (0) _ M
w,  =w =AWV = = (13.26)
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for all ¢ of the same generation. Consider the partition which corresponds to
conditions (13.17)—(13.20) with a simplification (13.23), and for which the n-th
level corresponds to that of the islands’ hierarchy. This means that each space bin

has an area Si(n) and a co-joint residence time Ti(n) (both are defined in (13.21))

whose values do not depend on ¢ within the same generation. The elementary

probability of spending time Ti(") in the domain Si(n) can be presented in a simple

form as

P =P i =Cw™S™ 1< <g, Vn (13.27)

11,92,

where C), is a normalization constant. Calling Pi(") an elementary bin-probability
and using (13.21), (13.22) and (13.25), one can rewrite (13.27) as

rM=c, (“)n (V). (13.28)

Having expression (13.28), one can consider different sums and partition
functions. For example, in the sum

AR Z P(") Z (n)Si(n) Cp Z exp[—n(|In Ag| +1In Ap)]
yin 1yeensin U15eensin
= Z exp[—n(|InAg| +InAp) + nF,] =1, (13.29)
i15eensiin

where the ‘free energy’ density
1
Fu=tme, (13.30)
n

is introduced, and the number of terms in (13.29) follows from (13.24). Therefore,
in the limit n — oo, one obtains

lim F, =F =|lnAg|+InApr —InA,. (13.31)

A more precise formulation of the result (13.31) is that the sum in (13.29)
diverges if F,, > F, converges to zero if F, < F, and converges to one if
Fn=F.

In the case when the proliferation of islands does not follow a simple
rule (13.23) and we should consider (13.18), it is necessary to apply the steepest
descent method to (13.29) and consider an equation

d 1 dC,

[InAg| 4+ InAr = I

(13.32)
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It defines an extremum value n* and the corresponding value for free energy F,,«.
The value

n
Fpre = nli_)rrgorllglngk—k [InAg| 4+ InAr = %lnCn* (13.33)
replaces (13.31), and the value n* provides an effective cut-off of the hierarchy
of islands. In this case the infinite number of the islands proliferation effectively
does not exist.

The goal of these manipulations is to describe a method of partitioning and
a way of operating using a corresponding sum, such as Z("), in the case when a
bin of the partition should be defined by its phase space location or volume,
and by the residence time. On the basis of this information, we can introduce
a multifractal spectrum for the recurrence time set.

13.3 Multifractal space-time and its dimension spectrum

It was mentioned already that chaotic dynamical systems with rich sets of
islands have a multifractal rather than fractal space-time structure. This section
introduces a spectral function of dimensions which is analogous to Section 10.4.

Following a method common in statistical mechanics, let us introduce a
partition function in the form of

200 sk = Y (wMsi), (13.34)

11,225-45ln

Here the space-time partitioning probability wfn)Si(") to stay in a cell 4 is similar
to (13.27), and + is a parameter of the bins. Considering a multi-scaling situation,
it is assumed that the real elementary probability of occupying a bin has the same
scaling dependence as (13.27) up to a power of v, and that there are different
values of 7 in the sum. With the exponent ¢, one can consider different moments
of the elementary bin probability. In particular, for ¢ = 0, the sum simply defines
a number of bins. Replace summation by integration in (13.34)

2 O Asia = [ drp)lu™ s @) (13.35)

where we introduce a density of the space-time bins
AN™(7) = dy p(7)[w™ sM)~7). (13.36)

The function f(+) is a spectral function of the space-time dimension-like charac-
teristics, or simply, dimensions. The distribution density p(7) is a slow function
of 7. To be more accurate, it is also assumed that the bin-probability w(™ §(%)
depends on . This is because for different island-sets, the bins have different
structures.
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Consider again a simplified situation when (13.21) and (13.26) are valid. Then
(13.35) is transformed into

209 A Asi g} = / dyp(y) exp{-nyg — F()])(InAs| +InAr)},  (13.37)

where Ag and Ap are slow functions of 7. For n — oo, the standard steepest
descent procedure yields

Z(n){)\T, As;q} ~exp{—nlvq — f(70)](|In Ag| + In Ar)}, (13.38)
where 79 = 70(q, As, Ar) satisfies the equation
q=f"(0)- (13.39)

On the other hand, recall that for ¢ = 0, expression (13.34) defines
ZM{\r, As; 0} as the number of bins. For the one-scale situation, this number
can be derived from (13.24) as A}. In the multifractal case, a power of A7
can be written by introducing a generalized dimension, D,, which was done
in Section 10.4:

Z s, Ariq} ~ A"V ~exp{—nIn), - (¢ — 1)Dg}. (13.40)

The scaling parameter A\, defines a coefficient of the proliferation of space-time
bins and one can therefore consider

Ay = Ag(Ar, As), (13.41)

that is, we consider dynamical systems with only two independent scaling
parameters. This restriction is not important and, if necessary, it can be very
easily lifted.

A comparison of (13.40) and (13.38) gives

(4= 1Dy -1y = [oq — F(30)](n Az + [ In Ag]). (13.42)

In some limit cases, Ay in (13.41) should satisfy the following conditions:
Ay = {'A“ ifAr =1, (13.43)

Then we arrive at the standard situation of one-parametric scaling. For a general
situation Ag, A7, Ag # 1, and (13.42) is rewritten in its final form as

In )\T
In A,

(q—1)Dg = (1 + m)[voq — f(20)], (13.44)
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where the parameter

[ In Ag|
= 13.4
In )\T ( 3 5)
was introduced in (12.35).
It follows from (13.44) that for ¢ = 0,
In /\T
Dy = 1 . . 13.46
0 lnAg( + 1) - f(0) (13.46)

This means that now there is no simple connection between the dimension D,
and the spectral function. The regular formula

Do = f(70) (13.47)

appears only in the case of (13.43) when a multi-fractal structure exists only in
space or in time. For ¢ = 1, the use of (13.39) and (13.44) yields

In )\T
In )\,

Dy =10(1) (1+p), (13.48)

where the value 70(1) = 70(¢ = 1) can be obtained from (13.39):

flwlg=1)) =1

In (13.42), the generalized dimension D, was expressed through the spec-
tral function f(y) (which was the case in Section 10.4). Nevertheless, the
formulas (13.42), (13.44), (13.46), and (13.48) show that a knowledge of the
spectral function is not sufficient to describe a typical dynamical system, and
additional information on the structure of the system in space and time is there-
fore necessary. A simplification can be made in cases where Ay, \g and Ar are
known for some special values of the control parameter.

13.4 Critical exponent for the Poincaré recurrences

This section examines the partitioning introduced in Section 13.2 (see Fig. 12.5)
and recurrences or escapes from the boundary island layer of the n-th generation.
The corresponding ‘number of states’ (13.27) normalized to the unit probability
for a bin to be occupied by a particle, can be written as

zMm = Z _ Z (iz)n (13.49)

(n) (n)
U1 yensln Sz Wy 215--50n

Instead of (13.49), we can consider a more general expression:

1 nl
AQIP- S T 13.
RIOESY ST ilZ v (13.50)

U1yeeylbn 70 yeerln
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and the corresponding ‘grand sum’:
oo
Zn(q) =Y 2" (q), (13.51)
no

where ng is the number that corresponds to the order of a resonance at the
beginning of the ‘word’ in (13.17).
Using (13.24) we obtain the following estimate

Z(q) ~ Zexp{n(qln Ar 4+ |InAg| +1InAg)}. (13.52)

no

The expression can be simplified if A; = Ar, that is, the proliferation coefficient
for the number of islands coincides with the scaling of periods. Hence

Z.(q) ~ Zexp{n[(q + 1D InAr + | InAg|]} (13.53)

ng
This expression is finite if

(|InAg| + In Ar)

Ty = —(1+p). (13.54)

q<qc=—

The result obtained has a remarkable interpretation.
Consider a powerwise probability density for the recurrences

1

Prec(t) ~ ey (8= 00) (13.55)
and the corresponding integral probability
. o0 1
PM(t) = / dt'P(t') ~ P (t — o) (13.56)
t rec

to have recurrence after time larger than ¢.
From another side, we can consider the sum (13.51) as having the same
probability as (13.56) defined on the fractal time support

n 1 .
Ti( ) = oL Vi, n € [ng,0). (13.57)
Wi

Then the permitted power of T; is ¢ < g. < 0. Due to the negative value of ¢,
the time asymptotics for Z,.(q) and ¢t — oo is defined by the Z,.(q.), that is,

Z,(T) ~ (t — o0), (13.58)

Tlacl’
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where ‘i’ and ‘n’ are omitted. If Z,.(T) and PZ!(¢) have the same meanings in
t — oo, then

Yree — 1 = |gc| (13.59)
and, after comparing (13.59) and (13.54), it follows a connection

[In Ag|

=2 =2 .
Vrec T + In Ay

(13.60)

This result was obtained before from a consideration of the hierarchical islands
trap in Section 12.3. In Chapter 16 we will see how this expression appears in the
anomalous transport problem for which p is the so-called transport exponent.
The expression (13.60) provides the connection between recurrence and transport
exponents.

Notes

Note 13.1
For the notion of fractal time in dynamical systems, see Zaslavsky (1984,
1987); Afraimovich (1997); Afraimovich and Zaslavsky (1997); and the review
Zaslavsky (2002b).

Note 13.2
The notion of the Bernoulli scaling was introduced by M. Shlesinger. For more

information on the St Petersburg Paradox and Bernoulli scaling, see Montroll
and Shlesinger (1984).

Problems
13.1 Derive (13.10) from (13.7) and (13.9).
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PART 3
CHAOTIC KINETICS
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14

GENERAL PRINCIPLES OF KINETICS

The first detailed approach to the kinetic description of many particle systems
appeared in the famous works of Boltzmann (1872, 1895, 1898). The main idea
of the derivation of a kinetic equation is to describe a complex system dynamics
using a reduced number of variables. For example, a complete description of a
dynamical system can be done with a Liouville equation:

oF . OF . OF

— +% - —+1I-— =0 14.1
ot U ae T Y (14.1)
where I € RV, 9 € RN, F = F(I,9,t) is the density distribution function in
phase space, and (I,9) satisfy the Hamiltonian equations. There are two typical
reductions of variables:

(i) averaging over fast variables, phase 1, and the corresponding transition
F=FI9,t) — F(1,t) (14.2)
(ii) transition from N-degrees of freedom to one degree of freedom
F(I,t) — F(1,t), I eR. (14.3)

All approaches and methods exploit a randomness of the dynamics in explicit
or implicit form and due to the fact all kinetic equations acquire a remarkable
feature, irreversibility, and they satisfy the so-called H-theorem that also has
been discovered by Boltzmann (Note 14.1).

Dynamical chaos gives rise to a new vision of the basic principles of kinetics.
The main feature of a new wave in kinetic theories is that the random element of
the dynamics can be found directly from the Hamiltonian equation of motion, in
contrast to introducing randomness as an assumption. New models of the kinetic
theory are sometimes very different from the previously known types of kinetic
equations, and this will be the subject of the following chapters (Note 14.2).

14.1 Time scales

All approximate methods of the derivation of kinetics require a differentiation of
time-scales. Here are presented the most typical ones.

The collision time 7o characterizes the duration of a ‘collision’ of a particle
with external object or field. Typically this time shows how long a perturbation

215
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acts on the particle. As a result of this action, there is a change of variables
AI,AY. The value At.oy is the time interval between two adjacent collisions.
A ‘good’ situation is when

Teoll K Atcolly (144)

which means that particle dynamics can be considered as unperturbed, that
is, free, between any two adjacent collisions. The introduction of the notion of
‘collision time’ is meaningful only in the case (14.4). It also permits to introduce
a map

(In+1,9n41) = Tn(Inﬂ?n) (14.5)
or in a more specific form

InJrl = ]n + fl(lny'ﬂn)a

(14.6)
19n+1 =y + wp Ay, + f2(InaTn)7

where f1, fo are some functions related to the perturbation, w,, is frequency, and
At, is a time interval between n-th and (n + 1)-th collisions. For example, in
the standard map

~

fo=fi=Ksind,, At,=const=T, w, = — (14.7)

T
and the condition (14.4) is automatically valid since 7¢on = 0.

As aresult of perturbation, one can expect the occurrence of chaotic dynamics
that has at least two time-scales. The first one is a time 7. of the decay of phase
correlations. In the good mixing or Anosov-type systems it is of the order

Tem — ~ =, (14.8)

where h is KS-entropy and o is a dimensionless Lyapunov exponent. For some
cases of the standard map and K > 1

2T

= — 14.
hK’ (14.9)

Te
that is, less than a time At = T between collisions. The second time, due to
chaos, describes a slow evolution of the action variable I,,. Typically, this time
T4 satisfies the condition

Td > Te (14.10)

and is known as diffusion time.
How these time scales work will be demonstrated using some simple examples,
but our main emphasis is that for typical Hamitonian dynamics the described
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scheme is very insufficient due to the presence of singular zones, dynamical traps,
etc. Just these deviations from regular (or normal) kinetics make it necessary to
extend the class of possible equations to the so-called fractal kinetic equations
(Note 14.3).

14.2 Fokker—Planck—Kolmogorov (FPK) equation

The FPK equation was obtained by Fokker (1914), Smolukhowski (1915),
Einstein (1905), and Planck (1917). Landau (1937) and Kolmogorov (1938)
derived the kinetic equation using a special scheme and conditions that are
important for understanding some basic principles of kinetics (Note 14.4). Let
W(x,t;2',t") be a probability density of having a particle at the position x at
time ¢ if the particle was at the position 2’ at time ¢’ < ¢. A chain equation of
the Markov-type process can be written for W (z, t; 2/, t'):

W(xs, t3;21,t1) = /d$2W($37t3;332,t2)W($2,t2;$1,t1)7 (14.11)

which has a simple meaning that the transition (z1,t1) — (z3,ts) can go through
all possible states (za,1t2).
A typical assumption for W is its time uniformity, i.e.:

Wz, t;2' t') = W(z,2';t —t). (14.12)

Counsider the evolution of W (z,2';t — t') during an infinitesimal time At =
t' —t and use the expansion

OW (z,x0;t)

W (xz,xo;t + At) = W(z, x0;t) + 5

At (14.13)

Equation (14.13) is valid providing the limit:

OW (x, ;1)

lim i{I/V(:n,aco;tJrAt)*W(Dﬂyxo;t)} = ot

At—0 At (14.14)

has a sense. The existence of the limit (14.14) for At — 0 imposes specific
physical constraints that will be discussed in Section 14.4.
Let us now introduce a new notation:

P(x,t) = W(x, zo;t), (14.15)

where the initial coordinate x¢ is omitted. With the help of Eqgs. (14.11)—(14.13),
we can transform (14.14) into:

% = Jim { / dyW (x,y; At)P(y,t) - P(x,t)} . (14.16)
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The first important feature in the derivation of the kinetic equation is the intro-
duction of two distribution functions P(x,t) and W (x,y; At) instead of the one
W (z,t;2',t'). The function P(z,t) will be used for ¢ — oo or, more accurately,
for ¢ which satisfies the condition

t > Teoll, (14.17)

where T¢o)1 is not defined yet. In this situation W (z, zo; t) does not depend on the
initial condition xg and this explains the notation (14.15). Contrary to P(z,t),
W (x,y; At) defines the transition during very short time At — 0. For At = 0 it
should be no transition at all if the velocity is finite, i.e.:

Alimo W(x,y; At) = 0(z — y). (14.18)

Following this restriction we can use the expansion over d-function and its
derivatives (Zaslavsky 1994a; Zaslavsky 1994b), i.e.:

Wz, y; At) = d(z —y) + A(y; At)d' (z — y) + %B(y; A (x —y), (14.19)

where A(y; At) and B(y; At) are some functions. The prime denotes a derivative
with respect to the argument, and we consider the expansion up to the second
order only.

Distribution W (z,y; At) is called transfer probability and it satisfies two
normalization conditions:

/W(:v,y;At)dac =1 (14.20)
and
/W(m,y; At)dy = 1. (14.21)

The coefficients A(xz; At) and B(x; At) have a fairly simple meaning. They can
be expressed as moments of W (x, y; At):

Alys 81) = [ daly — o)W (2.5 80) = (A0))
(14.22)

Bly; At) = / da(y — @)W (z, y; A1) = {(Ay))).

In a similar way, coefficients for the higher orders of the expansion of W (z, y; At)
can be expressed through the higher moments of W.

Integration of (14.19) over x does not provide any additional information due
to (14.20), but integrating over y and using (14.21) gives:

10B(y; At)

A(y; At) = 5 oy

(14.23)
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or applying the notations (14.22),

() = 5 5B (14.24)

Expressions (14.23) and (14.24) were first obtained in Landau (1937) as a result
of the microscopic reversibility, or detailed balance principle. In Landau (1937),
dynamical Hamiltonian equations were used for (14.24), while here we use the
expansion (14.19) and ‘reversible’ normalization (14.21). The final step is an
assumption that we name the following existing limits Kolmogorov conditions:

1
Al E((Am}} = A(z),
: 1 2\\
Jlim = ({(A2)%) = Ba), (14.25)

. 1 may
lim S ((A0)™) =0, (m>2)
It is due to the Kolmogorov conditions that irreversibility appears at the final
equation. Now it is just formal steps. Substituting (14.19), (14.22), and (14.24)
into (14.16) gives

OP(x,t) 1 &

S = - (AP, 1) + 555 (BP(w, 1)) (14.26)

which is the equation derived by Kolmogorov and which is called the Fokker—
Planck-Kolmogorov (FPK) equation. It is a diffusion-type equation and it is
irreversible. After using the relations (14.23) and (14.24) we get the diffusion
equation (14.26) in the final form:

OP(x,t) 10 _0P(x,1)
o 28xD Oz (14.27)

with a diffusion coefficient

- {((Ax)?))
D=B= Al}trgo N (14.28)

Equation (14.27) has a divergent form that corresponds to the conservation
law of the number of particles:

oP 0]

—_— = 14.2
ot ox ( 9)

with the particle flux

J=-DZ_. (14.30)
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In the following section we will see how a similar scheme can be applied to derive
the fractional kinetic equation.

An additional condition follows from (14.24) and notations (14.25) and
(14.28)

_10B(z) 19D

AR =55, =292

(14.31)

which explains a physical meaning of A(x) as a convective part of the particle
flux. This part of the flux and A(x) are zero if D = const (Note 14.5).

14.3 Detailed balance principle

The divergent form (14.27) of the FPK equation is a particular case of (14.26).
This form appears due to some symmetry of the moments that follows from
(14.23) or (14.24). In its turn, (14.23) is a result of the expansion (14.19) with
symmetry conditions (14.20) and (14.21) for the transitional probability. Such
condition of symmetry is known as the detailed balance principle, and its connec-
tion to the divergent form of the kinetic equation was shown by Landau (1937).
Landau also has shown in the same paper a simple way to derive (14.24) based
on the uniformity of the phase distribution.

Let the Hamiltonian of a system be H = H(I,9;t) and let us calculate
a change of action I during a small time interval At up to the terms of the order
(At)2. Tt follows:

AT = I(t+ At) — I(t) = [At + %f(mf

OH 1(00H 0°HOH 0°H OH 9
~ a3 {819(’% a0 ar amma} (A7 (1432
where the Hamiltonian equations
. 0H . OH
[__87?97 9 = VTR (14.33)
have been used and the operator has been applied
d o .0 . 0
—=—+ 1= —. 14.34
i~ ot lar Ve (14.34)
Finally, (14.32) transfers into
_ OH 10 [0H .. s 10, ., 9
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We are interested in the coarse-grained, that is, phase averaged, observables.
The phase averaging means

) i/o i (14.36)

:27r

that is, any expression that can be presented as J-derivative of some function
vanishes after applying (14.36). Thus, up to (At)2,

(AD) = %%«P»(N)Qa (14.37)

((AD)2) = (7)) (At)>.
It follows from (14.15) that

10
201 <
be known as a consequence of the detailed balance principle, that is, that the
probabilities of some transition from a state A to B are the same as for the
transition from B to A. The expression (14.38) is similar to the expression (14.24)
derived directly from the symmetry of definitions (14.22).

Here we have also to comment that in the proposed qualitative derivation of
(14.38) phase averaging that leads to (14.38) is not supported by any microscopic

consideration and the way to do it is fairly lengthy. It is also important to mention
that ((AI)) and (((AI)?)) are of the same order of magnitude.

({AD)) = (AD)?) (14.38)

14.4 Solutions and normal transport

There are numerous sources related to the solutions of the FPK equation (14.27)
for different initial and boundary conditions (see for example Weiss (1994);
Risken (1989)). Our goal here is just to mention a few simple properties of
the FPK equation which are important for the future.

Let us simplify the case considering D = const, z € (—00,0), and the initial
condition for a particle to be at x = 0. Then

2
P(z,t) = (27Dt) "2 exp <—2‘””Dt> , (14.39)

known as a Gaussian distribution. Its odd moments are zero, the second
moment is

(z?) =Dt (14.40)
and the higher moments are

(@*™) = Dput™, (m=1,2,...), (14.41)
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where D,,—1 = D and D,;,~1 can be easily expressed through D but they do not
depend on t. (See Problems 14.1-14.3.) There are two properties that we will
refer to in the following section: all moments of P(x,t) are finite, as a result of
the exponential decay of P for z — oo, and the distribution P(x,t) is invariant
under the renormalization

R(a): 2’ =azx, t' =d*t (14.42)

with arbitrary a, that is, the renormalization group I%(a) is continuous. Evolution
of moments (™) with time will be called transport. Dependence (14.40) and
(14.41) will be called normal transport.

Another type of the distribution function is the so-called moving Gaussian
packet

P(x,t) = (20Dt) "2 exp {—(”322;;)2] (14.43)

with a velocity c. The distribution (14.43) satisfies the equation

op  oP 1_0*P

— — =-D— 14.44

ot Cor T2 an (14.44)
for which the condition (14.23) or (14.31) fails. They can be restored if we
consider the moments ((x — ct)™). It follows from (14.43) that

(x) =ct (14.45)
and
{(z — (x))?) =Dt (14.46)
similarly to (14.40).
14.5 Growth of entropy
Consider the magnitude
Sp = —(In P(z,t)) = 7/00 dxP(x,t)In P(x,t) (14.47)

known as Boltzmann’s entropy, and calculate its time evolution

d In P(x,t)) / dmapxt / dx 1 P(z,t).

Sp=—=A
(14.48)
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The first term in the right-hand side is zero due to the normalization condition

OP(z,t)
/ dx T dt/ dxP(z,t) = 0. (14.49)

The second term in (14.48) can be modified by using (14.27):

/_Z dm%mmx,ﬂ / daln P(x t); {Dapa(x t)}

D OP(z,t)
=—— . 14.
[ty ] o
From the definition (14.28) D > 0. Since P(z,t) > 0 we conclude
dSp d
— = In P(x,t 14.51
% L pn) 20 (1451)

The magnitude Sp defined in (14.47) is called entropy, and the result (14.51)
represents the so-called H-theorem of Boltzmann applied to the FPK equation
(Note 14.6).

The H-theorem is a specific signature of kinetic equations. We can consider
the existence of the property (14.51) as an indication of a ‘normal form’ of the
kinetic equations. At the equilibrium Spg reaches its maximum and Sp=0.

The description of dynamic systems with chaotic trajectories needs more
sophisticated types of kinetics for which the divergent form does not exist and/or
the inequality (14.51) may not be valid. All these topics will be discussed in the
forthcoming chapters (see also Problem 14.4).

14.6 Kolmogorov conditions and conflict with dynamics

A perfect mathematical scheme often has constraints which limit its application
to real phenomena. Constraints related to the Kolmogorov conditions (14.25)
are very important for all problems related to the anomalous transport that
will be discussed in the forthcoming chapter. Consider the limit §¢ — 0 and an
infinitesimal displacement dx along a particle trajectory that corresponds to this
limit. Then dx /5t — v where v is the particle velocity, and the conditions (14.25)
with the notation (14.28) gives

(6z)°
ot

This means that v should be infinite in the limit §¢ — 0, which makes no physical
sense.

Another manifestation of the conflict can be obtained directly from the
solution (14.39) to the FPK equation. This solution satisfies the initial condition

= v25t = D = const. (14.52)

P(z,0) = d(x), (14.53)
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that is, a particle is at the origin at ¢ = 0. For any finite time ¢ solution (14.39)
or (14.43) has non-zero probability of the particle to be at any arbitrary distant
point x, which means the same: the existence of infinite velocities to propagate
from x = 0 to x — oo during an arbitrary small time interval ¢t. A formal accept-
ance of this result appeals to the exponentially small input from the propagation
with infinite velocities. A physical approach to the obstacle in using the FPK
equation is to abandon the limit At — 0 in (14.25), to introduce min At, and to
consider a limit

t
— 00
min At

(14.54)

A more serious question is how to use (14.54) and how the FPK equation can
be applied to real dynamics. Let us demonstrate the answer using the standard
map (5.13) as an example.

As was mentioned in Section 5.2, the map (5.13) corresponds to a period-
ically kicked particle dynamics, that is, min At = 1 in dimensionless variables.
For K > 1 one can consider variable x to be random with almost uniform
distribution in the interval (0,27) (Note 14.7). Then

((sinz)) =0, ({sin®z)) =
K? (14.55)

Apn =pri1 =pny ((Apa) =0, ((Apa)*)) = =

=

where double brackets ({---)) means averaging over x, and one can write the
corresponding FPK equation with respect to the slowly varying momentum p:

OP(p,t) 1 9*P(p,t)

= 51)([{) o (14.56)
with
D(K) = %2 (14.57)
Equation (14.56) provides the normal transport. Particularly
(p?) = %KQt. (14.58)
More sophisticated analysis gives for D(K) an oscillating behaviour
D(K) = K? <; - JQ(K)) (14.59)

with J2(K) as the Bessel function. Due to the presence of the Bessel function,
the diffusion coefficient D(K) oscillates as a function of K. The oscillations
were observed numerically in Chirikov (1979). Their theory is known as the
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Rechester—White diffusion. It keeps the same equation (14.56), and changes only
D(K). (See Rechester and White (1980); Rechester et al. (1981)). More serious
changes to the diffusional equation will be discussed in Chapter 16. Our main
goal here is to show how the described conflict can be eliminated using truncated
distributions.

14.7 Truncated distributions

A general scheme to perform a simulation of the problem of diffusion and trans-
port for given dynamical equations is to select a set of initial points in phase space
{zo,po,t = 0} and let them move until a large time ¢. Then for different time
instants t1,t2,...,t one can collect points into bins located in phase space and
create a distribution function P(z,p,t;) or its projections P(x,t;), P(p,t;). All
these distributions are always truncated by some values Ty ax, and pmax because
velocities of trajectories for all initial conditions are bounded during the finite
time interval (0,¢). For a fairly large ¢ we can split, for example, P(p,t) into two
parts:

P(p7 t) = Pcore(p7 t) + Ptail(p7 t) (1460)

and calculate the corresponding moments

<pm> = <pm>core + <pm>tail~ (1461)

Let us estimate the second term in (14.61).
Assume that p* is the point of splitting of P(p,t) into the core and tail
parts. Then

Pmax
(™ Vet = / dp P P(p,1) < (Puna) " P(p" 1 1). (14.62)
g

For the Gaussian distribution P(p*,t) is exponentially small and we can neglect
(p™)tai1 independently on m. This resolves the paradox with the Kolmogorov
conditions for the solutions of Gaussian type. The situation is different if for
large values of p the distribution function behaves algebraically, that is,

P(p,t) ~ ==, (p — o0). (14.63)

All moments (p™) diverge for m > 6, — 1 and estimate (14.62) should be
replaced by

t
C( ) pm—5p+1 — 00, (pmax — oo) (1464)

<p >tail = m max

Expression (14.64) shows that for the truncated distribution with an algebraic
asymptotics, the time evolution of fairly large moments is defined through the
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largest value of momentum that a particle can obtain during its dynamics. The
result imposes some constraints on how large can m be for the given model with
its 0, and for a selected observation time ¢. Opposite to the Gaussian case, we
can neglect (p"™)core in (14.61).

A similar statement exists for the coordinate distribution function P(x,t) if
its behaviour is algebraic for large = > 0, that is,

c(t
P(x,t) ~ (5), (z — o0). (14.65)
.T x
This consideration will be important when we consider anomalous transport in

Chapter 16.
The distribution defined as

P®(p,t),  0<p< Pmax,

P(p,t) = { 0. Do p (14.66)

will be called truncated distribution, and the corresponding moments will be
called truncated moments. Any kind of simulations of the direct dynamics deal
only with the truncated distributions and moments.

Finally, we arrive at the following important constraints which are necessary
for a realistic analysis of the dynamics:

ot > 6tmin7 (337p) < (-Tmampmax) (1467)

which means the infinitesimal time is bounded from below and the phase space
variables are bounded from above. Other consequences of the truncation can be
found in Ivanov et al. (2001).

Notes

Note 1.1
There exist plenty of books and papers that provide excellent presentations of
the origin and improvement of the contemporary kinetic theory: from the
original works of Boltzmann (1872, 1895, 1898); Ehrenfest and Ehrenfest
(1911); Smolukhowski (1915); and Einstein (1905), to more sophisticated
methods in Kac (1958) and Prigogine (1962). (See also the review and other
references in Liboff (1998)). The transition (14.2) is known as the random
phase approzimation, and the transition (14.3) is known as the one-particle
approximation. For more discussions, see Zaslavsky (1985).

Note 14.2
Using the properties of dynamical equations to derive a kinetic equation was
first performed by Boltzmann (1872, 1895). The theory of chaotic dynamics
was formally involved into kinetic theory by Zaslavsky and Sagdeev (1967)
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(see also in books Zaslavsky (1985); Sagdeev et al. (1988); Dorfman (1999);
and Lichtenberg and Lieberman (1983)).

Note 14.3
For the review of fractional kinetics and the anomalous transport in
Hamiltonian dynamics, see Zaslavsky (2002b).

Note 14.4
For the review of derivation, properties, and applications of the FPK equation,
see Chandrasekhar (1943) and more recently Liboff (1998).

Note 14.5
The way to derive (14.27) is slightly different from what has been used in the
original works of Kolmogorov and Landau, due to the use of expansion (14.19)
over d-function and its derivatives.

Note 14.6
Boltzmann considered the expression

H={nP)=-5<0

which explained the origin of the name of the H-theorem (H in Boltzmann’s
original work should not be confused with the Hamiltonian).

Note 14.7
In fact, in the vicinity of some arbitrary large values of K there are strong
localized deviations from the uniformity. They will be considered in detail
later. These deviations lead to the anomalous transport described by an
equation that significantly differs from the FPK equation.

Problems

More complicated problems are marked by (*).

14.1 Derive the solution (14.39) for (14.27) with D = const, P(z,t = 0) = §(z),
x € (—00, +00).

14.2* Find an expression for the probability P(xq,ty = 0; zo,t) of the first return
to a point z¢ after time ¢ (see Risken (1989)).

14.3 Find a recurrent formula for the higher moments coefficients D,,, in (14.41).

14.4* Consider Sp with the definition of Sp in (14.47), and the distribution
function P(x,t) which satisfies (14.26). Find a condition of the validity of
a monotonic entropy growth.
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LEVY PROCESS, LEVY FLIGHTS, AND WEIERSTRASS
RANDOM WALK

Considering random processes one can model different situations with different
levels of the dependence of events at different time instants, with different levels
of memory and correlation between the events, and so on. This kind of an axio-
matic approach to the kinetics of dynamical systems is hardly acceptable unless
the intrinsic dynamical features will be involved into the random process model
in an explicit way. From the very beginning of the investigation of chaos, there
were observations of an intermittent character of the time behaviour of chaotic
trajectories. It became clear that the models of Gaussian type process and nor-
mal diffusion were not always valid and there were many typical situations when
simplified models of independent or weakly dependent random events must be
abandoned (Note 15.1).

Different careful observations of Hamiltonian systems with chaotic dynam-
ics impose the necessity of extending the tools to explain how the dynamics
should be described and what kind of approximations fit better. The Gaussian
distribution links to the so-called large number law are well-known: the sum of
independent random variables is distributed in the same way as any of them. The
uniqueness of the Gaussian distribution was reconsidered by Lévy (1937) who had
formulated a new approach that can also be applied to distributions with infinite
second moment. There is a nice description of the history of Lévy’s discovery,
as well as its relation to other probabilistic theories and to the St Petersburg
paradox of Daniel Bernoulli in Montroll and Shlesinger (1984). It happened that
the Lévy distribution and Lévy processes had a strong impact on different areas
of scientific analysis including not only the probability theory, but also physics,
economics, financial mathematics, geophysics, dynamical systems, and so on.
Mandelbrot (1982) has indicated numerous applications of the Lévy distributions
and coined a notion of Lévy flights.

It became clear that the ideas related to the Lévy processes can be important
in the analysis of chaotic dynamics after some modification is applied. In this
chapter, brief information about the Lévy processes will be introduced with an
emphasis on which features of the process can be or cannot be used for the
dynamically chaotic trajectories (Note 15.2).

229
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15.1 Lévy distribution

Let P(x) be a normalized distribution of a random variable z, i.e.

/ P(z)dx =1 (15.1)
with a characteristic function

P(q) = /OO dz " P(z). (15.2)

— 0o
Consider two different random variables 1 and x5 and their linear combination
cr3 = c1x1 + Coxa, c,c1,c9 > 0. (15.3)

The law is called stable if all z1, zo, x3 are distributed due to the same function
P(z;). Gaussian distribution

xT

2
Pg(z) = (2m0q) "% exp (-2%) (15.4)

is an example of the stable distribution with a finite second moment
oq = (2% (15.5)

(compare to (14.39)). Another class of solutions was found by Lévy (1937).
Let us write the equation

P($3)dl‘3 = P(x1)P(l‘2)(5 (.Tg — %.’L‘l — %1‘2) dl‘ldxg, (156)

where the condition (15.3) has been used. Following the definition (15.2), one
can write the equation for characteristic function

P(cq) = P(c19)P(c2q) (15.7)
or
In P(cq) = In P(c1q) + In P(caq). (15.8)
Equations (15.7) and (15.8) are functional ones with an evident solution
In P, (cq) = (cq)* = *e~ 31 a)| gl (15.9)

and condition

(il)"‘ n (ﬁ)a 1 (15.10)

Cc c

which consists of an arbitrary parameter «.
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The distribution P, (z) with the characteristic function

Po(q) = exp(—clq|®) (15.11)

is known as Lévy distribution with the Lévy index o. For o = 2 we arrive at the
Gaussian distribution Pg(x). An important condition introduced by Lévy is

O<a<?2 (15.12)
which guarantees positiveness of
P, (z) = /dq " Py (q). (15.13)
The case o =1 is known as Cauchy distribution
c 1
P; = - —-. 15.14
1(2) =~ — e ( )
An important case is the asymptotic of large |z|
1 1
Pa(a) ~ —acl(a) sin% L (0<a<?) (15.15)
(Note 15.3). Tt shows that the moments of P, (z)
oo
(™) :/ dxz™ P, (x) (15.16)
diverge for
m > «, (15.17)

that is, (v2) = oo and that is why the large number law does not work for the
considered situation.

15.2 Lévy process

There are many different ways to introduce the Lévy process, i.e. a time-
dependent process that at an infinitesimal time has the Lévy distribution of the
process variable (Lévy (1937); Gnedenko and Kolmogorov (1959); Feller (1957);
Uchaikin and Zolotarev (1999); Montroll and Shlesinger (1984)). Here we use a
simplified version for the infinitely divisible processes described below.

Consider the transition probability density P(xq,to; zn,tn) that satisfies the
chain equation

P(xo,to;xN,tN) :/dxl---dll?N—1P(170,to;I1,t1)

><P($17t1;l‘2,t2...P(!’,EN,l,thl;LUNJN) (1518)
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and put
tig1—t; = At (V);  tn —to = NAL (15.19)
Assume that the process is uniform in time and space, i.e.
P(xj, tj;xip1,tj41) = P(xj1 — x5t —t;) = Pz — 255 At). (15.20)

Then (15.18) transforms into

where y; = x; —x;-1; § > 1.
By introducing the characteristic functions

Plo) = [y ™ Plya0, G AN, (),
N (15.22)
(V)
Pn(q) = /dy(N) e Py NAL), ™) ="y =yn — yo,
1

we obtain from (15.21)

Px(q) = [P(q)]" (15.23)

(see Problem 15.1). Following the concept of stable distributions and using the

expression (15.7), let us consider P(q) as a function of two parameters a and ¢
that will be defined later. Namely, change the notation

P(q) _>Pa(q; AC); PN(q) _’Poz((ﬂcN)a (1524)

where Ac or ¢y should replace ¢ in (15.11). These equations are consistent if

A
ex = NAc= NAt- Kj = cNAt = ct (15.25)

and (15.23) with notations (15.24) takes the form
P, (q; ct) = exp(—cNAt|g|™) (15.26)

with t = NAt and tg = 0. In the limit At — 0, N — oo, NAt = ¢, and
¢ = Ac/At we arrive to the characteristic function of the Lévy process:

P,(q,t) = exp(—ct|q|®). (15.27)
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The original Lévy process can be written as the inverse Fourier transform
of (15.27)

Py (x,t) = /dq elaz—etlal” (15.28)

with the asymptotics for |x| — oo similar to (15.15)

1 e t
Pa(l',t) ~ ;OLCF(O&) Sln7 . W

(15.29)
From (15.28) we have for the moment of order m (not necessarily integer)
(lz]™) =00, m>a (15.30)
and, since a < 2,

(z?) = 00 (15.31)

for any ¢, in contrary to the Gaussian process.

There are different generalizations of Lévy distributions and Lévy processes
that can be useful in applications. Mainly, they are related to the anisotropy of
the distributions. For example

Pu(q,§,c) = exp {—clq\a[l +ifsigng - tan (%)} a#l; 0<a<?2
(15.32)
with
ct—c”
_ _ + _
f—m7 c=as(cT+c7), (15.33)

where a, is a constant defined by the normalization condition and for @ = 1,
tan(ra/2) should be replaced by (7/2)1In|q| (Note 15.4). Distribution (15.32)
provides the asymptotics

Ci
Pa(m7£,c) ~ W (1534)
Streaming distribution
const

was considered in Montroll and Shlesinger (1984). Another important general-
ization, the so-called Lévy walks (Shlesinger et al. (1987)) will be considered in
Chapter 18.



234 LEVY PROCESSES

15.3 Poincaré recurrences and Feller’s theorems

In this section we describe some results formulated in Feller (1949). They show
a connection between the Lévy processes and Poincaré recurrences. Although
these results are not related directly to dynamical systems, the Poincaré recur-
rences distribution plays an important role in kinetics as we will see in following
chapters. From that point, Feller’s theorems are ‘half-way’ to the dynamics.

Consider a small domain A and recurrences to A. The recurrence time is the
time interval between two subsequent crossings of the boundary of A by a tra-
jectory of the particle on its way out of A. In bounded Hamiltonian dynamics the
sequence of recurrence times {t;} = t1,t2,...,ty,... is infinite for non-periodic
orbits. It is assumed that ¢; are mutually independent and they belong to the
same class of events with all identical probability distribution function

Prec(T) = Prob{ty =7}, (Vk), (15.36)
i.e. independent on k. The integrated probability of recurrences is
B(t) = /0 t AT Pree(T) (15.37)
and
Bs(t) =1~ Pt = [ drPuclr) (15.38)
t

has a meaning of a probability that the recurrence time is >¢, that is, the survival
probability (probability to survive time ¢ in A).

Feller (1949) introduced two additional characteristics of the recurrences
chain: sum of n recurrence times

S,=t1+-+1t, (15.39)

and number of the recurrences N, during time interval (0,t). An evident
connection between them is

Prob{N; > n} = Prob{S, <t}. (15.40)

Due to the Kac lemma the mean recurrence time 7yq. is finite. Then under the
conditions of independence of ¢; and finiteness of Tycc, two following theorems
are valid (Feller (1949)):

1. If 02 < oo then for every fixed £

3 2
Prob{S, — n7ec < n/200€} — ®(£) = (27T)—1/2/ dy exp (_y2> 7

t 1/2 908
Prob{Nt > p— —t ?e/f — ®(¢), (15.41)



LEVY FLIGHTS AND CONFLICT WITH DYNAMICS 235

where
0-8 = <(tk - <tk>)2> = <(tk - Trec)2> (1542)
and the connection from (15.40) has been used
NTree + 1/ 200€ = t. (15.43)

A simple meaning of this theorem is that fluctuations of the recurrence time
from its mean value Ty are distributed due to the Gaussian law.
2. Let ®g(t) in (15.38) has the asymptotics

1
Dg(t) = t—ah(t), 0<a<?2 (15.44)
with
TGO
w5 ()
Then for 1 < a < 2
by

that is, to the Lévy distribution with P, (§) from (15.15) and b; to be obtained
from the equation

1

Dg(by) ~ fi/a

(15.46)
Distribution (15.45) is the only possible non-normal distribution for Ny and
l<a<2.

The last statement of the Feller’s theorem does not leave us any possibility
to escape the Lévy distribution for physical problems since the conditions of the
theorem are fairly broad. We do not put the case 0 < o < 1 since it is forbidden
due to the Kac lemma. Indeed, comparing (11.19), (15.38), and (15.44) we obtain
a =~ — 1 and the condition v > 2 means o > 1.

The presented theorems extend our information about a universality of dis-
tribution of the recurrence time fluctuations as random variables: for a finite
dispersion o2 they are distributed due to the Gaussian law, and for an infin-
ite dispersion due to the Lévy law. Although the Gaussian or Lévy distributions
can sometimes be a good approximation, the chaotic Hamiltonian dynamics show
much more complicated processes.

15.4 Lévy flights and conflict with dynamics

The analysis of Chapters 11-13 shows that the distribution of Poincaré recur-
rences provides fairly detailed information about trajectories in phase space.
In the previous section, a fairly strong statement imposes an alternative kind of
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Fic. 15.1. Two samples of trajectories for the web map: trajectory without
flights (left) for K = 5.001; and trajectory with flights (right) for
K =6.349972.

time behaviour of independent events linked them to either Gaussian or Lévy
type processes. What is the actual type of the process that is related to real
dynamical systems?

Let us first provide a few demonstrations of trajectories of different types.

Figure 15.1 (Zaslavsky and Niyaziv (1997)) shows two different kinds of tra-
jectories for the web map (5.35). They correspond to slightly different values of
the control parameter K.

The qualitative difference is more drastic. On the left figure the traject-
ory makes a more or less uniform random walk in phase space, while on the
right figure the trajectory exhibits ‘flights’ of a length of 103 or more. Similar
quasi-regular pieces exist for the standard map, billiards, etc. These deviations
from the uniform distribution of trajectories in phase space lead to a non-
Gaussian diffusion with power-like asymptotical distribution of the displacements
of trajectories.

Intermittency can be of different kind and, depending on that, different flights
can appear. The example in Fig. 15.2 shows parabolic shape pieces of trajectories
in phase space. They appear near a constant value of acceleration, that is, near
the accelerator mode trajectory.

Another example is related to the ‘Cassini billiard” which is a square table
with the Cassini oval shape of the scatterer inside the square:

(LL'Q +y2)2 _ 202(.’132 _y2) _ (a4 _C4) — O7

where a, ¢ are parameters of the oval.
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Fic. 15.2. Parabolic flights for the standard map K = 6.908745.

In Fig. 15.3 we can see stickiness in phase space (dark strips in part (a)) and
flights in part (b) (Note 15.5). Magnifications of the phase space area near a
sticky island are shown in Fig. 15.4. A sequence of zooms display a sequence of
islands-around-islands 4 — 8 —4 — 8 — - - -. T'wo parameters can characterize the
hierarchical dynamical trap related to the sticky area near the island’s boundary:
ASj-area of an island of k-th generation, Ti-period of the last invariant curve in
an island of k-th generation. All these parameters are presented in Table 15.1.
This also includes the initial two islands (in Fig. 15.3 we show only one of two
central islands).

Table 15.1 also displays the values of proliferation coefficient g for the k-th
generation, and the area

(SSk = qkASk (1547)

of all islands of k-th generation. In accordance with Section 12.2, two scaling
parameters can be introduced in order to describe a self-similarity of the islands’
hierarchy:

\®) _ 95k
s = 3
0Sk—1
. (15.48)
A = =k

Ty1
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F1c. 15.3. One trajectory of the Cassini billiard: (a) Poincaré section in the
phase space (x,cos !'wv,) on the torus; (b) the same trajectory in the
coordinate space (z,y) of the corresponding Lorentz-type gas, i.e. a peri-
odically continued set of scatterers in (z,y) directions; (c) magnification of
the same as in (b) trajectory in (z,y) space. Parameters are a = 4.030952;
c=3.

and the constant value ¢ = ¢ (Yk > 1) means the existence of constant
(approximately) values of scaling parameters

AP —xg, AP =N (vE>1). (15.49)

In the case in Figs. 15.3 and 15.4 for the Cassini billiard we are faced with a new
situation. It has two values of )\59172) and )\gpl 2) which are found in Table 15.1:

AV 7 AP va2
AW ~o0017, AP ~o.21,
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TABLE 15.1 Parameters ASg, T}, of the island’s hierarchy in the sequence

4-8—-4—-8—-.-.
k qk Tk Tk/Tk—l ASk ASk/ASk_l 5Sk 5Sk/55k—1
0 2 1636 - 1.47x 1072 - 2.94 x 1072
1 4 118 7.21 3.96 x 1073 2.69x 1072 3.17x10°2 1.08
2 8 5089 4.31 853 x 1070 2.15x 1073 5.46 x 10~* 0.017
3 4 3910 7.69 4.4 x 1077 5.2 x 1072 1.1x107*  0.21
4 8 15740 4.02 096 x 10719 22x103 20x10"% 0.018

where the mean values are taken and 657/0Sp is skipped since it does not cor-
respond to the set (gg # 8). These values of the scaling parameters can be used
to analyse the Poincaré recurrences distribution function in kinetics which will
be discussed in Chapter 16. In particular, one can expect that there can be more
than one exponent that characterizes different distributions.

There are different observations that the recurrences distribution can be of
the algebraic type (13.54) with qyec > 3 or @ > 2 if we apply the notations of
the Feller’s theorems with a corresponding Lévy index (Note 15.6).

One can expect more different deviations from (15.45) if we recall that the
condition of independency of the recurrence times {t;} in Section 15.2 is a kind of
approximation in dynamical systems with chaos. Typically, there are correlations
between the neighbouring steps of Poincaré maps that are important for kinetics.
Subsequently, there is a possibility of deviations from the Lévy distribution and
Lévy process, and a more general approach is necessary. In other words, Lévy’s
idea of distributions with infinite moments can be valid for a fairly broad set of
cases, but it does not mean that the infiniteness of the moments of distribution
functions imposes the Lévy process. This also means there is a necessity to define
a flight in some general way as to be able to provide a practical use of the notion
in physical and mathematical senses.

In a very qualitative way, we can think about a phase space domain of motion
T" as strongly nonuniform area with small subdomains 6T,

> 0Tk <T, (15.51)
k

such that the finite time positive Lyapunov exponents
max oy < 0, (15.52)

where ¢ is the Lyapunov exponent of the domain I' \ ), 0 I'.. Correspondingly,
a piece of trajectory that passes a domain 6 I'y, will be called a flight. There are
different flights of the same trajectory due to it passing through different subdo-
mains of vanishing Lyapuniov exponent 6y and through the same subdomain
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Fic. 15.4. Anisland and its vicinity for the Cassini billiard with a = 4.030952
and ¢ = 3: (a) Poincaré plot of the initial island taken from Fig. 15.3(a);
(b) magnification of the bottom island from (a); (c) magnification of the
top left island from (b); and (d) magnification of the right island from (c).

at different time instants. A more accurate definition will be given in Chapter 21
through the notion of e-separation of trajectories.

15.5 Weirstrass random walks (WRW)

The Weirstrass random walks (WRW) is perhaps the most appropriate model
to understand simultaneously the origin of flights, their relation to the renor-
malization group equation, and the connection of the dynamics with HIT to the
random processes with Bernoulli scaling. Having been coined by Shlesinger et al.,
the WRW prepares a specific basis to understand the origin of fractional kinetics,
fractal time, etc. (Note 15.7).
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Consider a random walk on a one-dimensional periodic ‘lattice’ with a spacing
equal to one and a probability p; to make a step of the length a;. Then probability
density to make a step of the length /£ is

ij )+ 6(¢ + a;)), (15.53)

if the random walk is symmetric, and

/Oo de P(0) = 1. (15.54)

— 00

The crucial idea of the WRW is to consider only scaling type steps and
corresponding probabilities, that is,

aj=a’, p;=Cp’ (15.55)
with the normalization constant C'
C=1-p. (15.56)
Now P(¢) appears in the form
(oo}
P(0) p)Y_pI[0(t —al) +5(L+a’)]. (15.57)
7=0

Using (15.57), we have for the second moment
(2 = / CP()dl = (1—p) Y (a’p (15.58)
oo =

which diverges if a?p > 1. The characteristic function of P(¢) is
P(k) :/ de e™** p(0) Zp cos(ka?), (15.59)
—00

which is the Weierstrass function and it explains the origin of the name WRW.
The function P(k) satisfies the evident functional equation

P(k) = pP(ka) + (1 — p) cos k. (15.60)
The solution of (15.60) can be presented as a sum

P(k) = Py(k) + P,(k) (15.61)

of regular (holomorphic) P, (k) and singular P, (k) parts. The singular part Ps(k)
satisfies the renormalization equation

Pi(k) =p Ps(ak) (15.62)

and its solution has a singular behaviour at £ = 0.
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The equation (15.60) is similar to the renormalization group equation (RGE)
of the phase transition theory

F(g)=¢""F(¢') + G(g) (15.63)

for free energy F', interaction constant g, renormalized interaction constant
g9 = ¢'(g), regular part G of the free energy, renormalization length ¢, and the
system’s dimension d. Nevertheless, (15.60) is simpler since its original explicit
form (15.59) permits us to find P(k) explicitly.

A qualitative analysis of the expression for P(k) is based on the assumption
that the form of the singular part Ps(k) has the following behaviour near k = 0

Py(k) = |k*Q(Fk) (15.64)

with some exponent p and nonsingular function @Q(k). That is sufficient to con-
clude that 0 < p < 2 since the regular part of (15.59) has only even powers of
k, and that Q(k) should be periodic in In k with a period Ina that follows from
(15.62). After substitution of (15.64) in (15.62) we also obtain

| In p|
— . 15.65
= ( )

Let us recall that the Mellin transform fys(k) of a function f(x) is defined as

fuls) = [ st (15.66)
0
and the corresponding inverse equation is
ct+ioo
f(k) :/ . ds fa(s)k™? (15.67)

(see Oberhettinger (1974)). Application of the Mellin transform to f(k) =
cos(a"k) gives

fu(s) = / dk cos(a"k)k*™ = a_”s/ décos€ - 571, (15.68)
0 0
Substitution of (15.68) into (15.67) and (15.60) gives

- etico s) cos(ms
b1 pr/ L T(s) cos(rs2)

2mi asi|kl|s

200

(15.69)

1 —p/‘:ﬂoO dSF(s)|k|_s cos(ms/2)

271 J oo 1-p/a®
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(see Note 15.7 for references). The numerator has poles at s = 0,—2,..., and
the denominator has poles at

| 9mid 9mid
sj:ﬂj: mij L 2mig

(15.70)

Ina Ina Ina

The final result from (12.69) and (12.70) is obtained by application of the residues
over all poles:

oo

P(k) =14+ [k["Q(k Z

nan

- pa*")’

= n —2minIn [k
Qk) = ﬁ Z I'(sy) cos (%) exp (W)

in full correspondence with (15.64) and (15.61).
The concluding remarks from the obtained result are fairly spectacular:

(i) The random walk model corresponds to the Bernoulli scaling and, at the
same time, the model shows singularity (15.64) and infinite second moment;

(ii) The equation for the characteristic function (15.60) is similar to the
renormalization group equation of the phase transition theory;

(iii) The singular part of the distribution function Q(k) in (15.71) possesses slow
oscillation with respect to In k, but not k. This is the so-called log-periodicity
which will be one of the most important signatures of kinetics in chaotic
systems (Note 15.8).

Notes

Note 15.1
The deviations from the ‘Gaussianity’ were mainly observed in numerical simu-
lations although, from the very beginning, they were attributed to the presence
of islands and cantori (Karney (1983); Chirikov and Shepelyansky (1984);
Beloshapkin and Zaslavsky (1983); Geisel (1984); Ichikawa et al. (1987);
Aizawa et al. (1989); Horita et al. (1990); and Zaslavsky et al. (1991)).

Note 15.2

Important theorems on the Lévy and Lévy-type distributions can be found
in Gnedenko and Kolmogorov (1949); Feller (1949); Zolotarev (1986, 1997);
Uchaikin and Zolotarev (1999); and Uchaikin (2003). Contemporary applica-
tions of the Lévy processes were analysed in Montroll and Shlesinger (1984);
Bouchaud and Georges (1990); Geisel et al. (1987a, 1987b); and Geisel (1995).
For applications to the chaotic dynamics, see Afanasiev et al. (1991); Zaslavsky
(1992, 1994a.,b); and Shlesinger et al. (1993, 1995a).
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Note 15.3
See more on Lévy distribution in Lévy (1937); Feller (1949, 1957); Uchaikin
and Zolotarev (1999).

Note 15.
Different generalizations of the Lévy processes can be found in Uchaikin and
Zolotarev (1999) and Uchaikin (2000). See also some example in Yanovsky
et al. (2000).

Note 15.5
The results of simulation in Figs. 15.3 and 15.4 and in Table 15.1 are from
Zaslavsky and Edelman (1997).

Note 15.6
These observations were obtained by simulation (see, for example, in Zaslavsky
and Niyazov (1997); Zaslavsky et al. (1997); Rakhlin (2000); Leoncini and
Zaslavsky (2002)). Another example, the Sinai billiard (Sinai (1963)) with
infinite horizon, seems to have v = 3 and a > 2 up to a logarithmic factor
that follows from a qualitative analysis and simulations (Bunimovich and
Sinai (1973); Geisel et al. (1987b); Zacherl et al. (1986); Machta (1983);
Machta and Zwanzig (1983); Zaslavsky and Edelman (1997)).

Note 15.7
The first paper on the WRW appeared in Shlesinger et al. (1981). This section
follows the original work and the following publications in Hughes et al. (1981);
Hughes et al. (1982); Shlesinger (1988); and Montroll and Shlesinger (1984).
The connection to the RGE for the free energy was made in Shlesinger and
Hughes (1981). The paper Hughes et al. (1982) showed that in higher dimen-
sions the WRW leads to a lacunary series of spherical Bessel function for the
generating function, which are cosines in the one-dimensional case. For the
discussions of the WRW and dynamics, see Zaslavsky (2002b).

Note 15.8
The log-periodicity of the singular part Ps(k) through the function Q(k) with
respect to k was well known in the RG theory of phase transitions (Niemeijer
and van Leeuwen (1976)) but it did not play such an essential role as it did
in the dynamical systems theory (Benkadda et al. (1999); Zaslavsky (2000a,
2002b)). For other applications of the log-periodicity see Sornette (1998)).

Problems

More complicated problems are marked by (*).

15.1 Prove (15.23) using the chain property (15.21).

15.2* Prove asymptotics (15.34) using the steepest descent method.

15.3 Derive the equation (15.69) replacing summation and integration.
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FRACTIONAL KINETIC EQUATION (FKE)

Any kind of kinetic equation is an approximate way to describe an ensemble
of trajectories or particles, while neglecting some details of dynamics. All this
means that, depending upon the information about the system we would like to
preserve, the type and specific structure of the kinetic equation depends on our
choice of the reduced space of variables and on the level of coarse-graining of
trajectories.

The origin of the fractional kinetic equation (FKE), or simply fractional
kinetics (FK) is two-fold. First, it is based on the existence of singular zones in
phase space that create a set of sticky domains. We can map the dynamics con-
sidering only parts of trajectories in sticky domains and neglecting the parts of
trajectories of their transition from one sticky domain to another one. In such
a way we define a new support of the reduced part of phase space. Second, the
new support based on a set of sticky domains is of a fractal or multifractal struc-
ture, generally speaking, in time and in phase space (or configuration space)
simultaneously. These properties of dynamics require a new approach to kinetics
when the scaling features of the dynamics dominate others and, moreover, do
not have a universal pattern as in the case of Gaussian processes, but instead,
are specified by the phase space topology and the corresponding characteristics
of singular zones.

This chapter consists of a specific approach to the kinetic description of
Hamiltonian chaotic dynamics. The derived equation is called the Fractional
Fokker—Planck-Kolmogorov (FFPK) equation, or simply FKE (Note 16.1).

Some elements of fractional calculus proved to be useful for FFPK and we put
the necessary definitions and useful formulas in Appendices C and D (Note 16.2).

16.1 Derivation of FKE

A derivation of the FFPK consists of two steps: a formal phenomenological
derivation of the equation and an establishment of the relations between the
critical exponents. At the first step we follow a similar scheme as introduced by
Kolmogorov for the FPK equation, with some modification (see Section 14.2).
We use the same notation as in Section 14.2:

Wz, xo;t,t0) = W(x, o3t — to) = W(z,z05t) = P(z,t) (16.1)

245
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for the transition probability (14.11) with time uniformity (14.12), and the
notation (14.15) for a convenience.

Let us start from a general expression for kinetic equations and let AtP(x, t)
be a generalized infinitesimal shift of P(z,t) along ¢ by At. In a ‘regular’ case of
the smooth variable ¢ we have simply

A;P(z,t) = P(z,t + At) — P(x,t) =

A %AH—O(&%’ t>0. (16.2)

In the case of fractal time with fractal exponent 3 we have

99 P(x,t)

APP(z,t) = =25

(AP +Oo((An?)),  0<pB<1, B >p, t>0,
(16.3)

where the fractional derivative of order 5 has been introduced (see its definition
in Appendix C). The explicit form of the shift difference operator Af is given
in Appendix D. The main feature of (16.3) is that in the limit At — 0 the
right-hand side is proportional to (At)? and it shows a singular behaviour.

Let us now introduce an infinitesimal change of P(z,t) due to transitions
from other states P(z’,t) during the same time interval At. Since At — 0, these
transitions are local and they can be performed only from the points 2’ in the
vicinity of x, assuming the absence of infinite velocities. A local structure of
the phase space near a point x can be characterized by the fractal dimension
o, and the corresponding changes AgP(m, t) can be presented in a form similar
to (14.16):

A?P(z,t) = /dy W (x,y; At)P(y,t) — P(z,t) + O((At)’@2)7 B2 > .
(16.4)

Since P(z,t)dx can be interpreted as a number of particles at time ¢ in the
volume dx, the conservation of particles can be expressed as a balance equation

APP(z,t) = A2P(x,t) + O((At)%), B3 = min(f, fa) (16.5)
or
, I . 1 L.
Aly—r}o L APP(z,t) = A1715r_r)10 WAIP(x, t). (16.6)

This expression is a formal representation of the FKE and its development
depends on how the right-hand side will be calculated. Substituting (16.3)
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and (16.4) into (16.6), we obtain

0P P(x,t) . 1 .
W—A%IEOW{/dyW(l‘,y,At)P(y,t)—P(%ﬂ}, 0<p<l

(16.7)

This equation is still exact and no assumption has been done about the properties
of W(x,y; At).

Let us assume now the existence of the expansion, similar to (14.19), in the
limit At — 0:

Wz, y; At) = 6(x — y) + A(y; A6 (z — y) + B(y; At)5) (z — ),
O<a<a; <2) (16.8)

with appropriate fractal dimension characteristics o and «;. Beginning from
(16.8), the approach to the kinetic equation becomes approximate. The approx-
imation is in taking a finite number of terms in (16.8) and, what is more
important, in assuming of the coefficients A(y; At), B(y; At) independent on
P(x,t). Since the transition probability W (z, y; At) represents the local features
of the dynamics (Jx — y| — 0) and P(z,t) represents strongly non-local features
(z,t — 00), a physical nature of the assumption is independence of local trans-
itions from the large time behaviour. At that point it is necessary to mention that
the local-non-local independence hypothesis is the same for the FPK equation in
Section 14.2 and here for the fractal space-time case. But the major difference
is in the way the splitting of local-non-local distribution appears: for the FPK
equation there exists a finite time t* such that for ¢ > t* one can assume an
independence of W(z, y; At) from the distribution P(x,t), and there is no such
t* for fractional kinetic case as it will be clear later.

It is still possible to write the definition of the coefficient B(y; At) through
a moment of W:

((|Az]*)) E/dl‘lﬂf—y\“lw(%y; At) =T(1+ a1)B(y; At), (16.9)

which is similar to (14.22), but the coefficient A(y;t) does not have so simple an
interpretation for the general case unless B =0, or a1 = a + 1.
By integrating (16.8) over y we obtain a relation

0*A(x) 0™ B(x)
—a) o)™

=0, (16.10)
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where
. Az, At)
Alw) = Jim —xpF
. (16.11)
B(x) = lim B(y;At) 1 i ((Az[)

o At—0 (At)ﬁ F(l =+ al) At—0 (At)ﬁ

similar to (14.25). Equation (16.10) is a generalization of (14.23) for the detailed
balance principle. Existence of the limits (16.11) when At — 0 is instead of the
Kolmogorov conditions (16.25). Fractional values of «, a1, and (3 represent a new
type of the fractal properties of coarse-grained dynamics.

An important particular case is a1 = a+ 1, and (16.10) transforms into

o> _0B(@)]
e} {A(a:) o } =0 (16.12)

equivalent to (14.31), up to a constant in the notations, with

__ 1 o (AzeTh)
@) = faray A (2o

_ 1 - ((|Az]*))
A = Faray A T ang

(16.13)

The generalization of the Landau formulas (14.23) and (14.24) is:

o ((Az*)  TA+a) 9 ((JAz[*H))
At — 0 G "Tte B2 B (16.14)

The existence of the limits (16.13) can be considered as a generalized Kolmogorov
condition (compare to (14.25)).
The FKE can be derived from (16.7) rewritten as:

s xT
8%(50 =4 ﬁ {/dy[W(%y;t +At) = oz - y)}P(y,t)} . (16.15)

Using the expansion (16.8) and definitions (16.11), we obtain

8 €T [ aq
o = e AP + g B@P@). (16.16)

This equation will be called the Fractional Fokker—Planck—Kolmogorov equation
(FFPK). It can be simplified in the case a; = a+ 1

o° P e opP
7 = o) (Bax>’ (16.17)

which transfers into regular diffusion equation for « =1 and B = %D.
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Fractional derivatives are well defined in a specified direction (see the
Appendix C), and there is no simple replacement © — —x or t — —t. That is why
a more general operator should be considered for the processes in x € (—o00, 00).
For example, instead of the derivative of order a one can consider:

(@) _ At o~ A~0“

R AT (16.18)

~

For a symmetric case one can use Riesz derivative

dlxl® —  2cos(ma/2)

o° 1 [;; N 6(0‘;)a] L (a1 (16.19)

The corresponding FKE (16.16) takes the form (Saichev and Zaslavsky (1997))

%P oo oo
il P
a7 = o A0 T g

(BP), O0<a<a;<2 (16.20)
In the case when the term with B can be neglected, we have a simplified version
of FKE

P oo
ots Ozl

(AP). (16.21)

In the case f =1, a = 2 it is a normal diffusion equation. For 0 < 8 <1, a = 2

°P

is called the equation of fractional Brownian motion (Mandelbrot and Van Ness
(1968); Montroll and Shlesinger (1984)). For § = 1 and 1 < o < 2 the FKE
corresponds to the Lévy process (see Section 15.2):

oP o
— = = (AP), l<a<?2 16.23
= AP, (<a<?) (16.23)
(Note 16.3).

Parameters (3, a, a; will be called the critical exponents. They are subjected
to be evaluated from the dynamics.

16.2 Conditions for the FKE

Any type of the FKE and its generalization can be considered as an independent
mathematical problem. If we want to stay close to specific applications of the
FKE to dynamical systems, restrictions related to the physical nature and the
origin of the FKE should be imposed. Before considering solutions to the FKE,
let us make a few comments about some constraints. Other conditions will be
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presented later.

(a) Interval condition. We should define interval of consideration in
space-time. Speaking about the space, we have in mind phase space (coordinate-
momentum) and the variable z can represent any or both of them. The infinite
intervals assume a possibility to have infinite moments of P(z,t) while finite
intervals (Zmin, Tmax), (tmin, tmax), that will be called space and time windows,
lead to the finite moments since P(z,t) is integrable.

(b) Positiveness. Solution P(x,t) has the meaning of probability, and it
should be positively defined, i.e.

P(z,t) >0 (16.24)

in the domain of consideration. For the infinite space-time domains
condition (16.24) leads to restrictions on the possible values of critical expo-
nents. Particularly we have the condition 0 < a < 2 for the Lévy processes
(8 =1) or the condition:

0<B<1, 0<a<?2 (16.25)

(Saichev and Zaslavsky (1997)) for (16.21) with A = const. A rigourous consid-
eration of the P(x,t) positiveness for both fractal values of («, 3) does not exist
yet. Examples of the violation of (16.25) will be shown later.

(c) Intermediate asymptotics. It can be that dynamics imposes different
asymptotics for different space-time windows. An example of two different
asymptotics for particles advection in convective flow can be found in (Young
et al. (1989)). Other examples will be indicated later. For such cases it should
be different pairs (¢, ;) for different windows. Particularly, we should mention
a multifractal situation when there are few different singular zones that impose
different critical exponents for the FKE.

(d) Definition of fractional integro-differentiation. This definition is not
unique (Samko et al. (1987)). We use the Riemann-Liouville form (see
Appendix C) while sometimes other definitions may be more convenient. In fact,
the structure of the FKE together with a type of the fractional derivative depends
on the specific physical problem and the corresponding boundary and initial
condition. More accurately, one can say that the distribution P(x,t) is defined
not only by the boundary-initial conditions but also by the type of derivatives
used in FKE. A similar situation exists with Fourier or Laplace transforms. Any
of them can be used if we know how to select a contour of integration in the
complex plane to satisfy the boundary-initial conditions.

16.3 Evolution of moments (transport)
Let P(x,t) be a solution for the FKE. The moments

(|z|°) = /dz |z|° P(z,t) (16.26)
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are the macroscopic observables. Their dependence on time defines the transport,
i.e. the macroscopic evolution of the system.

It is easy to obtain the time-dependence of some moments if A = const
n (16.21). Let us multiply the equation by |z|* and integrate it over 2. Then

9% (|x|*) OP(z,t)
T = A [ dele a| E

[e%

= A/da: P(z,t) 8|8:1:|a |z|* = AT + «), (16.27)

where we use the formulas from the Appendix C. After integrating (16.27) over
t8 (or differentiation with respect to t—?) we obtain

I'l+a) 3

(1) = AR 5

(16.28)

For the case of the self-similarity of the solution for FKE, which we will discuss
more in Section 18.1, one may expect

(Jafy ~ 87/ = 172, (16.29)

where we introduce the transport exponent
p= . (16.30)

The meaning of the transport exponent is very simple: in the case that the second
moment exists, i.e. (x?) < co and it is meaningful, we can write

(x?) ~ tH, (16.31)
that is, for the normal diffusion it should be y = 1. The case

= % >1 (16.32)

will be called superdiffusion, and the case

2
u=2 (16.33)
(0%

will be called subdiffusion.
It will be shown in the next chapter that the moments with é > « diverge.

Nevertheless, there are some constraints on the application of the FKE to real
dynamics, which we discuss in the following section.
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16.4 Conflict with dynamics

Limitations for application of the FKE to dynamical systems can be compared
to the limitations for diffusional process described in Section 14.6. Consider
analogues (16.13) and (16.14) to the Kolmogorov condition (14.25):

(0x)*
(68)°

=v2(6t)* % = A=const,  (dt — 0). (16.34)

At the same time,

a—Bza(l—i)za(l—g)>O (16.35)

since p < 2. This means that in the limit 4¢ — 0 should be v — 00, and we arrive
at the same conflict as in the normal diffusion case, that is, to the existence of
infinite velocity in dynamics, which has no physical sense. A resolution of this
conflict is similar to the case of normal diffusion: there exists dty;, such that for
0t < 0tmin the FKE cannot be applied.

More serious constraints are imposed by the condition of positiveness of
P, s(z,t),1e. 8 <1,0 < a< 2. Some simulations show, as we will see later, the
values of a > 2. A theory of the FKE is not developed yet for g > 1 and o > 2.

We also need to consider truncated distribution function

(tr)
Polz,t) = {P‘W @8, 0<% < Zmax, (16.36)
0, T > Tmax
(compare to (14.66)) and truncated moments
(2™ /dm P (x, 1) (16.37)

in order to avoid infinite velocities in the solutions, forbidden by the dynamics.
All these comments will be necessary when real experimental or simulation data
are compared to the theory. As it follows in the case of self-similarity

(&™) e ~ tTH/2 (16.38)

and all truncated moments are finite, although there is a restriction on the value
of m which depends on t.x (see the discussion in Section 14.7). Particularly

(|2 ~ t* (16.39)

introducing the transport exponent 4 instead of (16.29).
For 8 = 1 we have the Lévy process with = 2/« < 2 since the second and
higher moments (u > 2) diverge. The Lévy condition o < 2 means that

l<p<?2 (16.40)
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or that the permitted values of « are
l<a<?2 (16.41)

and it is not clear from the dynamics why the values of 0 < a < 1 are not
achievable. For the interval (16.40) u > 1, that is, the transport is superdiffusive,
and it is not clear from the dynamics if subdiffusive transport with p < 1 is
forbidden or not. The value p = 2 corresponds to the pure ballistic case. This
will be discussed more later (Note 16.4).

All simulation data in the book will only be truncated moments and truncated
distribution functions, although it will not be indicated explicitly.

16.5 Dynamical origin of critical exponents

In this section we demonstrate two examples of how the critical exponents can
be obtained from the dynamical consideration of a model. More examples and
speculations will be proposed in Chapter 17. These two examples are related to
the web map and standard map (Note 16.5).

First, let us demonstrate the presence of the superdiffusion for the two maps.
Figure 16.1 shows the behaviour of the second moment:

1 1
D= lim —(R?) = lim —(u? +v2)

n—oo N n—oo N

LOG o (D/Dy)

2.00
1.25 4
0.50 4
\J\Mﬂ
—-0.25 -
-1.00 ; ; . .
0 10 20 30 40

K

Fic. 16.1. Diffusion coefficient D from the simulation of the web map vs. K,
normalized over the value Dy = K?/2 that corresponds to the normal
diffusion (so-called quasi-linear approximation).
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for the web map. In the case of a normal diffusion D = const = Dy = K2/2. In
the superdiffusive case

(R?) = (u? + %) ~ tH (16.42)

with g > 1, that is, (R?)/t — oo as t — oo. Sharp peaks in Fig. 16.1 indicate
the phenomenon of superdiffusion near special values of K. The larger t is, the
sharper and higher are the peaks.

A set {KU)} of the special values of K corresponds to the occurrence of
accelerator mode islands of different resonance order (see Section 9.2), and there
are intervals AK where the set of KU) € AK is as dense as rationals. This
property means that the topology of phase space is sensitive to the changes of
control parameter K and, particularly, we arrive to the important conclusion of
the dependence

0= u(K), (16.43)

which is non-analytical (Note 16.6).
A similar example exists for the standard map (Fig. 16.2) for which the
regular diffusion is governed by the equation
OF (p.t) 1 _0*F(p,t)

with D = Dy = K?/2. It follows from (16.44) that
(p*) = Dt, (16.45)
that is, (p?)/Dt = const. In fact, simulations show the superdiffusion
(p?) = const - th», pp > 1 (16.46)

with p, = p,p(K) for some values of K. Figure 16.2 displays the values (p?)/t
that have sharp peaks due to u, > 1. For the normal diffusion 2D/K? = 1. The
larger the time, the larger the peaks. They also appear due to the accelerator
mode islands (Note 16.7):

These two examples show that there should be many different pairs (a, 3) of
critical exponents depending on the value of K. The way to observe the fractional
kinetics can be formulated in the following scheme of assumptions:

(i) The value of the control parameter, say K, would be selected to have t — oo
domination of the only pair («, ) and the corresponding fractal structure
of phase space and flights.

(ii) Having only one scaling for time, say Ar, and for space or phase space,
say Ag, we link

1 1

f— = - 1.4
S =t “ Ty (16.47)
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that is,

B % _ 2ln ),

= . 16.48
« In \p ( )

(ii) The scaling constants Ap, A, can be obtained from any characteristics of
space-time dynamics. For example, Ar can be obtained from the scaling
property of the Poincaré recurrences, or from the scaling of periods of islands-
around-islands, and Ay can be obtained from the scaling parameter Ag of the
areas of islands-around-islands.

Let us show an example for the web map (Zaslavsky and Niyazov (1997)).
Table 16.1 shows parameters of islands for a special value of K = 6.34972 that

corresponds to the islands’ hierearchy and the corresponding HIT 1-8—-8—-8—- - -
(see Section 12.2 and Fig. 12.4). The table is similar to Table 15.1:

3.5 T T U. T - T

2.5r b

FIG. 16.2. Second moment (p?)/t dependence on K for the standard map.

TABLE 16.1 Parameters of self-similarity for the web map with K = 6.349972.

dk Tk Tk/Tk—l ASk ASk/ASk_l 5Sk 5Sk/55k—1

16.4 ... 0.436 . 0.436 .
131.8 8.04 524 x 1073 1.20x 1072 4.19x 1072 0.0961
1049 7.96 5.30 x 107° 1.01 x 1072 3.39 x 10~ 0.0809
8420 8.02 532x 1077 1.00 x 1072 2.72 x 10~* 0.0802

w N = O
o 0 O =
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Here the notations are the same as in Chapter 13, that is, ¢ is a constant of
proliferation of islands

Qn = Ag =const., n>0 (16.49)

and for the considered case A\, = 8;

IS, = @AS, (16.50)
(compare to (15.47)) and
05k
As 550 const < 1,
(16.51)
k
Ar = ~ const > 1.
T T

The values of Ay, Ag are evident from Table 16.1.

When a trajectory sticks near the boundaries of islands that are of the k-th
generation, it rotates almost regularly in narrow annuluses around the islands.
Let ¢ be the full length of the corresponding piece of trajectory, that is, £y is
the length of a flight that corresponds to the stickiness to the islands of the k-th
generation. Self-similarity of flights means

lip1 = Al (16.52)
The particle flux due to the flight of the k-th generation is
N}, = const - £;,d;, = const - €k551/2 (16.53)

where di is a diameter of the k-th generation island. When the particles
(trajectories) switch their flights from being around the islands of k-th gen-
eration to being around the islands of a nearest generation, say k 4+ 1, there
should be preservation of the flux due to the Liouville theorem, that is,

N}, = const - zms,ﬁ” ~ const (16.54)
or
4y 551/2)\]“ %2 ~ const. (16.55)
It follows that
1
Ag

Substitution of (16.56) to (16.48) gives the transport exponent as

|In Ag|
= 1 .
B g (16.57)
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and the corresponding FFPK equation

o°P(¢,1) 0*P(L,1)
= ]. .
517 A 50 (16.58)
for the distribution function P(¢,t) of the flight length ¢ and time. The
corresponding transport equation reads

(4 = const - . (16.59)

The formula (16.57) shows how the dynamical features of trajectories, i.e.
the scaling constant Ag, Ay, define the transport features—the fractal space-
time exponents (a, 3) and the transport exponent p. All these conclusions can
be compared to experiments or to simulations that will be discussed in the
following section.

The final formulas (16.57) or (16.48) can be compared to (13.45) and (13.60)
for the Poincaré recurrences exponent. We have an important connection for the
case when the phase space topology provides a hierarchical set of sticky islands:

|1n)\5| ln)\g
rec = 2 =2 =21 . 16.
o0 + 4 + Ty +ln)\T (16.60)

Performing collection of data we can obtain the exponents (16.47) for the flight
length and their time scaling and calculate the exponent for recurrences Yyec
or the transport exponent p, and vice versa. All these characteristics are now
linked. Particularly for the web map with the data given in Table 16.1, the phase
space with a clear stickiness topology is in Fig. 12.4, a sample of trajectory is
in Fig. 15.1, right, and the value of p from Table 16.1 is g = 1.21, while the
directly obtained value u ~ 1.26 with a good agreement (Note 16.8).

16.6 Principles of simulations

Comparison of any kind of theoretical prediction to the experimental or simula-
tion data for fractal objects is very non-trivial, and here we discuss some major
principles of the simulation performance. The reason for that is a specific kind of
the randomness of trajectories when the Lyapunov exponent is small in singular
zones of the phase space.

(a) Non-universality. It is always desirable in physics to have some universal
constants for the most important phenomena. The only universal behaviour is
the normal, or Gaussian, transport. Anomalous transport is not universal and
the same is true of critical exponents a, 3, and u. Nevertheless, there are classes
of universality which will be discussed later. It is always necessary to select a
value of the control parameter K that defines a type of stickiness, dynamical
trap, or singular zone.

(b) Representativity of the ensemble of initial data. The phase space and
mixing is non-uniform in the case of stickiness of trajectories and presence of
singular zones. To have a correct averaging (---) over trajectories, their initial
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conditions should be taken uniformly at the most uniform part of phase space
to avoid influence of a fine structure of singular zones.

(¢) Non-ergodicity. A specific value of the control parameter K* defines a
type of the singular zone in phase space. We assume that K* is selected in such
a way that the only singular zone dominates the transport. Nevertheless, the
value of K* can be selected only approximately and, due to that, for t > ¢t* some
other singular zones can influence the transport. Since the time of simulation
is bounded from above and there is no finite time of relaxation to the uniform
mixing, a long time of simulation does not provide a good approximation to
the transport exponent, related to K*, i.e. the value p = p(K*). The selection
of large number of initial conditions rather than long time of observation can
improve the situation.

(d) Values of critical exponents. It seems that a pure fractal situation with
accurate values of critical exponents is a fairly rare phenomenon for at least two
reasons: multiplicity of the islands’ topology of phase space and log-periodicity
discussed already in Section 10.6. A correct way is to introduce a spectral
function for the critical exponents similar to the spectral function of multifractals
(see in Zaslavsky (2000b)). Nevertheless, by a convenient choice of K* one can
create a situation close enough to the monofractality.

Notes

Note 16.1

The idea of exploiting fractional calculus and presenting kinetics in a form
of an equation with fractional integro-differentiation is not new. For example,
some variants of FK were used in Mandelbrot and Van Ness (1968) for signals;
Young et al. (1989) for kinetics of advected particles; Hanson et al. (1985)
for kinetics through cantori for the standard map; Nigmatullin (1986) for the
porous media; Douglas et al. (1986, 1987) in macromolecules (see also a review
paper by Douglas (2000)). For more recent publications, see Isichenko (1992)
and Milovanov (2001) for the problem of percolation; Hilfer (1993, 1995a,b)
for evolution and thermodynamics; West and Grigolini (2000) for time series.
The material of this chapter is based on the results in Zaslavsky (1992, 1994a,
1994b), where FKE was derived with fractional derivatives in space and in
time for the dynamics with singularities.

Note 16.2
For details on fractional calculus, see Gelfand and Shilov (1964); Samko et al.
(1987); Miller and Ross (1993); Podlubny (1999); West et al. (2003). Different
review articles and applications are collected in Hilfer (2000).

Note 16.3
There are different forms for the FKE that generalize forms (16.20)—(16.23):
anisotropic equations were considered in Yanovsky et al. (2000);
Meerschaert et al. (2001); equations with directional fractality in Weitzner
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and Zaslavsky (2001); Meerschaert et al. (2001); non-linear fractional equa-
tions (Biler et al. (1998); Barkai (2001); Schertzer et al. (2001)). Some of these
equations will be considered later.

We should mention that the investigation of the type and properties of
the FKE is at its beginning stage and a number of important questions are
not answered yet. Some of these questions will be discussed in the following
sections.

Note 16.4

The conclusion on the absence of subdiffusion in Hamiltonian dynamics occurs
after some assumption of applicability of the Lévy type process and the
Kac lemma. Subdiffusion can appear along some axis while the whole ran-
dom walk corresponds to the superdiffusion. We cannot exclude a possibility
of the ‘absolute’ subdiffusion (in all directions) due to violation of some
specific conditions of the lemma, for example, the absence of non-singular
distributions.

Note 16.5
For the details of simulations, see Zaslavsky et al. (1997); Zaslavsky and
Niyazov (1997); and Benkadda et al. (1997). More data and speculations
around them will be shown later.

Note 16.6
This conjecture was proposed in Chernikov et al. (1990) after considering
advection in a hexagonal variant of the so-called ABC-flow (see Section 23.1).
The dependence of the type p = u(K) was presented from simulation, and its
singular dependence on K was linked to bifurcations and changes of the phase
space topology.

Note 16.7
Peaks in diffusion for the standard map were noted in Ichikawa et al. (1987).
Similar results with more details were also reported in Benkadda et al. (1997)
and Zaslavsky et al. (1997).

Note 16.8
The data are given from Zaslavsky and Niyasov (1997). The directly obtained
value g means calculation of moments (R®*™) with m = 1/2,1,2,....

We discuss them in Chapter 17. There are other simulations for differ-
ent values of control parameters and different problems (Benkadda et al.
(1997); Zaslavsky et al. (1997); White et al. (1998); Carreras et al.
(1999); Carreras et al. (2001); Kuznetsov and Zaslavsky (1998, 2000);
Leoncini et al. (2001); and others).

Problems

More complicated problems are marked by (*).
16.1 Starting from (16.58), calculate the constant in (16.59).
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17

RENORMALIZATION GROUP OF KINETICS (RGK)

In the previous chapters we discussed in detail how the dynamics forms a
specific topology of phase space, which leads to self-similar patterns in time
and phase space. The existence of scaling properties in the space-time behaviour
makes it possible to apply the renormalization group approach which we call
Renormalization Group of Kinetics (RGK).

An important feature of the RGK is the coupling of space-time scalings.
This coupling has a dynamical origin and it imposes the necessity of a deep
understanding of the dynamical singularities in order to find the links between
spatial and temporal behaviour of trajectories (Note 17.1).

17.1 Space-time scalings

In Section 16.1 the kinetic equation was considered as a kind of balance equation
between a change in the number of particles in a unit volume during a small time
interval At, and the corresponding change due to particle dynamics into and out
of the volume. This concept will be continued further in this section in a more
general way.

Let ¢ be a space variable and ¢ be the time variable so that P(¢,t) is a density
distribution along the dynamical trajectories. Consider an infinitesimal change
of P(¢,t) in time, i.e.

S P(0,t) = AP P, 1), (17.1)

where the shift operator A? is defined in (16.3) and in Appendix C. The
corresponding to At infinitesimal change in space is

SeP(C,t) =Y AYP(L,1), (17.2)
AL

where the sum is performed over all possible paths of the displacement A/ in the
phase space during the same time interval At. Fractal properties of the chaotic
trajectories can be applied directly to (17.1) and (17.2)

3

ots’

§P=> %UAEPA’P),
AL

(17.3)

261
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where a, 3 are critical exponents that characterize the fractal structures of space-
time, £ is assumed to be positive (length of a flight), and A’ is a function of ¢
and other phase space variables additional to /.

A typical kinetic equation appears as a balance equation

5P =03,P, (17.4)

where the bar means averaging over all possible paths and additional to /¢
variables. Using a notation

ALl
A= oA (17.5)
= (At)B
we arrive from (17.4) to
o°p o~

i.e. to a simplified version of the FKE (16.23) with £ = |z|.
The RGK can be introduced starting from the dynamics. Let the dynamics
possess the rescaling properties

Ry : Al — NAl, At — ApAt, (17.7)

which one may accept in a broad sense, i.e. the rescaling exists after some aver-
aging or coarse-graining, in restricted time-space domains, etc. (Note 17.2). The
basic feature of the RGK is that the balance equation (17.4) is invariant under
the renormalization transform (17.7), i.e.

RpbP = Ryo,P, (17.8)
which means that
o°p AP 0°
—_— . 1 .
98 /\g 90a (AP) (17.9)

Starting from some minimal values At, A¢, one can apply Ry arbitrary number
n times. This transforms (17.9) into

VAN S

The kinetic equation (17.6) ‘survives’ under the action of Ry if the limit n — oo
has a sense, i.e. if there exists a limit

lim (AZ> =1, (17.11)
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which leads to the fixed point solution

ﬂ In )\4

a  Inhp

=

(17.12)

The equation (17.12) shows an important connection between the exponents
(o, B) and scaling constants (Ag, Ar). This result can be expanded to a more
fundamental property if we consider the moment equation for (17.6), i.e.

(1%) = Dypt? (17.13)
(compare to (16.28)) with
'l +a)
Das = 1y gy (17.14)

Comparing (17.12) to (16.30) we obtain the result that w is the transport
exponent

_ 2ln ),
o IHAT ’

[ (17.15)

which is now expressed through the scaling parameters (Mg, Ar).
The obtained result is consistent with the conjecture (16.47) on the relation-
ship between («, 3) and (Ag, Ar).

17.2 Log-periodicity

The phenomenon of log-periodicity was considered already in Section 10.6.
It occurs as a result of the existence of discrete renormalization. The non-uniform
mixing in phase space leads to some scaling properties for trajectories with fixed
parameters of the scale transform Ag, Az in (17.7). Similar log-periodicity can be
found for the transport properties governed by the FKE.

The existence of FKE is based on the formal existence of the limit

AlimO A'| AL /(At)P = const, (17.16)

which is equivalent to the Kolmogorov condition for the FPK equation

. 5 _
AI%ILlO (A0)2/At = const. (17.17)

The essential difference, in addition to the difference of the exponents, appears
when we impose invariance of the FKE under the RG-transform Ry . Indeed,
the Gaussian distribution is invariant under the transform

Re : AL — ANV2AL At — AAE (17.18)
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with arbitrary value of A. That means that the Gaussian renormalization Reg is
continuous, while the Ry in (17.7) is discrete with fixed values of Ay and Ar.

The FKE (17.6) is linear and a sum of its solutions is also a solution. Partic-
ularly, the fixed-point equation (17.11) has an infinite number of solutions. For
example,

aln)e = 2mik 1 2mik

e Inar 2T g

Br = (k=0,%1,...) (17.19)

satisfies (17.11) and the expression (17.12) gives a particular solution only for
k = 0. Using (17.19), we can rewrite the moment equation (17.13) in the form
of the superposition

oo o/ k) ok
() =" D) = DO {1 +23° <D‘Z‘£> - cos <1n7;T lnt> . (17.20)
k=0 k=1 of

where new coefficients D((lkﬂ) (k > 0) are unknown and typically are small. The
term in brackets is periodic with respect to Int and the period is

Tiog = In A7 (17.21)

Figure 17.1 provides an example of log-periodicity for the web map of the four-
fold symmetry. More examples appear in the forthcoming sections.

For the cases when the initial kinetic equation has a discrete renormalization
invariance in an explicit form the coefficients D((fﬁ) can be explicitly calculated
(Hanson et al. (1985); Montroll and Shlesinger (1984); see also Section 15.5 on
WRW). Another comment is related to the limit At — 0 in (17.16). When the
RG is discrete, there are cut-off values of min A¢ = Afy and min At = Aty, and
all other permitted values of Al, At are greater or much greater of Aly, Atg.
A physical meaning of this was given in Section 12.2. Some other applications of
the log-periodicity can be found in Shlesinger and West (1991).

A few important conclusions follow from the obtained result (17.20):

(a) Until now, knowledge of the transport exponent p did not permit us to
obtain « and 3, but only their ratio (see (17.12)). Observing log-periodicity
and its period (17.21), one can obtain § for some simplified situations as

!
Tiog

B (17.22)

(b) It can happen that the amplitudes Dikﬁ) have a ‘noisy’ character and the
term in brackets of (17.20) vanishes after averaging. Then the only exponent
w defines the transport. In general case there is no monofractality for the
anomalous transport.
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FiG. 17.1. Log-log plots of the even moments Ma,, = (R?™) of the trajectories
displacement R vs. number of iterations (time) N for the web map with
four-fold symmetry where K = 6.25, top, with normal diffusion, and K =
6.349972, bottom, with superdiffusion.

17.3 Duality of the dynamics and the origin of multi-fractality

Power-like behaviour of different distributions and their moments vs. time creates
a very specific physical situation that is worthwhile to discuss separately. We are
often interested in the asymptotics ¢ — oo, but if distributions do not have
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a finite time cut-off, we should go to more and more fine structures of the phase
space. Such property of the dynamics will be called duality, and (&,no) will
be called dual observables if properties of £, — oo (t — o0) are defined by the
invariant local characteristic 79 — 0. As an example, consider the stickiness of
the islands’ boundaries.

Depending on the control parameter of the considered maps, it can happen
that each island is surrounded by a set of ¢; islands of a first generation, and each
island of the first generation is surrounded by ¢- islands of the second generation,
and so on. In this way, a hierarchical set of sticky zones attached to the islands
emerges in phase space. The smaller the sticky island of the n-th generation,
characterized by its area S, the longer the trajectory stays in the boundary
layer and the longer the flight length ¢,,. We will say that the duality property
exists for the magnitudes (¢,.5), which means that the limits

{—o00, §—0 (17.23)

are equivalent and we omit the subscript n. More precisely, for the cases
considered in Chapter 16, it was shown that

052 ~ const, (£ — 00,5 —0). (17.24)

One may also introduce a period T;, of the last invariant curve in an island
of the n-th generation and write down another duality connection

T dual S~/2 dual ¢ (17.25)

but T is not dual to £.

Consider a Poincaré map of a low-dimensional Hamiltonian system with
chaotic dynamics. The points of the map fill the stochastic sea evading islands.
At least this feature of the chaotic dynamics makes the distribution function of
the points of a strongly non-uniform trajectory. Singular domains can be related
to the well-known homoclinic structure (Fig. 17.2) near an unperturbed saddle
point or, to a more complicated structure such as a sticky domain. A common
conjecture is that these structures impose large time-space asymptotics. This
property can be described on the basis of the duality of dynamics.

Considering a homoclinic structure like in Fig. 17.2, we understand that the
presented complexity of the picture is only the first few steps of the iteration pro-
cess, and that the more steps to be performed, the more complicated the pattern
will be and the smaller the meshes. It is very natural to describe a homoclinic
structure by its (multi)-fractal characteristics which can be obtained from the
local properties of the pattern, i.e. sizes of the meshes Az; — 0. We need this
limit in order to calculate fractal dimensions. One may assume that fractal or
multifractal properties of a homoclinic structure strongly depend on the control
parameter, say K, for the web map. But it is not a complete picture and the exist-
ence of a hierarchy of sticky islands brings an additional source of the fractality,
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F1G. 17.2. Sketch of a homoclinic structure endowing the islands’ hierarchy.

which also sensitively depends on the control parameter, and which also is local
as the sizes of islands tend to zero. Just the latter property and its duality
should specify the multifractal feature of fractional kinetics. Unfortunately not
too much is known yet in this direction (Note 17.53).

17.4 Multifractional kinetics

In Section 10.4 we considered a description of multifractal objects using the
spectral function of dimensions. Another very specific multifractal property i.e.
log-periodicity, was described in Section 17.3 for the FKE. In this section we show
how to combine both of the multifractal features in order to provide a more
realistic description of the kinetics and transport.

Let us write a natural generalization of the moment equation (17.13). Assume
for simplicity that for a large time interval taken near a much larger time instant
t, transport is defined by different values of 5 so that (17.6) is

P F(L,t; )
otP

O*F (L, t; B)

= AB) =@

(17.26)

where we assume that 4 does not depend on ¢. The normalization condition is

| [asewress = (17.27)

Lnin

where p(f3) is a weighting function of different values of 3, and £, is a lower
boundary of the flight’s length. The integration over 8 can be replaced by the
summation when the set of  is discrete. Then the moment equation (17.13)
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should be modified as

ey = [~ ar [ asp(e) A @ r ), (17.28)

Lrnin

where we have introduced some power m.
Now let us discretize integration over ¢ using, as a support, the hierarchy of
islands with characteristic scales in time

T8 = N (B)Ts, () > 1 (17.29)
and in length
0 =X2(B)s,  AelB) > 1. (17.30)

Here T3 and {3 are related respectively to the last invariant curve period and
length of a flight for the main island in the island’s hierarchy, and we dro

the superscript (0) in T éo) and K(ﬁo) for simplicity. In the same way, Tﬁ(") and ¢

are related to an island of the n-th generation. Scaling constants Ar(3) and A¢(53)
are intrinsic characteristics of the island’s hierarchical set. The discretized version
of (17.28) means the replacements

e—05, -1 =Y. (17.31)

The second limit in (17.31) defines also a type of asymptotic expression that will
be obtained as a final result below.

The transformation (5.7) influences also p(f). Indeed, following on from
Section 10.4, let us introduce a spectral function of dimensions f(3) as

p(B) = po(Az) P, (17.32)

where Az is a linear size of a small domain of the phase space partititon (see
also Afraimovich and Zaslavsky, 1997). Recalling that the partition is induced
by the island’s hierarchy, we can replace Az — S'/2 or, using the duality (17.24)
and (17.25), we arrive at

p(B) = pot 1D — po(15) =P, (17.33)
The normalization condition (17.27) permits us to replace the integration over

dl in (17.28) by a function C(() which depends insignificantly on 8. Substituting
(17.33) into (17.28) we obtain

(mey = / dBC(B)EmB—1P). (17.34)
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Since t — oo (see (17.31) and (17.29)) we can apply a steepest descent method
and consider a maximum of the function

(3) =mpB — f(B), (17.35)
that is, the point 5 such that
d®(Bs) _ . d*®(Bs)
b, 0, a7 <0, (17.36)
which gives
F(Bs)=m, f"(Bs) > 0. (17.37)

Until now the expressions (17.34)—(17.37) look similar to the known ones from
Section 10.4. Nevertheless, there exists a strong difference from the results of
Section 10.4 when we consider the origin of the problem and the limit ¢ — oo.

The exponents «, 3 appear from a dynamical model as a result of the stick-
iness of trajectories to the island’s hierarchies. As we show in Section 17.2, the
exponent (3 can be complex due to an invariance of the kinetics with respect
to a discrete Renormalization Group Kinetics (RGK). The ‘permitted’ complex
values of {3} are:

2mig

By =0 =0+ 50

(J=0,£1,...), (17.38)

where (3 is a real part of (3;.

Assume that the local multifractal properties of the singular part of phase
space are defined by the only spectral function f(3). For the multifractal
situation we should replace (17.38) by

2mij
ln )\T(ﬂ)

where we replace Ay — Ar(8) in contrary to (17.38). The expression (17.34)
should be replaced by

(mey = Z / dpC;(B)tmhi =B (17.40)

j=—o00

Bi=B+ % (17.39)

where we have replaced C(8) in (17.34) by C;(3) which may be different for
different values of j.

In the limit ¢ — oo we can apply the steepest descent method for integrating
over the parameter (§ in (6.3). Instead of (17.35), we now have the equation

,(8) = mpB; — f(8) =m [5 + 2m®} _ 1), (17.41)
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which is defined on the complex plane. Instead of (17.36), we have the equation
for the extremum point of ®;(/5):

50 = 0 w) (17.42)
or the complex root f of (17.42)
Be = Bs + ifs (17.43)
satisfies the equation
f'(Bs)

" T mijn Al A (B2 (17.44)

where (s, BS are real. Both of the parameters s, Es depend on m, which is typical
for the multifractal theory, and on j, which is a result of the complexification
of the problem. Indeed, (17.44) does not have in general real solutions unless

A7 (Bs) = 0.
To see how the imaginary part in (17.43) influences the transport, assume

that [, is small compared to ;. Then, in the first approximation, we obtain
from (17.44)

m = f'(3,), (17.45)

that is, the equation for the real part of the exponent (s coincides with (17.37).
In the same approximation, expanding f(3,) over small 3,, we have

E _ _27'(.7)‘17“](./(5_3)_
° f//(ﬂs))‘T[ln)‘T(ﬂs)P'

This term grows with j, and the formula (17.46) can be used only for the first
terms in the sum (17.40). Since the sum (17.40) is performed over positive and
negative j, the signs of N.(0s), f”(ﬁzs) are of no importance.

_ Equation (17.44) provides a solution for 3, = f(m, j), Bs = Bs(m, 7), ﬁzs =
Bs(m, 7). For not too large j we may use (17.45) and (17.46), that is,

Bs(m) = [f)7(m) = 8 (m),

By(m,j) = — 2mj N (B (m)) [ (Bs) (17.47)
s(m,J) = F7(BOY(m)Ar[In A (B3O (m))]2”

Result (17.47) shows that the real part of 3 at the extreme point does not depend
on j (for not too large j) and that the imaginary part of 3 is linearly proportional
to j. Both of them are functions of m. Nevertheless, we have to point out that
for large j, terms 3s(m, j) can be fairly large.

(17.46)
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Finally, (17.40) transforms into

(omey Z C;(Bs)tmPis—F(Be), (17.48)

j=—00

where f3; s is the complex solution of (17.44)

o7ij
ﬂj,s = ﬂ +

s m (17.49)

(compare to (17.38)).
When ﬁs < B, we have a simplification

gma ~ mBs— f(ﬁ) {Tr. lnt_ |: >"/T(B5)_ :|}
ZZC )t cos { 2 ]7111)@(&) 1—1—7]0”(&5))@(&)

(17.50)

In the absence of multifractality (8, = B, f(3) = 0) the expression
(17.50) yields the known result up to the moment the multiplier m shows the
self-similarity

s Int
7 2 .
= 3 e (2rime) (17.51)
where we put the transport exponent p = 23/a. Equation (17.51) coincides
with (17.20).
For a general situation described by (17.50), we meet again log-periodicity
with a period

_ln )\T(ﬁ:s) _
L+ (M (B)/ £7(Bs) n Ar(Bs))”

where f3, is a solution for (17.45) and it depends on m (see (17.47)). The larger
m is, the stronger the dependence of the log-periodic oscillations on m will be.

We may assume that the log-periodicity and its intermittent character are
due to the multifractality of the singualar domains of phase space, and it is not
only a property of chaotic dynamical systems, but is also a feature that can
be observed in different turbulent data. Let us mention in this respect, small
‘waving’ observed in particle dispersion in 2D turbulence (Paret and Tabeling
(1997)), and dependence of the waving on the moment number in Boffetta
et al. (2000). To observe the phenomenon of the intermittent log-periodicity in
turbulence, more accurate measurements or simulations are necessary for higher
moments. An important comment is that some averaging procedures can nullify
or reduce the effect of waving. Indeed, until now we consider C;(f5) to be real.

T, = (17.52)
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In fact, C;(3;) is complex and the complex ones will be coefficient C;. Due to
this, a phase shift

Im O
Ag; = tan™ (1;20]) (17.53)
J

should appear in the argument of cosine in (17.49). If the averaging procedure
for data includes also averaging over A¢;, the effect of log-periodicity can disap-
pear. This may happen, for example, when data are collected from topologically
non-equivalent realizations.

Notes

Note 17.1

The renormalization group is a powerful tool to study physical pheno-
mena with scaling properties (see for example Kadanoff (1981, 1993, 2000);
Greene et al. (1981); MacKay (1983); Hentschel and Procaccia (1983);
Jensen et al. (1985)). Initially, the method of the renormalization group proved
to be efficient in field theory and statistical physics and later they were applied
to dynamics and chaos. The Gaussian process can be considered as the first
and trivial example of a possible application of the renormalization group
theory in the kinetics, and crucial achievements were obtained for kinetics
near a phase transition point (Wilson and Kogut (1974); Hohenberg and
Halperin (1977)). Chaotic dynamics near the cantori exhibits scaling proper-
ties and the corresponding kinetic equation was derived by Hanson et al. (1985)
(see also MacKay et al. (1984)). The material of this section follows Zaslavsky
(1984a, 1984b, 2000a) and Benkadda et al. (1999).

Note 17.2

In typical renormalization group theory applied in statistical physics this is
the most difficult part of the computations requiring the use of the diagrams
technique. Here, in dynamics, this part of the work is receiving a special
value of the control parameter K*, for which the property (17.7) is valid,
simultaneously with determination of the scaling constants Ap, Ag, A\¢. We have
partly discussed this issue in Chapters 11 through 13. There will be more
examples later.

Note 17.3
For the islands related to the accelerator and ballistic modes within the
homoclinic structure, see Rom-Kedar and Zaslavsky (1999). For more about
homoclinic structure and its self-similarity, see Rom-Kedar et al. (1990) and
Rom-Kedar (1994).
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FRACTIONAL KINETIC EQUATION: SOLUTIONS AND
MODIFICATIONS

This section presents mainly technical material on how to operate with the
fractional kinetic equation. We provide only some preliminary information
addressing details in special literature (see the book by Podlubny (1999) and ref-
erences therein). There are three different approaches to the solutions of FKE:
series, Fourier—Laplace transform, and separation of variables. We consider a
simplified form of them with respect to some simple models (Note 18.1).

18.1 Solutions to FKE (series)

In this section we consider FKE in the form
6—BP(QJ, t) = iP(w7 t) + S(z,t), (18.1)
otP O|z|>

where S(z,t) is a source. For the source we use the standard form

S(x,t) = 0(x)d(t) (18.2)

or a time distributed point source

S(z,t) = So(t)d(x),

=B o8 . (18.3)
So(t) = =5 E L -1 o(t),

which will be explained later and where

(_ [ >0
10, t <0.

Consider a Fourier transform with respect to x
P(q,t) = / dx ' P(z,t) (18.4)
and similarly for the source (18.4)

S(g,t) = /00 dx "1 S(z,t) = Sy(t). (18.5)

— 00

273
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Equation (18.2) transforms into

B
Pt +ld Pt = Sot),  (t>0) (18.6)

For the case (18.5), the solution for (18.6) can be written in the form

o0 ym
WZ:jO T mﬂ—i— (") = Bo(=lal*t?),  (t>0),  (187)
where
= mz::OiF(mﬂJr ) (18.8)
is the Mittag—LefHler function of order § (see Appendix D).
Using the inverse transform
P(z,t) = /oo dqe "% P(q,t) (18.9)
we can write the solution in the series form
P(z,t) = ﬁ tﬂ% P> (;ﬁza EEZZI B cos {g(ma + 1)} , (18.10)
where
y= tﬂ% (18.11)

and p is the same as in (16.30). The asymptotics of (18.10) are

1 ¥ T(l+a)  7a
Plat) o — e W gy T 18.12
N e R 112

under the condition
|z[? >t (18.13)

The expression (18.12) coincides for 8 = 1 with the Lévy process distribution
P,(z,t) in (15.29). We can conclude from (18.12) that the moments

(z)°)y <oco  f0<d<a<?. (18.14)

The series (18.10) also shows that the solution can be considered in a self-similar
form

n/2 |£L“
Pla,t) =t P(t#m) (18.15)

which we will discuss later. For « = 2, § < 1 all moments (z™) are finite.
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18.2 Solutions to FKE (separation of variables)

This section, having more technical details, provides an important physical
interpretation of the FKE (Saichev and Zaslavsky (1997)).
Consider Laplace in time and Fourier in space transforms of P(x,t):

u):/ dt/ dx e " P 1) (18.16)
0 —00

with the inverse formula

1 c+100 o] )
P(z,t) = %/ du/ dqe" " P(u, q). (18.17)

Application of (18.16) to the FKE (18.1) with the source (18.2) gives

1

Pup(q,u) = W +1a%)

(18.18)

(see Appendix C for integral transforms of fractional derivatives). This result
can be rewritten in the form

Pag(g,u) = /0 ds exp[—s(u” + |g|)] = /0 d5Qo(u, 5 Wala,s)  (18.19)
with
Qs(u,s) = e_suﬁ, Wal(g,s) = e 514", (18.20)

where Qg(u, s) and Wy (g, s) can be interpreted as corresponding Lévy-type char-
acteristic functions with a parameter s, and (18.19) is a separation of variables
formula for the characteristic function P, g(g, ) of the solution.

Let us apply now the inverse transform (18.17) and use the presentation
(18.19):

P, a(z,t) :/ ds Qa(t, s)Wa(z, s) (18.21)
0
with
1 c+1i00 . 1 c+io0o 4
Qﬁ(t’s):%/c N due Qﬁ(u’s):%/c -~ duexp(ut — su”),
(18.22)

Wal(z, s) / dqe "W, (q, s / dq exp(—iqx — s|q|?).

The result (18.21) completes the separation of variables and presents the solution
through a superposition of Lévy processes along x and ¢. A similar presentation
can be developed for the more complicated source (18.3) (see Problem 18.1).
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18.3 Continuous time random walk (CTRW)

This is a probabilistic model. We use the notion ‘probabilistic models’ to under-
line the fact that the main axiomatic approach to the final kinetic equation
is based on a construction of random wandering process rather than on the
construction of a model for dynamic trajectories without a priori probabilistic
elements. The most popular and widely used is the continuous time random
walk (CTRW) model introduced in (Montroll and Weiss (1965)) and developed
in a number of succeeding publications (Weiss (1984); Montroll and Shlesinger
(1984)) (Note 18.2).

CTRW theory operates with two kinds of probabilities related to the random
walk of a particle: the probability density to find a particle at the position x after
executing j steps P;(z), and the probability density to find a particle at z at
time ¢, P(x,t). The corresponding random walk equation assumes independence
of changes at each step together with a uniformity of the probability distributions
of time and distance intervals between consequent steps. Under these conditions
we have for Pj(x)

Pjii(z) = /_DO da'W(x — ") P;(2) (18.23)

with W (z) as a transitional probability, and

Pa,t) = /O dro(t — 10, 7) (18.24)

with ¢(t) as a probability density to stay in the achieved position x for a time ¢,
and Q(z,t) as a probability to find a particle in = at ¢ immediately after a step
has been taken.

The probability ¢(t) can be expressed through the probability density ()
to have an interval ¢ between two consequent steps:

o(t) = /too dt'y(t). (18.25)

Let 1;(t) be the probability density to make the j-th step at a time instant ¢.
Then

Uia(0) = [ dr ot =nvr), i) = 00, (18.26)
The following obvious equation
Qz,t) =) v;(t)Pi(x) (18.27)

j=1
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establishes the connection between discrete steps random walk and continues the
waiting time at different steps.
It is convenient to use Fourier transforms of Pj(z) and W(x):

Pig) = / d €17 Py (z),

@ | .
L. (18.28)
W) = 5 / d W (x),

which for simplicity are written in one-dimensional case. From (18.23) and
(18.28) we obtain

Pi(q) = W(a)Pj-1(q) = [W(q)l (18.29)

with an initial condition Py(q) = 1, that is, the particle is initially at the origin.
Thus, from (18.29)

Py(x) = / T dz e ()] (18.30)
Consider a Laplace transform of 1, (¢), w(t) and Q(x, ):
wytw) = [ drevtu ),
() = /0 T et (), (18.31)
Qz,u) = /OOO dte="Q(x, 1),
Then it follows from (18.26) and (18.31)

Wj(u) = (w1 (u) = [Y(u)). (18.32)
After combining (18.24) and (18.31) with (18.27) we obtain

00 e—iqac
T,u) = dr—————. 18.33
o) = [ i e
Finally, using the connection (18.25) in the form
1—
P(u) = 1= vlw)] (18.34)
u

and applying it and (18.33) to (18.34) we arrive at the solution:

1 1 [t 1 o0 e—iar
Plat) = — — du=[1 — w [ gg—C  __ (18.35
@) =g g | dugli—vlle” [ dip—toss (1839)
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which is known as the Montroll-Weiss equation. The final result has been
expressed through the two basic probabilities: W (z) for the length of a step,
and ¢(t) for the time interval between the consequent steps (Note 18.3).

The main applications of the Montroll-Weiss equation are related to the
limits ¢ — oo, * — oo and corresponding approximations with two transition
probability functions ¥ (u) and W (g) which form a considerable model of the
random walk process. By choosing 1(u) and W (q) one can create a model that
presumably should fit the physical situation. Equation (18.35) is just a formal
presentation of the solutions that can be very different depending on the model
functions W(q) and ¢ (u). Let us rewrite (18.35) in the form

L )] (18.36)

:E[

[1 = (@)W(q)P(g,u)
and consider some cases for 1(u) and W(q). For example we can assume that
1
Y(u) =1+tou, W) =1—1izoq+ §Jq2 (18.37)

considering the limits u — 0, ¢ — 0 equivalent to the limits ¢ — 0o, £ — oo, and
introducing constants tg, 2o, and . Then, up to the higher orders terms, (18.36)
becomes

1
(tou —izoq + 2oq2> P(q,u) = to, (18.38)

which is equivalent to the diffusion equation

OP(z,t) OP(z,t) 1 9*P(x,t)
== - . 1 .
to ot + X9 Oz 20’ 8m2 + tod(l‘)a(t) ( 8 39)
It is also assumed that tg, o # 0.
Consider now the case
W(g)=1-1q%, ¢u)=1- ub, (u,q — 0), (18.40)

where constants are included into the definition of g and u. Substitution of (18.40)
into (18.36) gives

(u” +1q|*) P(g,u) = u”7 Y, (18.41)

where we neglect the product u”|q|®, or

P(q,u) (18.42)



LEVY WALKS AND OTHER GENERALIZATIONS OF CTRW 279

and

1 1 c+ioo ) B—1
P(z,t) = — — du/ dqui (18.43)

2m 2mi Cc—100 —o0o uf + |q‘a'

The last expression can be used to obtain the moments {|z|°). By replacing
the variables we can obtain

(Jz]) = const t7/® = const - t1/2 (18.44)

(Afanasiev et al. (1991)). This result coincides with (16.29) for the FKE. In fact,
it is a consequence of (18.41) that coincides with (18.1) if the source will be taken
in the form (18.3). To prove this, let us use the formulas of the Laplace—Fourier
transforms of the derivatives (see Appendix C):

d (F) N
d|x|ag(x) — —lq|"g(q),
d’ (L)
dtfﬁg(t) - uﬂg(u), (18.45)
d° - () B-1
dt71 — U 5

where (F') and (L) indicate Fourier and Laplace transforms. Applying (18.45)
and (18.3) to (18.41), we arrive at

OPP(z,t)  0°P(x,t) t=~
ot Ol L(1-p5)

o(x), (18.46)

which coincides with the FKE (16.21) when the source is taken in the special
form (18.3) and A = const. This result establishes the connection between the
FKE and CTRW as well as differences since the equations are obtained in differ-
ent approximations and different initial assumptions. For example the equation
(18.36) or (18.35) is fairly general and does not use approximations ¢ — 0, u — 0
while the transition to FKE does. At the same time, in the limit ¢ — 0, u — 0,
(18.35) has a special type of the source (18.3) while the FKE does not specify
the source. In addition, the FKE in the form (18.46) or (18.42) can be valid not
only in the limit ¢ — 0, u — 0 but for fairly small time-space scales as we will
see for dynamical systems.

18.4 Lévy walks and other generalizations of CTRW

There are few generalizations that enhance possible applications of the CTRW
theory: the Lévy walk (Shlesinger et al. (1987)), the relativistic model of CTRW
(Shlesinger et al. (1995b)), multiplicative random walks (Shlesinger and Klafter
(1989)), and others. Here we would like to stop briefly on the Lévy walk which
was introduced in (Shlesinger et al. (1987)) in order to avoid infinite moments
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of the displacement z. In the same scheme of derivation of the CTRW, let us
introduce a probability density 1 (z,t) to make a jump of the length z in a time ¢:

U(x,t) =Pt z)W(x), (18.47)

where W (x) has the same meaning as in (18.23) and ¢ (z|t) is a conditional
probability. It is also possible to write

W(x,t) = Wi(x|t)p(t) (18.48)

with t(¢) the same as in (18.25) and W (x| t) as a conditional probability.
As a simple demonstration, consider an expression

W(t|z) =6 (t - V@) , (18.49)

where V() is a velocity as a function of the displacement x. This form appeared
in Shlesinger and Klafter (1989) to show that for the Kolmogorov scaling V' (z) ~
2/3 and for W (z) ~ |2|**# one can find for the mean square displacement x(t):

1
t37 ﬁ S ga
1 1
(@) = { e/R0-0, S <p< o, (18.50)
1
t > —,
) B> 3

The idea of the Lévy walk is to couple space-time memory by using expressions
(18.47)—(18.49) and to obtain, in this way, the finite second moment of the
displacement at time instant ¢ while the distribution of all possible displacements
W (x) has infinite second moment.

One additional type of generalization of the CTRW can be useful for applica-
tions. This is related to the master equation. It was proposed in Kenkre et al.
(1973) (see also Montroll and Shlesinger (1984)) to write the master equation in
the form

% /OdngSt—T {ZWx—x " t) — P(m)} (18.51)

with an appropriate transition probability W (z) and a delay probability function
ot — 7).

A generalized fractional Kolmogorov—Feller equation was proposed in Saichev
and Zaslavsky (1997):

6 P(a o
a%(ﬁﬁ - / dy W(y)[P(x = y;t) = P(x,1)], (18.52)

— 00
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which is similar to (18.51). The fractional derivative with respect to ¢ is written

in an explicit form, while a fractional derivative with respect to x can appear
from W (y).

18.5 Conflict with dynamics

The CTRW or Montroll-Weiss equations are governed by two arbitrary probabil-
istic functions W(x) and ¢ (t), and there are high resources for applications when
these probabilities appear from known processes. Chaotic dynamics in its con-
temporary stage does not provide information about W(x) and (t) except for
maybe some special solutions. In lieu of this comment, one should be very careful
in applying the CTRW to experimental and simulation data. The best example
is related to the basic assumption for the derivation of the CTRW equation: the
independence of steps in the random walk which definitely is not the case for
the standard map, web map, and all other more complicated models of chaos.
A similar comment can be made for the Lévy walk. The dynamic equations and,
for example, the standard map do not impose the relation of the (18.47)—(18.49)
type and the observations of many other dynamical models show an absence of
the strong coupling of type (18.49) (Note 18.4).

18.6 Subdiffusion and superdiffusion

While the diffusion equation has a fixed form, the form of fractional kinetics
is not prescribed and there exists a possibility of numerous fractional formats
depending on physical situations. For example, numerous variants of kinetics can
appear if we modify the expansions (16.3) and (16.8), or make special selections
of the basic spectral functions ¢ (u), W(q) in (18.35) for the CTRW.

As an example, instead of (18.37) consider

1
b X (18.53)
Wi(q) =1—ixoq+ 50’(]2.
Then P(q,u) satisfies the equation
s L p-1
u” — ixoq + 04 P(q,u) =u (18.54)

or in (z,t) variables

0P P(x,t) n OP(z,t)

82P(x,t)+ t=~
ots R

922 T(1-p)

_ %g Sx);  (0<B<1).

(18.55)
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This equation that corresponds to the fractal Brownian motion (Mandelbrot and
Van Ness (1968)) can be generalized to the three-dimensional random walk:

9P P(r,t) t=F

51 +v-VP(r,t) :DAP(r,t)—i—mé(r), (0<pB<1)

(18.56)

(Compte (1997); Uchaikin (2000); Weitzner and Zaslavsky (2001)).

As it was mentioned in Section 18.1 for the case (18.55), all moments (z™)
are finite. The function ¢ (u) in (18.53) is a characteristics of delays or traps with
a probability density to stay time ¢ before the escape

V() ~ et (18.57)

fose = (1) = /0 "ttt (18.58)

for B < 1, imposing infinite recurrence time. Such a situation should not appear
in Hamiltonian dynamics. At the same time, equation (18.55) provides

(22) = ﬁtﬁ, 0<pB<1) (18.59)

that correspond to the subdiffusion (Saichev and Zaslavsky (1997)). The
Hamiltonian phase space is at least two-dimensional, and the subdiffusion along
one variable and superdiffusion or diffusion along the other one are not forbidden
(Note 18.5).

In FK the second moments (£2) of some physical variable ¢ can be infinite
as they are for the Lévy processes. In a fairly general situation we can use the
expression (16.29)

(J8]) ~ 87> = t1/2, (18.60)

where we replace x by an abstract £. The transport exponent p (see (16.30)) is
defined in a way that p > 1 corresponds to the superdiffusion. This definition
assumes self-similarity or for the truncated moments,

(€ ~ tH (18.61)

(compare to (16.39)). Dynamical systems, even fairly simple at first glance,
display a rich set of different possibilities: the value of u can be very close to
one, but the dynamics can be too far from the Gaussian process, self-similarity
can be valid in some restrictive way and can not be applied for all moments, etc.
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Fic. 18.1. Example of different transport exponents for different directions of
the diffusion for the web map: 4 = 1.25 along the u-direction and pu = 1.50
along the diagonal direction (upper line).

We will meet these examples in the following sections (see also Sections 24.2

and 24.3).
A simplified version of superdiffusion can be introduced directly as (16.23)

or (16.28)

orEt) 0P 1)
5 A A (18.62)
or
(I1€]*) =T + a)At, (18.63)

where we put A = const, § = 1, and replace x by . Expression (18.63) implies
in the case of self-similarity

=251, 18.64
p=- ( )

since a < 2. A similar result comes from (18.12) if we put 5 = 1.
We should comment that the superdiffusion can also exist for g < 1.
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An interesting situation appears in the case when there are few different
directions of diffusion. In Hamiltonian dynamics there are at least two directions:
along the coordinate and along the momentum. In such a case

(|€a ) ~ Doy t”)/2, (18.65)

that is, the transport exponent p depends on the direction of transport, given
by the unit vector e(?). In this way the FK imposes a new type of the anisotropy
which reveals not only in the diffusion constant Do) but also in the transport
exponent, u(e(o)). An example of such anisotropy is given in Fig. 18.1. It follows
from the Kac lemma that at least one direction should be superdiffusive. Gener-
alization of the FK for the anisotropic case can be performed in different ways.

The simplest form is to use the Riesz fractional derivative for the fractional
Laplace operator

(—A)*/2 L k| (18.66)

defined through its Fourier transform. Explicit expression for the fractional
Laplacian is more complicated (see Appendix D). Using expression (18.66) one
can write down the generalized FKE

97 P(r, 1)

T Dap(—A)*2P(r,t). (18.67)

Different asymptotic solutions for (18.67) are given in (Zolotarev et al. (1999);
Weitzner and Zaslavsky (2001)) (Note 18.6).

Notes

Note 18.1
Sections 18.1 and 18.2 follow the paper of Saichev and Zaslavsky (1997). Some
additional material can be found in Weitzner and Zaslavsky (2001, 2003);
Saichev and Woyczynski (1997); Afanasiev et al. (1991); Fogedby (1994);
Meerschaert et al. (2001).

Note 18.2
See also Uchaikin (2000); Metzler and Klafter (2000).

Note 18.3
There are numerous investigations of the Montroll-Weiss equation. See Weiss
(1984); Montroll and Shlesinger (1984); Afanasiev et al. (1991); Metzler and
Klafter (2000); Uchaikin (2000), and references therein.

Note 18.4
See for example Kuznetsov and Zaslavsky (2000) for simulations for advected
particles in the 3-vortex flow.



PROBLEMS 285

Note 18.5
It seems that this type of subdiffusion was observed in Afanasiev et al. (1991);
Schwigel and Krug (1991); Benenti et al. (2001).

Note 18.6
Anisotropic cases of the anomalous transport were also considered in
Chernikov et al. (1990); Petrovichev et al. (1990); Meershaert and Scheffler
(2000); Yanovsky et al. (2000).

Problems

More complicated problems are marked by (*).
18.1* Prove the equation (see (18.3)):
.o

dm 5 L =00,
where 1 = 1(t > 0) or 0(t < 0).
18.2 Using the method of separation of variables (see 18.2) write the final
expression for the solution (18.1) with the source (18.3).
18.3 Derive the expressions (18.50).
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PSEUDOCHAOS

Integrable systems in a compact phase space have a full set of integrals of motion
and simple periodic or quasi-periodic dynamics. Systems with chaotic dynamics
have a positive Lyapunov exponent and uniform mixing in phase space. There
are different ways to fill the gap between integrability and chaoticity. This will
be a theme of discussion in Chapter 22. Here we consider some examples of
systems with zero Lyapunov exponent but, at the same time, with random
dynamics which can be described by a distribution function (physical measure)
that satisfies, under some conditions, a fractional kinetic equation. This type
of systems has, or may have, non-ergodicity and weak mixing in phase space.
We call the corresponding dynamics pseudochaos (Note 19.1).

The interest in these types of systems is three-fold: they are an interesting
mathematical object for a general theory of dynamical systems; they have dif-
ferent interesting applications, and, which may be the most important, they can
be considered as good approximations to study the fine properties of kinetics of
typical chaotic systems possessing stickiness.

19.1 Billiards in polygons

Billiards with a fixed plane table can be considered as a Hamiltonian system
with two degrees of freedom. The table can have polygonal obstacles or slits
inside. A ball is considered as a moving point with unit mass and the collisions
with hard boundaries are ellastic. Such collisions preserve the value of velocity
and rotates the velocity vector (Note 19.2). A rational polygon has m-rational
angles between sides. An irrational billiard is a polygon with at least one angle
that is not m-rational. Examples of polygonal billiards are given in Fig. 19.1. For
some cases billiard trajectories can be considered in the lifted space (periodically
continued in two directions) or semi-lifted space (periodically continued in one
direction). Examples are given in Figs. 19.2 and 19.3. The cases in Fig. 19.2 will
be called generalized Lorentz gas (GLG).

Here are some important properties of polygonal billiards (for details see
a survey in Gutkin, 1996, 2003, and references therein).

Dynamics in a typical polygonal billiard is ergodic in a specific sense.
Omitting details, one can define a ‘space’ of polygons and a subset of those ones
for which typical trajectories are ergodic. The theorem (Kerckhoff et al. (1986))

287
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() (b)

Fic. 19.1. Examples of polygonal billiards.
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F1G. 19.2. Periodically continued billiard tables form a generalized
Lorentz gas (GLG).

claims that the subset of billiards with the following properties is dense in the
corresponding space of polygons:

(1P) The Lyapunov exponent is zero and so is the KS-entropy due to Pesin’s
theorem.
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19.3. Ray propagation in a wave guide can be considered, sometimes, as a

billiard model with a piece-wise periodic non-uniformity.

Fi1G.

(2P)
(3P)

(4P)

19.4. Surfaces with g = 2 (left) and g = 3 (right).

For any rational polygon and any trajectory of a ball where the dynamics
is not mixing, it is probably that the dynamics of a ball is weakly mixing.
After a proper definition (see the next chapters) the dynamics of the
polygonal billiards has a polynomial complexity.

The following property is important for interpretation of some results and
for their applications. Let P be a rational polygon with angles mm,;/n;,
(i=1,...,p) and integers m;,n; are co-prime. The billiard flow is iso-
morphic to the geodesics flow on an oriented invariant surface S with
a topology determined by the only integer g(S‘ ) > 1, which is a topological
genus

1 P
9(8) +35 Z (19.1)
where N is the least common denominator of {n;}. Two examples of sur-

faces are given in Fig. 19.4, and the left one corresponds to the square
billiard with a slit in Fig. 19.1(a).

Applying results of Kozlov (1983, 1996), we can conclude that the billiard
for which g(S’) > 1 is non-integrable. Sometimes they are called pseudointegrable
billiards.

A possible way to study dynamics in billiards is to construct a corresponding
interval exchange transform (Zorich (1997)). Consider a trajectory in the GLG
in Fig. 19.2(a). Trajectories can be written as a map of an interval (slit) into
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or

1 2 3

Fi1Gc. 19.5. Mapping the interval into itself as a way to present the dynamics in
the billiard square-with-slit: (1,2,3) — (3/,2/,1")

/ (b)

Xn+1 1 2 3

Xn

FiG. 19.6. The same mapping as in Fig. 19.5 shows the breaking of the
unit interval into 3 pieces (a) and their permutation (b). The signature
(@, 1, x}) is omitted.

itself. Let 2% € (0,1) be a coordinate on the bar (slit) where a trajectory hit
the bar and ‘+’ is for its upper side and ‘-’ is for its lower side. Figure 19.5
shows a transform of intervals from ;) to x,,,. Another presentation of the
same transform is in Fig. 19.6 where we omit the signatures.

As it is seen from Fig. 19.6, each step of the map TE) or TF) consists of
adding two breaking points and permutation of the corresponding 3 sub-intervals.

Let ¢;(n) be the j-th sub-interval of the initial interval L. Then at the n-th step

L(n) = U7 5(n). (19.2)
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There are no gaps between ¢;(n) and no overlapping of ¢;(n). Let us submit each
sub-interval by its signature s;(n). Then the dynamics can be written as in the
transform

{L5(n+1), s (n+ D} = TE {4 (n), 5;(n) 1327 (19.3)

An important part is missed in (19.3). From Fig. 19.5 we see that different
sub-intervals have different lengths and times between two consequent steps of
the transform. To have a correct description of trajectories, their ensembles, and
kinetics, each sub-interval £;(n) should be assigned by an additional equation
that maps the time intervals At;(n). This makes the problem of dynamics of
balls in billiards different from the interval exchange transforms.

19.2 Continued fractions and scalings of trajectories

In this and the following section we consider the square-with-slit billiard
(Fig. 19.1(a)) and its double periodic continuation (GLG in Fig. 19.2(a)) on the
(z,y)-plane. Let ¥ be a pitch angle of a trajectory. Rational/irrational trajector-
ies have corresponding rational /irrational tan . Elementary rational trajectories
are periodic in a square, and irrational ones are aperiodic. Since there is no
change of velocity along x, the coordinate z in infinite space (GLG) is pro-
portional to time ¢. The diffusion process can appear only along y. A sample
of irrational trajectory is given in Fig. 19.7. It shows almost the same pieces
repeating in different scales. This sample represents qualitatively the presence of
self-similarity of irrational trajectories in space-time (Note 19.3).

To make a statistical type prediction it is necessary to construct an ensemble
of initial conditions and to consider a distribution function of the observables
and the moments as functions of time. The main focus will be on the density
function F(y,t) of displacements y(t) and on the distribution of the recurrences
P(t) with the normalization conditions

| Fwna=1
- (19.4)

/ P(y,t)dy = 1.
0

As an ensemble, it is possible to select a large number of initial conditions
{ﬁéz),yo} with different values of {1981)} in a small interval A¥: 19((;) € (99,90 +
AY). The motivation for such a construction is the following: it seems that for
the considered system with the Lyapunov exponent oy = 0 the limit for time
average observables does not exist. For example:

1 /7
g= lim gr = lim —/ y(t)dt (19.5)
0

T—o0 T—o0
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Fic. 19.7. A sample of irrational trajectory presented in different space-time
scales.

does not exist and due to that the ergodic theorem fails. We discuss this more
in Chapter 22. In Fig. 19.8 we show four examples of g with very large values
of T = 10''. Either the limit does not exist or it can only be achieved in a
non-realistic time. This leads us to consider only ensemble-averaged observables.
For any observable g(x,y) we define

< Zg CCO 7y0 77‘9(2)) y(wé)7y0),19(z))),
o8 £ 0 (Viks i £ k) (19.6)

i.e. the ensemble of initial coordinates must include a large number N of different
angles 198’). The meaning of the last condition will be clear soon.
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Fi1Gc. 19.8. Four examples of time-averaged coordinates of displacement
along y vs. time for the square-with-slit billiard.

Let us recall that continued fraction £ € (0,1) can be presented in the form
E=1/(ar +1/(az+...)) = [a1,a2,...] (19.7)

(Note 19.4). For example, tan ¥ can be presented as
tand = ag + [a1, a2, .. ). (19.8)

The sequence [a1,as,...] is infinite if ¢ is irrational. A finite convergent,
or approximate, of £ can be written in the form

_Pn

. (19.9)

&n = ar, ..., an]
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with co-prime p,,, ¢, and with recurrent equations

Pk = QkPk—1 + Dk—2,
qr = arqQir—1 + qi—2, k=1,2,... (19.10)

and po =0,p_1 =1, =1,q-1 =0.
There are two important results that will be used: the first is related to the
sequence {a;},

1 Ink/In2
lim (ay .. W)Y = H < Ea 2k) =2685... (19.11)

and the second one is related to the sequence {g;},

n—oo

lim (= n(gn) T 2= 1186 (19.12)
n qn =1 = 1. .

Equations (19.11) and (19.12) indicate the existence of scalings,

Hak ~ Agga(n)a (TL - OO)
1 (19.13)

n ™ )‘qu(n)7 (7’L - OO),

where A,, A, are two scaling parameters, and gq(n), g4(n) are sub-exponentially
varying functions such that

lim 1 Ing, 4(n) =0. (19.14)
n—oo N,

The result (19.13) for ¢, has an immediate application for the dynamics
of a particle in the considered billiard. Indeed, rational trajectory is periodic,
as was mentioned before. Moreover, if tan¥ = p/q with co-prime (p,q), then
trajectories are periodic along the coordinate x with the period T' = ¢. Taking
an ensemble of initial values {#§’} with irrational tan 9§ and considering them
as an ensemble of rational approximants of pU )/ ¢, we arrive at an ensemble
of trajectories with different periods T) as first approximations. That means
that the ensemble of irrational trajectories should display different quasi-periodic
segments with periods that scale in the same way as ¢, for large n, i.e.

T, ~ Npgr(n) (19.15)

with sub-exponential dependence of gr(n) and Ar as a scaling parameter,
2
InAr=In)\,= —— =1.186... 19.1
nAr =Indg = oo 86 (19.16)

as it follows from (19.12) and (19.13).
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As an example, we provide the numerical data in Fig. 19.9 for the first
19 points of ¢, with n € (1,19) obtained with the quadruple precision for the
value tand = 4.153087. ... A plot of their values in Fig. 19.9 gives

In\, = 1.17 +0.08 (19.17)

in good agreement with (19.16). The quasi-periods T, correspond to those that
can be obtained from the denominators q,.

It is remarkable that the universal constant (19.12) linked to the properties
of continued fractions enters as a universal feature of the quasi-periods of the
weak-mixing billiard trajectories. We show in the following how the value of
In A appears in the kinetics.

Let us call a quasi-periodic segment of a trajectory a ‘flight’. The expression
(19.16) shows a time scaling of flights and hierarchical structures of different
flights in time. Corresponding hierarchical structures should exist for the lengths
¢, of the flights along y. Nevertheless, there is an ambiguity of the flight lengths
¢, since trajectories can have different coordinate oscillations for the same time
duration of flights. To find a corresponding scaling parameter \,, we assume that

In Ay = In Agen, (19.18)

where Agen means a scaling parameter of different possible denominators of the
rational convergent of £, obtained at the same hierarchical level along a traject-
ory, and the bar means averaging over such possibilities. For example, at the

12

10f

O 1 1 1
0 5 10 15 20

Fi1c. 19.9. Values of the denominators g, of the n-th approximations for tanJ =
4.153087 .. ..
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hierarchical level n, &, has g, as the minimal denominator and a; ...a, as the
maximal denominator since

(a1 ...an)"™ > (gu)¥/™, n — oo. (19.19)
Applying (19.11) and (19.13) we obtain
min Agen = Ay, mMax Aden = Aq. (19.20)

The simplest estimate is

InAy =InAgen = z(InAp +1nA,) ~ 1.087.... (19.21)

1
2
The obtained information can be applied to construct the kinetic evolution of
an ensemble of trajectories.

19.3 Fractional kinetics of irrational trajectories

Let us recall that a simplified version of the FKE can be written in the form

O F(y,t) _0“F(yt)
55 =D T (19.22)

where we assume a symmetry with respect y — —y, D is a diffusion constant, and
(a, B) would be obtained from the dynamics. This equation suggests a solution
in the form

F(lyl.t) ~ t 7Ry (155//'2) (19.23)
with
H= % (19.24)
and the moment
(ly|*) = const - ¢” (19.25)

(see Section 18.1).
In the case of self-similarity for the truncated distribution function, we can
write

(Jy[*™)4 = const - (™) (19.26)

with

p(l)y=—=p. (19.27)
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And in the multi-exponent 3 case
(yly = > Cpt™ (19.28)
k=—oc0

with coefficients C}, that should be defined by initial and boundary conditions
(see Section 17.4).

In the considered case the self-similarity of the dynamics is defined by
invariance under renormalization transform

R:t—Apt, y— Ayy (19.29)

with values of InAp and In), from (19.16) and (19.21). From the fix-point
condition (17.11)

)\(Jt
lim (Z) =1 (19.30)
n— 00 )‘T

and o = const we have a solution for 3:

1 2mik
Br = §QM + 7111)@, (k=0,1,2,...) (19.31)
and (19.28) can be rewritten as
e Int
ay2/e — 1N "Dy cos | 2mk—— 19.32
(o171 = o 3D (2mk s+ (19.32)
with
2In Ay
= 19.
" In A (19.33)

and new coefficients Dy, and phases 1, instead of C, (compare to (17.20)). We can
substitute the value of Ar from (19.16) and A, from (19.17) into (19.33) and get

p=18. (19.34)

The new expression (19.32) shows modulated self-similarity with log-periodicity
and a period

Tiog = In Ap. (19.35)

All these results can be compared with simulations (see Note 19.3). In
Fig. 19.10 there is a plot of the tails of non-normalized distribution function
N(|y|,t) = const - F(|y|,t), taken in different time instants. It has a power
law dependence and self-similar shift in time. The transport exponent p can be
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F1c. 19.10. Non-normalized distribution function (number of events N) vs. ver-
tical displacement |y| for three different time instants (the bar length 0.59;
the square side is 1; 68 x 48 trajectories near the ¥ = tan—' 4.153087...).

obtained with fairly high accuracy from Fig. 19.11. It gives g = 1.76 + 0.10 in
a good agreement with the theoretical value (19.34).

Consideration of log-periodicity needs a more delicate approach since Dy, and
¥y, in (19.32) are unknown and the phases 1, can be, in general, random to some
extent. Consider a spectral function

U(r) = /jo drVU(7) exp(2mirr) (19.36)
with

U(7) =(Jy|) —const - t, T =logyyt. (19.37)

Then the ‘width’ of the spectral power |¥(r)|? is defined as

(19.38)

which gives rpax ~ 2 in decimal base of (19.16). Figure 19.12 displays just the
same value.
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F1G. 19.11. Truncated moments vs. time for the same conditions as in
Fig. 19.10.
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F1G. 19.12. Log-periodic oscillations of the moment (y) in (19.25) and their
Fourier spectrum power in (b). The result is obtained after simulation of
51,200 trajectories.
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Distribution of the Poincaré recurrences Pa(t) can be considered for traject-
ories in a unit cell, i.e. in a square-with-slit, and for a similar ensemble of initial
conditions as was defined to study diffusion. An interval A on the slit can be
taken as a domain to return. Simulations show that, independently on A and on
the geometry of the billiard (the length of the slit), the distribution is

P(t) = C(;Ift (19.39)
with
N =275+0.1 (19.40)
(see Fig. 19.13).
The result (19.40) can be written as
y=pu+1 (19.41)

and interpreted qualitatively in the following way.

Consider a domain A in phase space with a phase volume T'g and let
the domain A be filled with particles that escape from A after some time.
Hamiltonian dynamics preserves the phase volume T’y but the enveloped (coarse-
grained) volume I'; grows with time, increasing the number of possible states

-2t

-10;

—12 : ' .
25 3 35 4 45 5 55 6

Iog10 t

Fi1G. 19.13. Distribution of Poincaré recurrences for 576 trajectories with
time 107.
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that can be occupied by particles from I'y. Let ¢y be a characteristic time during
which a particle from I'; returns for the first time to A. Typically, tg = (¢)rec,
i.e. mean recurrence time. We consider ¢ > ty. For simplicity, let us take such
t that ¢/ty = ns. Then the normalized effective volume occupied by particles
(trajectories) with first return to A is

- () (8)

Expression (19.42) is the normalized phase space volume of a cylinder of the
length ¢t and base ‘area’ I';. An integrated probability of a particle with first
return at time ¢ after the exit from A at time ¢t = 0 is

Ty B Toto

P (t) ~ = .
t( ) ntft tFt

(19.43)

The next step is the estimation of I'; for a two-dimensional phase space,

2

Ty ~ ypy ~ y? (19.44)
and we arrive at
t
Puc(t) ~ 5. (19.45)
Y

Let us replace y* — (y?)i, ~ t* and compare (19.45) to (19.39). Then (19.45)
Py ~ t=* while from (19.39) P ~ t~7T1. This gives (19.41). For the case of
self-similar islands hierarchy we have (see Section 16.5):

1
I[P ~Tg~ Sy~ r (19.46)

where I'g is the phase volume of a corresponding island with area S;. The
smaller the island, the larger the trapping time to the sticky border of the island.
Substitution of (19.46) to (19.43) and comparison to (19.39) gives

v=p+ 2, (19.47)



302 PSEUDOCHAOS

where we use
({t?) o ~ tH (19.48)

for the truncated second moment of the flight length (Note 19.5).

All presented results for a square-with-slit billiard can be applied to the
square-in-square billiard in Figs. 19.1(b) and 19.2(b) due to the symmetry of
the dynamics. Data of simulations in Fig. 19.14 confirm this statement in full,
particularly obtained for v & 2.7 and for g =~ 1.7. In Fig. 19.14(c) we show the
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F1a. 19.14. Statistical properties of the square-in-square billiard: (a) density
distribution function of the recurrences P(t); (b) moments of 2 (full lines)
and y (dash lines) for m = 1,2, 3,4 starting from the bottom; (c) fluctu-
ations of the second moment of z vs. time; and (d) their Fourier spectrum.
The data are obtained for 4,048 trajectories during the time 108 for each.
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amplitudes of the 2d moment log-periodic oscillations
A(z?) = (x?)4; — const - tH (19.49)
and its Fourier transform is

W(k,) = / dt 27T A(22), T = logyg t (19.50)

(compare to (19.36) and (19.37)). Figure 19.14(d) displays the power spectrum
of oscillations and its cut at k, ~ 2.

19.4 More examples of pseudochaos

In this section we provide three examples of pseudochaotic dynamics based on
simulations (Note 19.6). In spite of the lack of a theory for these examples, all
of them have a good scientific or applied reason to warrant the attention.

19.4.1 Rhombic billiard

This type of billiard is shown in Fig. 19.1(c),(d), and Fig. 19.3 (Note 19.7). In the
following examples below we consider only irrational rhombuses.

In Fig. 19.15 we present a sample trajectory which shows trappings and very
slow escape from the trapping domains. This feature of the trajectories can be
especially well observed from the Poincaré section: each point corresponds to a
trajectory crossing of the interval ¢: y = 1, « € (0,1). There is an extremely
slow process of mixing along the velocity v, and the filling of the phase space is
performed mainly along x for some special values of vy.

The specific feature of the phase portrait in Fig. 19.15(b) is that the values
of vy, where the trajectory sticks for a long time, correspond to rational approx-
imants of a fraction that corresponds to the tangent of pitch-angle of the
trajectory. A no less interesting property of the rhombic billiard is that its
Poincaré recurrences distribution is of the powerwise form (19.39) with

v R 2, (19.51)

i.e. the recurrence exponent is close to the minimal value permitted by the Kac
lemma. This type of billiard should provide the strongest fluctuations compared
to other systems with v > 2.

19.4.2 More billiards

The billiards in Fig. 19.1(e) and (f) can be related to some kind of material with
granular structure. The case (e) has infinite horizon, i.e. there is a possibility of
infinitely long segments of trajectories with free motion, while the case (f) corres-
ponds to the finite horizon where free motion without scattering is bounded. The
general structure of trajectories is difficult to describe. Their samples are given



304 PSEUDOCHAOS

a) 1 T TSR b
: y, G I B
Y R A LR -
U Wy, s
M, s O B :
V), U, it B
T, Y00 Y o A I —_—
5 OO0 PO 0.2
T, A, i
05 /// 8 "’.‘\&' "*’6,;‘«.«’:";',";'4":’\;‘2’:’3 SN cemmmmnnen -
. N X IR 0O
> \ O IS
//«,:,‘0 IR 5K 0.2
W5, o2t _
7/ -
7 0.4
-0.6
-0.8
0 -1
0 0.5 1 i1 13 15 17 19 21 23
X i
(0)12 x107 @ 5
10
8
=6 >
4
2
0 = -40
0o 05 1 15 2 25 3 35 —230 -90
x| x 107 X

Fic. 19.15. Rhombic billiard with the z-diagonal = 1.6 and y-diagonal =
1.2290472: (a) a sample trajectory in a square with % part of the rhombics
shows slow evolution; (b) phase plane ¢, vy (¢ is the upper side of the square
in (a)) shows slow evolution in the angle (i.e. along vy); (c) a sample tra-
jectory in large scale (generalized Lorenz gas of rhombuses); and (d) its
Zoom.

in Fig. 19.16(a) and (b). Nevertheless, this billiard has fairly good statistical
description of the dynamics of particles inside the billiard.

In Fig. 19.16 we present two types of statistical properties of trajectories for
the finite horizon billiard in Fig. 19.1(f).

The moments of the coordinate displacements are

(@) m e (M) (P i) (19.52)

with p,(m) = py(m) = p(m) ~ mu(l) = 1.5m. Considering one cell of the
lattice (similarly to the billiards in Fig. 19.1), one can obtain a distribution
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Fic. 19.16. A trajectory for small (left top) and large (right top) time intervals
for the square scatterers billiard with finite horizon; moments vs. time (left
bottom, full line for z, point-dash line for y); and the Poincaré recurrences
vs. time (right bottom).

function of Poincaré recurrences. The simulation gives for the recurrence expo-
nent v ~ 2.4 in a good agreement with the relation (19.41) within the accuracy
of computations. Similar values of (1) ~ 1.5 were obtained for the billiard with
the infinite horizon (Fig. 19.2(e)) with the recurrence exponent v & 2.5.

A more sophisticated case of billiards appears with the billiard with an edge
of a fractal shape. Such types of billiards were considered in (Sapoval et al.
(1991)) with respect to the sound propagation in a porous media. In Fig. 19.17
we provide a sample trajectory with few zooms. The shape of the billiard border
corresponds to the Koch curve of the 3'4 generation and to the propagation of
the wave along x. There are evident quasi-traps for trajectories, which influence
the transport features of the model, presented in Fig. 19.2(e). The results are
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F1G. 19.17. A sample of a trajectory with two zooms for a billiard with a 3*<
generation Koch fractal boundary, and the moments vs. time for the bound-
ary as a 15% generation Koch fractal. Insertion shows the Poincaré recurrences
distribution vs. time for 3276 trajectories.

different from the ones obtained for the cases in Fig. 19.1(a) and (b) even if
the border is of the Koch curve shape of the 15 generation. Namely, x(1) = 1.54
while v = 2.96. Despite the fact that formula (19.41) does not work, both
cases demonstrate anomalous transport, self-similar scaling of the moments, and
a power law for the Poincaré recurrences.

19.4.3  Saw-tooth web map

The last example is related to the maps with discontinuities. Such maps appear
in the description of overflow in digital filters and in some problems of round-off
(Note 19.8). Here we present an example related to the web map of the four-fold
symmetry:

Unt1l = VUp, Upt1 = —Up — Kf(v,) (u,v,mod 1) (19.53)
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with K as a parameter and
f() = {vn}, (19.54)

where the brackets {...} mean the fractional part. This is the saw-tooth shape
of f(v). It is simple to show that the Lyapunov exponent is zero for

K| <2 (19.55)

-04 -03 -02 -01

Fic. 19.18. A sample of riddling trajectory for the saw-tooth web map and
three consequent zooms clockwise (k = —1.0192...).
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Fic. 19.18. (Continued)

and positive for |K| > 2. A sample of a trajectory is presented in Fig. 19.18.
Such a behaviour is called riddling. General properties of the riddling trajectories
are not well-known, although for some round-off models the scaling properties
are established exactly (see Note 19.8). The transport properties may depend
sensitively on the values of K. One can assume that there are special values
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F1G. 19.19. Special cases for a four-fold symmetry web map: the top plates
consist of periodic orbits only; the bottom plates correspond to unbounded
orbits.

of K that impose only finite (periodic) trajectories (see Fig. 19.18). Particular
arithmetic properties of the parameter K seem to be an essential element of the
transport features of the model.

Notes

Note 19.1
Sometimes in the literature such systems are called pseudointegrable. Systems
with a zero Lyapunov exponent and pseudochaos have fairly vast area of
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applicability and practical or theoretical interest. Let us mention some of them:
interval exchange transformation (Katok (1980); Zorich (1997)); polygonal bil-
liards (Katok (1980); Gutkin (1986, 1996); Galperin and Zemlyakov (1990));
media with fractal boundaries (Sapoval et al. (1991)); sound propaga-
tion in a non-uniform media (Zaslavsky and Abdullaev (1997)); magnetic
field lines behaviour in toroidal plasma (Zaslavsky and Edelman (2001);
Carreras et al. (2003)); overflows in filters (Chua and Lin (1998)); dynamics
of errors in a roundoff problem (Lowenstein and Vivaldi (1998)); as a model
to study some properties of stastistical systems (Artuzo et al. (1997, 2000)).

Note 19.2
A good introduction to billiards can be found in Galperin and Zemlyakov
(1990).

Note 19.3
The material of this section is from Zaslavsky and Edelman (2001, 2003).

Note 19.4
For the properties of continued fractions see Khinchin (1964) and
Cornfeld et al. (1982).

Note 19.5
Neither (19.41) nor (19.47) have a rigorous proof with conditions of applicab-
ility of these expressions. Nevertheless, there are many examples of different
Hamiltonian systems where these results have occurred. See examples in the
review Zaslavsky (2002b).

Note 19.6
All examples are from Zaslavsky and Edelman (2003) and Lyubomudrov
et al. (2003).

Note 19.7
Some related models were considered in Artuso et al. (1997, 2000); Casati and
Prosen (1999); Lepri et al. (2000).

Note 19.8
For the problem of filter overflooding, see Chua and Lin (1988);
Adler et al. (2001); Ashwin (1997); Davies (1995). For the round-off prob-
lem and error dynamics, see Lowenstein and Vivaldi (1998, 2000) and
Kouptsov et al. (2002). Although in all these cases the equations are different,
they probably are related to the same type of phenomenon.

Problems
More complicated problems are marked by (*).

19.1* Show that the equivalent surface for the billiard square-in-square
(Fig. 19.1(b)) has genus 5, and provide a sketch of the surface (Richens and
Berry (1981)).
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19.2 Write in analytical form the map for the billiard in Fig. 19.5 as z},; =
T*z; and o, = Tz}t using the parameter k = tand, where 9 is the angle
between a trajectory and the bar, and the geometric parameter of the billiard.

19.3 Prove that the Lyapunov exponent is zero for the map (19.53) if | K| < 2.
19.4 Consider the saw-tooth variant of the standard map

Pn+1 = Pn + Kf(xn)7 Tn4+1l = Tn +pn+1 (fL',p mod 1)

and f(z) = {z}. Prove that the Lyapunov exponent is zero for —4 < K < 0.
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20

COMPLEXITY AND ENTROPY OF DYNAMICS

This chapter is devoted to the extension of notions of entropy and complexity
of Hamiltonian dynamics that can be chaotic or pseudochaotic. We have partly
set out this discussion in Section 4.5, but for strongly intermittent motions of
Hamiltonian systems, we need more specific details of trajectories to perform
the entropy analysis. The notion of complexity has a rigorous meaning and
it presents a quantity that characterizes systems and that can be measured.
In an oversimplified way, one can say that the less predictable a system is, the
larger the complexity that should be assigned to the system. The original version
of the complexity of dynamics was closely linked to the system’s instability
and entropy (Kolmogorov and Tikhomirov (1959), Tikhomirov (1963), Bowen
(1973)). A typical situation of the chaotic dynamics could be associated with
a positive Kolmogorov-Sinai entropy, or be similar to the Anosov-type systems
(Sections 4.5 and 4.6). This type of randomness and complexity of the systems
can be characterized by the exponential divergence of trajectories in phase
space.

As long as the investigation of chaotic dynamics reveals new and more detai-
led pictures of chaos, the simplified version of the complexity cannot be applied to
typical systems. Let us recall that typical Hamiltonians do not possess ergodicity,
the boundary of islands in phase space makes the dynamics singular in their
vicinity, and even zero measure phase space domains in the Sinai billiard are
respounsible for the anomalous kinetics (Note 20.1).

We saw numerous examples of Hamiltonian systems, referred as the chaotic
ones, that do not have exponential dispersion of trajectories for arbitrary lengthy
time intervals. These pieces of trajectories, called flights, appear with a prob-
ability that is not exponentially small and they define the asymptotics of the
distribution function.

The behaviour of systems with zero Lyapunov exponents, considered in
Chapter 19, definitely has some level of complexity and some value of entropy
in a physical sense, but the regular notion of the Kolmogorov—Sinai entropy
and the standard definitions of complexity being applied to such systems do
not give much information about them. The most appropriate thing to say
about such systems is that the proliferation of an indefiniteness has an algebraic
dependence on time rather than the exponential one. Moreover, some systems
behave in a mixed way: partly with an exponential growth of their enveloping
(coarse-grained) phases volume and partly with its algebraic growth with time.

315
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All the above mentioned facts lead to a necessity to introduce a new notion of
complexity and entropy and this is the goal of this chapter, following Afraimovich
and Zaslavsky (2003).

20.1 Complexity in phase space

Consider a dynamical system on the n-dimensional torus T" and let the dynamics
of a particle be defined by an evolution operator

T(t): (p(t), q(t)) = T(p(0), q(0)), (20.1)

which preserves the measure I'(p,q) = const (phase volume), and p,q € T"
are generalized momentum and coordinate. What kind of dynamics should be
considered as a simple one and what as a complex one? We do not assume that
there is one definition of complexity which particularly depends on how this
notion will be applied to the dynamics.

A more or less usual definition of the complexity depends on how traject-
ories are mixed in phase space due to the dynamics (20.1). The stronger the
mixing, the more complex the dynamics. One can immediately comment on
some weak features of this type of approach dealing with global phase space
and global mixing. The process of mixing can be non-uniform in time and can
have different local rates in space. We call these features of mixing in space-time
non-uniformities. Concerning the space, we have in mind the full phase space or
the part where the dynamics is ergodic.

The former comment leads us to need to define the complexity, which
could embrace non-uniformity of space-time dynamic processes represented by
trajectories.

Space-time non-uniformity suggests that the vicinities of any trajectory
considered at different points (p;,¢;;t;) with p; = p(t;), ¢; = ¢(t;) may have
very different dynamics of trajectories (see Fig. 20.1). A strong ‘inconvenience’ of
this conclusion becomes clear if we assume the ‘vicinity’ as an infinitesimal ball
of a radius € — 0 around a point (p;, ¢;;t;); it is difficult, if not impossible, to

AN

F1c. 20.1. Dispersion of trajectories in phase space.
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describe a trajectory with finite-time behaviour on the basis of the information
about the trajectory from an infinitesimal domain of phase space. The neces-
sary data should arrive from finite pieces of trajectories which make a possible
definition of complexity to be space-time non-local. We should be ready to have
a situation with an exponential divergence of trajectories at some small parts
of the phase space, and to have a sub-exponential divergence in other parts
(Note 20.2).

20.2 Symbolic and topological complexities

It is convenient to start from a notion of symbolic complexity. Let us consider
a set of symbols 1, z2,... and a set of ‘words’ {z} = {wk, Trt1,- .-, Thyn-1}
This word starts from z; and has a length n. Each word can be finite or infinite,
and all words {z} € X belong to a space X of different admissible words. The
following question is a kind of a problem of predictability: given a fixed word
{z%} of some length ng, how many admissible words of the length n > nq exist in
X7 The exact answer can be given only if all necessary information is presented,
that is, if {2°} is specified and all elements of the space X are identified. It is
more interesting to answer the question for typical systems and with a typical
initial condition, for example: how many admissible words of the length n > ng
are in X and how does this number C(ng,n) depend on ng and n?

Questioning in such a way, we introduce an element of the unknowable or
indefiniteness in the answer, since only the number of words is asked for and
information about the structure of the words is neglected. It is clear that the
answer depends on how the admissible set of words X is prepared. One can
assume the existence of systems for which there is the exponential law

C(nog,n) ~ exp(hn), n — 00 (20.2)
or sub-exponential law
C(ng,n) ~n7, v>0, n—o (20.3)

independently on ng.

Example 1 Let the ‘alphabet’ of possible values of x have two symbols (21, z2)
and all words are possible. Then the number C(ng,n) is (20.2) with h = In 2.

Example 2 Consider a map Tz : Tpt1 = Tp +w, modl, z € (0,1) which is a
shift by irrational w € (0,1). After the first application of T the interval (0,1)
will be broken into two sub-intervals (0,1 — w) and (1 —w, 1) such that within
each sub-interval the dependence Tz on z is smooth. Each application of T adds
one more sub-interval, i.e. after n steps the number of sub-intervals is n + 1.
Let us consider an arbitrary point = € (0,1) and let us find the admissible sub-
intervals for the point 7'~"z. The number of possible (admissible) intervals is
C(no=1,n)=n+1,ie v=11n (20.3).
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Fi1c. 20.2. Covering the trajectory {zg, 21, ..., Zn,...} by a set of balls {A}.

The number C(ng,n) is called symbolic complexity. The more unpredictable
the system, the larger C(ng,n) is, as a function of time n, i.e. the larger the
proliferation of the number of possible states the larger the indefiniteness.

Transition to dynamical systems is fairly natural. Let the words represent
a state of a dynamical system, and let admissible space be the phase space, and
any sequence

{zo,21,.. ., Tpn,...} = {xo,TxO, T, . 3 (20.4)

shows itinerary, or trajectory, of the system. An important element of the
consideration is a finite cover by a set of balls {A} = {Ag,,Ag,,...}, that is
a ball of the diameter A; such that xp, € Ay, (see Fig. 20.2), and the full
trajectory is covered by this set of balls. Replacing the real trajectories by the
‘covered trajectories’ creates an indefiniteness, or a coarse-graining, even if at
least one point of the trajectory is covered.

Let all balls that cover a full trajectory have the same diameter 4, and let
ms(n) be a minimal number of a set of the balls that covers the trajectory.
This set will be called a minimal cover set. Depending on the type of dynamics,
different numbers of trajectories of the time length n can have minimal cover
sets A)(zf n) such that all initial conditions xék) € Ay, i.e. belonging to the
same initial ball, and that

A(kl)(wékl),n) N A(kZ)(xékQ),n) =0, Vky # ko (20.5)

i.e. all different minimally covered trajectories do not intersect each other at
time n (see Fig. 20.3). The maximal number of such trajectories C(A,n) is
called topological complezity. It depends on time n and on the coverage set {A}.
For chaotic dynamics

C(A,n) ~ exp(htopn), (20.6)

where hiop is topological entropy, provided that {A} is correctly chosen. The
larger n is, the smaller the diameter of Ay can be (Note 20.3).
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Fi1G. 20.3. A sketch of two different minimal covered sets that correspond to
two different trajectories starting at the same ball.

It will be seen later that it is more convenient and more constructive to use
a notion of (e, n)-separation (Note 20.4). This notion will be the most important
in this chapter. Let x(t) be a point of the phase space M at time instant ¢. Then
the function

d(x(t);y(t)) = dist(T"xo, T*yo) (20.7)
defines a distance between two trajectories
Z‘(t) = Ttill‘o, y(t) = Tty(), X0, Yo € M (208)

with initial conditions xg, yo and the same time evolution operator Tt at time t.
For a discrete time ¢t = n should be a corresponding replacement in (20.8). Any
segment of a trajectory of the temporal length n can be written as

lo(x) = U2 T"a. (20.9)

Two segments ¢,(z),¢,(y) are said to be (e,n)-separated if there exists k,
such that

d(T*z, T*y) <e; 0<k<n-—1, and d(Tmz, T™y) > . (20.10)

Consider a set A C M of initial conditions € A and the corresponding bunch
of trajectories started at x € A. After time n we have a set of segments, and
some of them are mutually e-separated. The magnitude

C.,n = max{# segments of mutually(e,n) — separated} (20.11)

is said to be (€, n)-complexity of the set A. The value InC, ,,(A) is called (e, n)-
capacity of the set A.

It is easy to understand a meaning of the definition (20.11). Assume that
initially diam A < €, that is, an arbitrary selected point z* € A at t = 0
may belong to any of C.,(A) orbits at time 7 € [0,¢], i.e. the number C.,
characterizes the level of indefiniteness of an arbitrarily taken initial point to
belong to some trajectory (e, n)-separated from all others in (20.11).
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20.3 Topological and metric entropies

In this section topological and metric entropies (see Section 4.5) will be
considered in their link to the complexity.

From the physical point of view, the complexity C. ,(A) gives a number of
possible e-different states that can represent any selected point z* € A after
time ¢ = n. The system that exhibits instability has a growing value Ce ,(A) as
a function of n. The value

—1
hiop(A) = 111% lim —C. ,(A) (20.12)
e—=0n—oon
is called the topological entropy, where the bar means the upper limit. It was
shown in Bowen (1973) that for the Anosov type systems

htop = hKS, (2013)

i.e. the topological entropy coincides with the Kolmogorov—Sinai entropy for
a compact set A of initial points.

The above definition of entropy depends on the set A. Let us consider many
different subsets Ay: A = Ug:(?)Ak, and define Ce,(Ax) in a similar way to
(20.11). Let us also partition the phase space domain M by a fixed set of
subdomains of the diameter €. The number of the subdomains is fixed, i.e. it is

I'(M)
b )

N(M,e) = (20.14)

€

where b is the box dimension of the set A, and the box dimensions of all subsets
Ay is assumed to be the same. Define the following metric entropy

1 N (M,e)
hp = = lim Tim_ 2 p;j(n)Inp;(n), (20.15)
J:

where p; is density function, i.e. the normalized number of trajectories, initially
at A, distributed in the set of cells of the volume €® of the partition of M. It is
clear that in the limit ¢ — 0, p; tends to a natural measure of the system.
It follows that for chaotic systems

h, = hxs (20.16)
and, moreover, for typical chaotic systems
hp = htop (20.17)

on the set of typical points with respect to the measure. The last equality is
an analogue of the equivalence of canonical and micro-canonical ensembles in
statistical physics.
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To get more details on the introduced definitions, let us consider a one dimen-
sional system with uniform mixing dynamics on the interval [0, 4], z € [0, ] and
with an exponential divergence of trajectories. Let dx( be the initial distance at
t = 0 between two trajectories and dx; = € be the distance at time ¢. Then

€ = dxq exp hi, (20.18)

that is, for 7 > ¢ two trajectories are e-separated. The number of such
trajectories is

_ta Ll
_5(E0_ 68

Cet(A) , (20.19)

where ¢4 is the length of a small initial interval A. For 7 > t the complexity
grows exponentially. The properties (20.11)—(20.13) follow directly from (20.19).
If the set A has the box-dimension b, then (20.18) should be replaced by

b
L R
( 5%) e (20.20)

and correspondingly, instead of (20.19),

Cei(A) = (;;‘O)b = (i“)beht. (20.21)

For more general situations we may assume

b
Cet(A) = (@,) " C (e, 1), (20.22)

’ €

where C(e,t) is a slow varying function of Ine and ¢ compared to the main
multipliers. It also can be written

b= lim lim ~Cen(4) (20.23)
n—ooe—0 N 111(1/6)

(Takens, (1983)).

The expression (20.22) shows in an explicit way how the topological com-
plexity depends on the time interval ¢, accuracy €, and dimension b to determine
the location of trajectories and the domain A of a set of initial conditions.

The dependence on A can be eliminated from (20.19) or (20.21) by choosing
a normalized complexity C,; per unit volume,

Ce1(A)
0o

Cer = (20.24)



322 COMPLEXITY AND ENTROPY OF DYNAMICS

which is possible due to the uniformity of mixing in the considered dynamical
system. This interpretation can be continued using the phase space partitioning
in a more formal way.

Let again M be the phase space, I' = I'(M) its phase volume, I’y be the
phase volume of a set of initial conditions Aqg C M at time ty = 0, and consider
their evolution A, up to time t. Let T'; be a minimal enveloping A; convex phase
volume. Then for systems with exponential divergence of trajectories

I, = DoeM. (20.25)

To find how many different states can occupy the volume I';, one should define
an ‘elementary’ minimal volume of one state, i.e. €. Then

- r
max {# states in I'; = (E) eht} , (20.26)
€

where the maximum is considered with respect to different sets A in I'y.
Expressions (20.19) and (20.20) permit an important physical interpretation.

Hamiltonian chaotic dynamics preserves the phase volume, i.e. o = I'(A;). The

enveloped or coarse-grained phase volume I'; grows approximately as (20.25).

The number of states in I'; depends on the definition of a state in the enveloped

phase volume. Let one state occupy an elementary volume AI', then the number

of states that occupy the volume T'; is simply

T

Nt A = — = (FO) exp(ht) < L)

AT

<= (ar (20.27)

Let us emphasize that this interpretation stops working when ¢ > (1/h)x
log(T'(M)/Ty). Now instead of the e-separated trajectories we can introduce
AT-separated ones, associated to a partitioning of T'(M) into elementary cells.
Two trajectories will be Al'-separated over the time interval ¢ if they do not stay
at the same cell during t. If the volume of an elementary cell is AT' = €°, then

N(t,AT) = N(t, ) = (1;?) exp(ht) (20.28)
and we arrive at the connection
Cet(Ap) = const N (t,€). (20.29)
We also can introduce the entropy S(t, AT') for the AIl-separated states, i.e.
S(t,AT') = In N (t, AT') = InC¢ +(Ap) + const (20.30)
with a condition for the states-separation

AT = €. (20.31)
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It is essential that the entropy S(t, AT') is defined relatively to a definition of the
elementary phase volume AI' which depends on the system and the type of the
evolution process. Non-universality of the entropy S(t, AI') will be more evident
in the next sections where the algebraic complexity will be considered. Here we
would like to mention that partitioning of phase space depends on the level of
information we want to ignore in the description of dynamics, and on the level
of information we would like to keep about system trajectories.

In the case of uniform mixing, the initial set Ay uniformly spreads over
N (t,AT) cells. Thus a probability density p; to occupy a cell ATL; is simply

ALy 1

pi(t) = T, ~ N{AD) V3, (20.32)

where we use (20.27). Substitution of (20.32) to (20.15) gives

1 N (t,AT)
hp=— lim lim = Y N7'(t,Al)InN "' (¢, AL)
j=1

AT'—0t—oo t

lim lim %lnj\/(t, AT)

AT'—0 t—o0

. o1
Alll“rgo tlggo n In Car,i(Ao) = hgop (20.33)
(compare to (20.12)) where we replace e-separation for C. ;(Ag) by AI'-separation
Car,(Ap). In fact, there is some difference for AT'- or e-separations in a non-
one-dimensional case, which is not so important unless systems with non-uniform
mixing are considered. Moreover, expression (20.33) just proved this statement.

20.4 Conflict with dynamics

All definitions and considerations of the previous sections of this chapter were
based on the exponential growth complexity or, what is the same, the exponential
uniform dispersion of trajectories. Real Hamiltonian dynamics does not possess
uniformity. There are singular zones of different types where the Lyapunov expo-
nent is close to zero. As a result, for a time that can be astronomically large and
not achievable in any practice, the corresponding segments of trajectories have
only polynomial dispersion in time. The formal expressions (20.22) for C ;(A) or
(20.28) for N (t, AT') are the same up to a constant (compare to (20.29)) and both
definitions have the same limitation for the bounded Hamiltonian dynamics:

Corlt) < 150,

N(t; AT) < (20.34)

The constraints (20.34) do not depend on time and thus it follows the existence of

tmax = te(€)  Or  tmax = tN(AT), (20.35)
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such that trajectories or their segments, being non-separated during the ¢y ax,
will be non-distinguishable. This property of the definitions (20.22) and (20.28)
eliminates a significant part of the dynamics with non-uniform mixing in phase
space.

All above definitions of entropy use limits n — oo or ¢ — oco. These limits
exclude a significant information for systems with weak mixing or strongly inter-
mittent dynamics. This comment makes a necessity of different approaches to

the problem of complexity (see more discussions in Afraimovich and Zaslavsky
(2003)).

Notes

Note 20.1
Attempts to find adequate complexity and entropy definitions for real-
istic chaotic dynamics were the subject of many publications and reviews:
Grassberger and Procaccia (1984); Abel et al. (2000); Badii and Politi (1999);
Boffetta et al. (2002). The basic idea of these developments is to involve a finite
time of the system’s unstable evolution into a definition of the complexity or
entropy.

Note 20.2
The importance of observing a trajectory with some precision € during a finite
time ¢t was discussed in Grassberger and Procaccia (1983, 1984) and Procaccia
(1985). They also consider fluctuations of the Lyapunov exponents obtained
from a finite time observation. These works also presented a space-time parti-
tioning as a way of obtaining correlation properties of trajectories. The analysis
here will be extended, comparing it to Grassberger and Procaccia (1984) and
Procaccia (1985), in two directions: it will be applied to Hamiltonian dynam-
ical systems that may have a sub-exponential divergence of trajectories at some
phase space domains, and it will use some results on the Poincaré recurrences.

Note 20.3
Symbolic complexity was considered in Hedlund and Morse (1938), and then
developed by Kolmogorov and Tikhomirov (1959). See also Tikhomirov (1963)
and Brudno (1983).

Note 20./
The idea of e-separation of curves during time ¢, or discrete time n, was
introduced first in Kolmogorov and Tikhomirov (1959) and then developed by
Bowen (1973). There were some related works on the so-called (e, 7)-entropy
and complexity in Shannon (1960), Cohen and Procaccia (1985). See also
review (Gaspard and Wang (1993)).

Problems

20.1 Prove the result of Example 1 in Section 20.2.
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COMPLEXITY AND ENTROPY FUNCTIONS

The goal of this chapter is to introduce a new definition of a complexity function
rather than just complexity in order to be able to characterize a system with
at least two different time scales of ‘complex’ dynamics: one time scale can
characterize an exponential dispersion of trajectories while the second time scale
is related to the power-wise dispersion. It is worthwhile to mention from the very
beginning important differences from the definitions of the previous chapter:

(i) instead of the complexity as a number, there will be a complexity function
of two variables, time and length, along the trajectory;
(ii) time and length variables will be continuous;
(iii) the new complexity function notion can be applied to systems with zero
Lyapunov exponents.

Some other features will be mentioned along the way. The definition of the
entropy function follows automatically from the definition of the complexity
function (Note 21.1).

21.1 Definitions of complexity function

As before, we deal with Hamiltonian dynamics of systems in a phase space M
endowed with a distance dist and discrete or continuous time ¢. The dynamical
system T"%: M — M defines a distance dist(1"z, T'y) between two trajectories
at time ¢ that were initially at points x,y € M. One can also introduce a natural
length ¢! = ((z,T"z) = {(x, x') along the trajectory initially at z. We will need
the following definition:

Two trajectories with initial points x,y € A will be (e, t)-indistinguishable if

do(z,y) = dist(T72,T7y) <e, 0<7<Ht. (21.1)

A notion of complexity is based on the verification of divergence of trajectories
from fixed several ones. We start with a definition of local complexity.

Consider a small domain A C M with diameters d4, dpy where d4 < dypy,

and fix some number €

54 < €< Oar. (21.2)

325
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Let us pick a point zp € A and call the corresponding trajectory the basic
one or the reference trajectory. A set Qn = {xy € A}Y_, is said to be locally
(e, t)-separated if:

(i) For every xy there is 0 < 74, < t such that
dist(k(71), zo(7%)) = € (21.3)
and
dist(xg (1), zo(7)) <, 0<7 <7 (21.4)
(ii) for every pair (k, k'), 1 <k, ¥ <N,
dist(z(1r), Tp (Thr)) > €, 0<mg, T <t. (21.5)

Time 75 in (21.3) can be considered as the ‘first arrival’ to the e-separation.

If (21.5) is not valid, then a pair of trajectories corresponding to the pair
(k, k') is e-indistinguishable, and it should be treated as one trajectory during
the time t.

Definition 1 The number
C(e,t, 209, A) = max{N | Qn is locally (e, t)-separated} (21.6)
is called the local complexity function of t.

A set Qn is called (e,t)-optimal if it is locally (e,t)-separated and N =
C(e, t; 20, A).

It is simple to see that

Cl(e, t;z9, A) < =N (21.7)

and
Cle, t';z0, A) > Cl(e, t;z0, A) if t/ >t (21.8)

So, if we are interested in the separation of a bunch @ of N trajectories with
initial points z; € Qn, j = 1,..., N, and their evolution z;(t) = Tt(xj), then
after time ¢ we find out that there are Ny = Ny(¢,t, Qn) e-separated (from the
basic one) trajectories—denote this set by Qn,—and N — Ny indistinguishable
(from the basic one) trajectories (see Fig. 21.1).

If Qn, is locally separated then we obtain an estimate,
No(e,t,Qn) < C(e, t;20, A). (21.9)
If, in addition, Qn, is (€, t)-optimal, then
No(e,t,Qn) = C(e 20, A) <N (21.10)
(compare to (20.34)).
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t

(e, t)—indistinguishable

(e, t)—distinguishable

A T (M)

Fic. 21.1. Example of the evolution of 10 trajectories from the set A of the
size 0 < € during time ¢. The optimal (maximal) number of (e, t)-separated
trajectories NV = 9. The diameter of all nine domains of I'(M) is e. The
initial bunch @y has 10 trajectories with No = C/(e, t; g, A) = 4 of the (¢, t)-
separated ones. The two top examples show the process of evolution that
makes a pair of trajectories (in)distinguishable.

In Definition 1 we consider (e, t)-separation of the set A of trajectories that
are close to the basic one started at . That is why the complexity C(e, t; zq, A)
is called local. Now we can consider a set B of basic trajectories with initial

points 1'(()m) € B. For each xém), we can attach a set {A(m)} of trajectories
(m)

with initial conditions xém) in the vicinity of z; . For the sake of definiteness,

assume that

2Ny s 2e, mAm, (21.11)

(m

dist(xy

so that any two trajectories from the vicinities of different basic trajectories are
disjoint at least by € and thus (e, t)-separated.
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Each basic trajectory generates the corresponding local complexity function

Cle, t; xém), {A(™1). The set B of initial points of basic trajectories will be called
B-ensemble.

Definition 2 The number

Clet; B,{A}) = > Cle t;zy™, {AMY) (21.12)

m

is called the complexity function of the B-ensemble. The B-ensemble is specified

by the B-set of 2™ and initial conditions z\™ € A around each z{™ within

domain 6f4m) < € (compare to (21.2)).

While the construction of sets A can be done fairly uniformly due to its
small size, the choice of B-ensemble is free and makes it flexible depending on
the problem to be solved.

The complexity functions C(e,t;z9, A) and C(e,t; B, {Ax}) show a level of
time-proliferation of e-separated trajectories from the initial set of a large number
of indistinguishable points.

If we are interested in the only typical (for some measure) orbits we may
adjust the definitions above to this situation by assuming that B-set always

consists of typical points xék) of this measure.

21.2 Probability of e-divergence

One of the main points we are interested in is the behaviour of complexity
functions in a neighborhood of a sticky set (Afraimovich and Zaslavsky (1998)). It
is well-known that a typical trajectory in a chaotic sea behaves in an intermittent
way: after relatively short chaotic burst it is attracted to a sticky set for a long
time, then comes back to the mixing part of the chaotic sea, and so on. If our
consideration is restricted to a neighborhood of one (or several) basic orbit(s),
then fast separated pieces of orbits correspond to a mixing type of behaviour and
their initial points are situated much ‘further’ from the sticky set than initial
points of slow-separated pieces of orbits. By using this observation, we may
eliminate fast-separated points (see the next section), i.e. we may choose initial
points in B-set which practically belong to the sticky set. In other words, we may,
in principle, calculate local or non-local complexity of a measure concentrated
on the sticky set.

More rigorously, assume that an invariant measure p is given. Then in
Definition 1 we consider only sets Qn = {z; }évzl such that

(i) Qn is locally (e, t)-separated;
(ii) x; are the points belonging to the set on which the measure p is concentrated
(or in a real situation, as close as it is possible). The maximal number of
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elements in such sets, @, will be called the local (¢, t)-complezity of measure
p. We denote it by C, (e, t; 20, A).

Similarly if in Definition 2 we consider only sets Qn containing p-typical
(or, in reality, the closest set to them), then we obtain the (e,t)-complezity of
measure p, Cp(e, t; B,{A}).

It is useful to introduce the following quantity

Py(e,t; At,z0) = = [Cp(e,t + At;wo, A) — Cp(e, 20, A)] = pyle, t; 20) AL,

(21.13)

1
ol

where N = C,(€,t; 29, A). This quantity gives a probability to diverge by dis-
tance € from the basic orbits during the time interval 7,7 4+ At], and p, (e, t; zo)
is the corresponding probability density function. We call them e-divergence
probability and e-divergence probability density.

Similarly,

P, (e,t; At, B) = %[cp(e, {4+ At B{A}) = C,(e. t; B,{A})] ~ p,(e,t, B)At
(21.14)

gives the probability to diverge from basic orbits going through the B-ensemble
during the time interval [7, 74+At], and p, (¢, ¢, B) is the corresponding probability
density function.

21.3 Calculation of local complexity function

In this section we would like to show that the above introduced definitions of
complexity or e-divergence probabilities are constructive and fairly simple for
their utilization.

From now, we will choose initial points z; in A in such a way that the
distances between x; and the basic point z¢ are the same for all j, and we
denote it by §. Moreover, for the sake of simplicity we omit the argument A
in C(e,t;x0,A) and {A} in Cle t; B,{A}). So C(e, t;z9) = Cle, t;20,A) and
C(e,t,B) = Cle, t; B, {A}).

As usual in numerical simulations we will assume that randomly chosen points
To, xék) are typical with respect to some measure p we are interested in.

The values of Ny in (21.9) and (21.10), and in (21.13) and (21.14) depend on
the choice of ¢, €, zg (or B).

The smaller § is, the longer ¢ should be considered to be until the maximal
values of C(e,t, B) or C(e,t;xo) will be achieved. This makes the limit § — 0
fairly simple. Understanding a way to work with the parameter € is more com-
plicated. Consider one trajectory z! that starts at x and has a natural length
¢ ={(x,x?). Let t be fairly large and select a set of points x;, along a trajectory
and, approximately, almost uniformly distributed. We can operate with points
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F1c. 21.2. A sketch of e-separation from the basic (thick) trajectory.

2k in the same way as with the basic points x(()k) in (21.12). As a result, we
obtain the quantity
~ T'(A)

Cle t;or) = No(e, tyay) < —5= =N, (21.15)
€

where points x belong to the same trajectory. That means that while C(e,¢; x)
characterizes the e-divergence from z during ¢, C(e,t;x;) characterizes the
e-divergence from xj: points x are taken in different places of the phase space
and points xj are taken along the only trajectory. It is natural to believe that
for an appropriately typical set of € M and of x), € £(x,2?) and fairly large t,
the equality

C(e t;x) = C(e, t; ), t— 00 (21.16)

holds where subscripts k are omitted. This equality can be treated as an analog
of the ergodic theorem.

A corresponding simulation for C(e,¢;x) was performed in Leoncini and
Zaslavsky (2002) for a system of tracer dynamics in the field of point vortices.
The basic trajectory was created by a tracer, and a few ‘host tracers’ were con-
sidered within a small distance ~ § from the basic trajectory. Each time a host
tracer moved a distance e from the basic one, it was removed and replaced by a
new host tracer at a distance ¢ from the basic one (Fig. 21.2).

The scheme of calculation of C(e,t; ) is similar to one used for calculation
of the Lyapunov exponents, except for the following details:

(a) The value of € is much less than the distance typically used to evaluate the
Lyapunov exponents.

(b) Trajectories of some tracers are e-separated after a very long time. Only these
trajectories correspond to events of our main interest, i.e. to the intermittent
segments of trajectories, and their statistics should be collected.

(c) The scheme of obtaining of C(e,t;x) simultaneously provides two different
distributions: ‘probability’ C(e,t;2)/N to have e-separation at time ¢, and
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C(e; 08, 2)/N as a ‘probability’ to have e-separation after the travel over
natural length ¢¢ along the trajectory. Both of these probabilities cannot be
obtained by a simple transformation of variables ¢ = (¢) since the trajector-
ies can be of a fractal type, and the variables may not be transformable. This
necessitates us to use more general distribution than C(e; ¢, ) or C(e,t, x),
which will be done in the following section.

21.4 Flight complexity function

One more important comment is that the existence of indistinguishable orbits
for a time ¢ can be studied as an exit time distribution from the e-vicinity of the
basic orbit. This section will formalize this statement and extend the complex-
ity function notion for getting more information. To do this we need a formal
definition of flights considered in the previous chapters.

Consider a small domain A C M, a typical point z € A and a typical close
point y € A at d-distance from x. The e-separation of the pair (z,y), € > 0
occurs at some time ¢ and distance s = ¢ = {(x, z"). Here we omitted ¢ as an
argument of £. Furthermore, let us remark that the distance s depends on the
choice of the pair (z,y).

The distance s of the (e, t)-separation is said to be the length of a flight, i.e.
a length of the path that two nearby trajectories are flying together and not
distinguishable. A set of flights, i.e. the set of (e, t)-indistinguisable trajectories
will be called jets of duration ¢ and length s. It is also assumed that if N; > 1
is the initial number of trajectories with x(()k) € A, 1 <k < Ny, then at time
t and at distance s the change in the number of trajectories in the jet due
to e-separation is AN; < Njy. The following generalization of the notion of
complexity will include s as a distance of e-separation and as independent to the
t variable. Such a procedure permits us to consider fractal features of space and
time independently. The corresponding adjustement can be made to definitions 1
and 2.

Let us treat x as the basic point and consider the set Qn = {xk}i\;l of
points d-close to x. This set is called locally (e, t,s)-separated if it is locally
(e, t)-separated (see (21.3)-(21.5)) and moreover s < s where s = £(x,x™).

Definition 3 The number
C(e,t,s,2) = max{N | Qy is locally (e, t, s)-separated} (21.17)

is called the local (e, t, s)-complexity. As a function of ¢, s, it is called the local
flight complexity function.

Similarly to the definition of C(e, ¢, B) in (21.12), we can consider a col-
lection of flights and their lengths and time intervals from different domains
Am) . B =U,, Al As a result we have the local flight complexity function of
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the ensemble B

Clet,s:B) =Y Cle,t, say™ {AMY), (21.18)
where :c((Jm) € B are basic points.
As in Section 21.1 we may choose N (™) initial points in A™) for any m,
select the maximal (e, ¢, s)-separated subset consisting of Ném)(e, t, s) points and
form the sum

STN{ (et 5) < Clest, s, B). (21.19)

The sum is equal to the flight complexity function if initial points form an
optimal set.

We can extend the definition (21.18) further by considering the B-ensemble
that fills all M. Then:

Definition 4 The number
Cl(e, t, s) = max{N | Qn is (¢, 1, s)-separated } (21.20)

is called the flight complexity. As a function of ¢, s, it is called the flight complexity
function.

This quantity has a simple meaning: let us take a large enough number
N5 of d-close pairs within M with a fairly typical distribution of the initial
conditions z, € M, k= 1,...,Ns. C(e;t, s) is the number of trajectories that are
mutually e-separated (e > §) during time ¢ at distance s. Therefore C(e, t + At,
s+ As) — C(e, t, s) is the number of trajectories that are e-separated during time
t € (t,t+ At) at distance s € (s, s+ As).

One can introduce the function,

11 1
N At As
where N = C(e,t, s). It is called the flight probability density.

The main goal of the new definitions is to connect the notion of complexity
with the space-time local instability properties of systems. The necessity of such
a notion appears due to the specific features of Hamiltonian systems to have
chaotic dynamics strongly non-uniform in phase space and strongly intermittent
in time, and particularly due to the existence of dynamical traps.

Let us consider again a small domain A and pick some N trajectories in A
with a characteristic distance § between them. Due to the instability these IV tra-
jectories will fill at time ¢ an enveloped phase volume ey (85 4, ) > T'(0, A, 0),
because of the larger distance between trajectories. After coarse-graining of
Cenv(t; A,0) we arrive at ['(t,A) ~ Teny(t;A,8) but without empty space

1%

p(e, t;s) [C(e, t + At, s + As) — Cle, t, 9)], (21.21)



ENTROPY FUNCTION 333

(‘bubbles’) presented in Deny(t; A,d). This is a typical physical situation of
growth of the coarse-grained phase volume and the problem is reduced to the
estimate of the growth rate. The presence of dynamical traps makes the growth
of T'(t, A) sensitively dependent on all its parameters ¢, A, and § or, in other
words, expanding of T depends on the initial coordinate and observational time.
For example, if A is taken in the chaotic sea, I' ~ exp(ht) but if A is taken inside
a dynamical trap, I’ ~ t#r.

The flight probability density (21.21) can now be considered as a distribution
function of having displacement s at a time instant ¢ and the corresponding
entropy can be easily introduced (see the next section).

One more useful connection appears from the expression

P (e, t; A) = ﬁ/{) dt p(e,t; A) (21.22)

that is a probability to be trapped in a tube of the diameter e supported by the
domain A during time t.
Respectively,

Posc(e,t;A) =1 — Py(e,t; A) (21.23)

is a probability to exit from the tube during some time > ¢, and for t — oo and
Pege ~ 1/t118 we arrive at

1
Preclt) ~ - (21.24)

of the probability density to return to any small domain A with
~=min3(4) + 1 (21.25)

and no dependence of v on A. Due to the Kac lemma ~ > 2 for the bounded
Hamiltonian dynamics, and

min 3 > 1. (21.26)

In this chapter we considered the case of continuous time. But all ideas,
definitions, and results can be applied to the case of discrete time. One can
choose different analogs of the length of the piece of an orbit, for example in
an Euclidean space one may consider the length of union of segments joining
consecutive points of the orbit. The main ideas are independent of the choice of
the definition of the lengths.

21.5 Entropy function

The function C(e,t, s) characterizes local e-divergence of trajectories and it can
be considered as a new characteristic of the dynamics. Its main role is to describe
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the evolution of a typical pair of orbits taken apart a small distance 4. Let us
show how the (e, ¢, s)-complexity works.
Following a general physical approach let us define

S(e, t,s) =InCle,t,s) (21.27)

as the (e, t, s)-entropy function of the dynamics since C(e, t,s) is a number of
(e,t, s)-separated states. Qualitatively speaking, due to (21.15) the number of
separated states cannot be more than A, that is, for the ergodic dynamics

S(e,t,s) <InN. (21.28)

Due to a mixing property in phase spaces or, more specifically, due to an instabil-
ity and separation of any initially close orbits, one can expect the growth of
S(e,t,s) with time until the maxS = InN is reached. The definition (21.27)
permits us to estimate from C(e,t,s) some fine properties of the evolution of
S(e, t,s) as a function of time ¢ and the length of separation s.

For the case of the Anosov-type systems,

s = s(t) = const - s(0)e", s(0) = 4. (21.29)

Then

b
C(et,s) = C(e,t) = const (6> eht (21.30)

€

and (21.30) coincides with (20.21) up to a non-important constant. Similarly
S(e t,s) = S(e,t) =InCle, t) = bln% + ht + const, (21.31)
that is,
S(e, t,s) — ht, t — oo (21.32)

and we arrive to the standard expression.
We can rewrite the results (21.30) and (21.31) in the form

_0S(e,t)  0InC(e,t)
oot ot

~ 0S(e,t)  0InC(e,t)
~ Oln(l/e)  Oln(1/e)

h

= const,

= const. (21.33)

The formula (21.33) expresses another view on the system invariants h and b,
which will be discussed more at the end of this chapter. Here we just need to
mention that i and b are expressed as specific partial derivatives of the entropy
function. We may conclude that being given complexity function or entropy
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function instead of complexity or entropy, we can obtain the entropy rate h and
box dimension b without limits ¢ — oo or € — 0 as it was in the definitions (20.12)
or (20.2).

In the opposite case of integrable system, it is possible to show that

C(e,t) = const - ¢ (21.34)
and correspondingly
S(e,t) = 1Int 4+ const (21.35)

(see Problem 21.2). Tt follows from (21.35) that

0S(e, )
5 0, (t — ), (21.36)
but
0S(e,t)

i.e. information that can be obtained from the complexity or entropy function
depends on a right choice of variables (Note 21.2).

21.6 Polynomial and mixed complexities and anomalous transport

Complexity defined in (21.30) grows exponentially with time reflecting an exist-
ence of a positive Lyapunov exponent and exponential divergence of trajectories
in phase space. This is not the case for zero Lyapunov exponent systems and for
diffusional type processes. To consider large scale processes such as the diffusion
for systems of that kind, let us use the partition function N (¢, AT'),

N (t, AT) = const Cl(e, ). (21.38)

In numerous cases the process of mixing in phase space and the correspond-
ing separation of trajectories has algebraic dependence on time. Particularly,
it is related to the dynamics with the fractal time and the diffusional type of
processes. For this case, the complexity is polynomial in time and

B
N (¢, AT') = const - <tt) = const - C(e, t) (21.39)
0

with some exponent § and characteristic time scale g < t. As in (21.37), the
entropy growth rate can be defined in the Int scale

0S(e,t)  0lnCl(et)
dlnt — Olnt =0 (21.40)

and the exponent (8 characterizes the corresponding rate of the entropy growth.
As appeared in previous chapters, chaotic dynamics of real Hamiltonian systems
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may not display, in general, exponential growth of the complexity, and the
number N of e-separated orbits grows asymptotically as polynomial in time and
length of separation s = £(z,x?). In this case the complexity can be written as

B
So\“ (1
Cle,t,5) = (2) () (e, 5,1), (21.41)
S to
where s, ty are characteristic scales of length and time, a, 8 > 0, and g(e, t, s)
is a slow varying function. We will be interested in the asymptotics
s t
— > 00, — —o00. (21.42)
50 to
The conditions (21.42) correspond to the increasing of the number of e-separated
states with the growth of time and the decreasing of this number with the growth
of the separation distance. For example @ = 1 and 3 = 1/2 correspond to the
normal one-dimensional diffusion, while other powers appear for the anomalous
diffusion.
Following the definition (21.27) let us introduce the entropy function:

S

S(e,t,s) =InCle,t,s) = —aln <> +Gln <tt) +1Ing(e,t,s). (21.43)
0

50

This expression will be analysed in the next section.
Here we would like to mention that the complexity in the form (21.41)
suggests that the corresponding partition function

e
N (e, t,s) = const - C(e, t,s) = const - (Sa) g(e, t, s) (21.44)

has a self-similar dependence on (¢, s) in the limit (21.42), and consequently for
its moment we have

(s¥Y =D -9 (21.45)

with D that may depend slowly on ¢t. Equation (21.45) describes the anomalous
diffusion with the transport exponent

20
= — 21.4
p= (21.46)
that can be obtained from
((s*))2/ ~ -, (21.47)

Parameters a, 8, and u can be considered as new dynamical invariants intim-
ately linked to the (e,t, s)-complexity, that is, the complexity function and the
corresponding entropy.
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Dependence of the complexity function on two variables s and ¢ makes it
possible to have ‘mixed’ complexities of the following types:

CO(e,t,5) = () ey We,t,9),

n B
) 9(2) (6, ta S)a

to

(21.48)
CP(e,t,s) = e (

i.e. algebraic in one variable and exponential in the second one. The case
C(l)(e,t,s) shows exponential divergence in time and a fractal length struc-
ture with a box dimension a. The case C? (e, t, s) does not have yet analogy or
physical interpretation.

Similar definitions can be done for the entropy function:

S(l)(e7 t,s) =1n cW (&1, ),

(21.49)
5@ (e,t,s) =InCP(e,t,5).

On the basis of all definitions of entropy we can make an important remark
about its extensivity. Typically, the extensivity is considered in statistical physics
with respect to the coordinate variable. Dynamical systems analysis provides an
extensivity with respect to the number of degrees of freedom, or with respect to
time. Here we would like to mention that instead of ¢, s there can be Int or In s,
or their different combinations. For example, in the case of C(!) the entropy S
is additive in the space of variables (In s, t) while in the case (21.41) the entropy
is additive in the space (Int, Ins).

Our final remark for this chapter is that (e, ¢, s) dependence of the complexity
function is considered for a system with evolution and it may happen very typ-
ically, with are two time intervals: at the beginning, the evolution of complexity
is exponential and after a fairly long time it becomes algebraic. A similar pat-
tern occurs for the Sinai billiard where a distribution of the Poincaré recurrences
follows exponential law for the beginning and then decays as ~1/t3.

21.7 Travelling waves and Riemann invariants of entropy and
complexity

In this section we provide a more general and more formal view on the critical
exponents of kinetics, if they exist. Let us recall that the basic principle of
statistical physics is to define an ensemble of equivalent in some sense or of
equal probability states. The microcanonical ensemble is a nice example of this
principle. The famous Boltzmann formula for entropy, S = xIn W, makes use
of the similar principle of the equivalency of W states. A possibility to have a
fairly simple presentation for the complexity or entropy functions reflects similar
features that we formalize below.
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Consider new variables,

§=1In <;0) ;, n=In (;) (21.50)

S(e t,s) = (—a& + 0n) +Ing(e, &, n), (21.51)

and rewrite (21.41) as

where ¢ is a slow function of £, n. Neglecting the derivatives of g, we can conclude
from (21.51) that the entropy is constant along the traveling wavefront, with
coordinates

«

£= <ﬂ) n=cn, (21.52)
where c¢ is the wave speed. Due to (21.46)
o= 2c (21.53)

and the transport exponent can be interpreted as the double speed of the trav-
elling wave of the entropy or complexity functions. This property appears as
a result of a non-trivial coupling between time and phase space of dynam-
ical systems. Indeed, any kind of randomness which is assumed for kinetics
in a stochastic field differs from the randomness of chaotic dynamics since the
randomization of trajectories occurs as a result of non-linearity and dynamical
instability.

The structure of the entropy function (21.51) or complexity function (21.41)
is invariant, with respect to the renormalization of £ and 7, namely

5 — Ass,  t— M, (21.54)
if we neglect variations of g(¢; &, n), and if Ag, A; satisfy the equation

1 B InAs

52625_111)\75.

(21.55)

Equation (21.55) shows a connection between parameters a, 3 of the dynam-
ical origin, transport exponent u, and velocity ¢ of the travelling wave of the
complexity. The parameter ¢ also defines a direction in (¢, s) coordinates of the
travelling wave propagation or, in other words, directional complexity and dir-
ectional entropy rate. For different dynamical models scaling parameters Ag, \;
were defined in the previous chapters.

In fact, (a,3) or (s, ;) are not constants, and wave propagation can
be different in different directions. This situation is an analog to multifractal
space-time structure. For any direction with ‘velocity’ ¢ in (£,7) space, there
is a corresponding curve in (s,t) space and an isoline of the section of the
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surface S(t, s) by a plane S(t,s) = const. The fractional exponents («, 3) of the
complexity space-time dependence are receiving a new meaning as characteristics
of the entropy/complexity functions

95  0lmC 95  9lC

o~ g Y o

-8, (21.56)

along which the travelling waves have a constant velocity. In this way we have a
generalization of the usual notion of entropy for a finite system. This analogy can
be advanced further by comparing waves of complexity /entropy to simple waves
in fluid dynamics. Then the velocity c is the Riemann invariant and so is p.
We arrive to an interesting conclusion: the transport exponent p can be inter-
preted as a Riemann invariant of the complexity (entropy) simple wave in the
(Int,In s)-space. This interpretation can be developed further to a possibility
of anisotropic phase space with different values of p in different directions, and
even to anisotropy in the extended space that includes phase space and time.
Correspondingly, we will have different Riemann invariants in different direc-
tions. Indeed, the cases (21.41) and (21.43) of the self-similar behavior of the
complexity function shows explicitly that the entropy can be written in the form

S(e;t,s) =2 S(E—cen) (21.57)

up to a slow varying function g. The expression (21.57) permits us to consider
joint space-time variables as a two-dimensional space (£,7n) where entropy
propagates along a line in the direction with tangent c. As was mentioned,
Riemann invariants can be different in different directions, and we have intro-
duced corresponding velocities ce where e is a unit vector along some direction:

S(e, t,s) = S(€e — CeNe)s (21.58)

where £e, 7o are linear combinations of &, 7. In this way a mixing of phase space
and time variables appears to explicitly define directional entropy and complexity
functions.

Together with directional complexity and entropy, we have strongly aniso-
tropic transport with a transport exponent p which is different for different
directions (Note 21.3).

Notes

Note 21.1
The definitions and applications of this chapter follow Afraimovich and
Zaslavsky (2003).

Note 21.2
It is necessary to mention that the term in (21.34) or (21.35), that depends on
t due to a regular shear-type flow in phase space, is of the universal type and
can be always excluded by a corresponding renormalization. After that, only a
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real phase space mixing or weak mixing will give an input into the complexity.
Even if we coarse-grain the free shear-type flow, the coarse-grained initial
ensemble A with T'(A) < T'j; will always satisfy this condition T'(A) < Ty
and will never fill full phase space with an arbitrary dense net of trajectories.

Note 21.3
Directional complexity was introduced for cellular automata by Milnor (1988)
and then developed for dynamical systems in Afraimovich et al. (2002).

Problems

More complicated problems are marked by (*).

21.1* Derive the formula (21.30) considering large ¢.

21.2 Consider the following integrable system given by the map

Tntl =Tn;  Opa1 =y + 1, (mod 27).

Find the complexity and entropy functions for the system. Find the constants
in (21.34), (21.35) (see also Afraimovich and Zaslavsky (2003)).

21.8 Find the complexity and entropy functions for the Arnold cat map.
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CHAOS AND FOUNDATION OF STATISTICAL
MECHANICS

This is a chapter dedicated to a very special topic of theoretical physics and
statistical mechanics: the role of chaos in the foundation of laws of statistical
mechanics. Any kind of a physical object, particle, or field can be described by
the corresponding equations, Newton equation, Maxwell equations, etc. These
equations are reversible in time and fully deterministic, i.e. there exists a unique
solution (trajectory) at any time instant ¢ > 0 if some initial conditions are given
at ¢ = 0. How, when, and why can an ensemble of a large number of such objects
be described in a statistical or probabilistic way, with time irreversible equations,
growth of entropy, relaxation to the equilibrium, and other features of the
kinetics? The question implies two sides of the problem: one formal and one real.

The first, formal approach, is related to a rigorously formulated scheme of
derivation of some irreversible kinetic equation from the reversible dynamic equa-
tions. Typically, such a scheme includes a hypothesis on the existence of a random
element in the dynamical equations or in trajectory properties, or an equivalent
condition of the randomness. An example includes the hypothesis on the col-
lision (Stosszahlansatz) of Boltzmann (1872) or random phase approximation.
The second, natural approach, is related rather to the observation than to the
equations: a gas located in some part of a vessel expands uniformly over full
vessel, but we will never see the gas return back to the initial domain in full or
almost in full. Why this happens questions the theory and the answer should be
based on the first principles.

The story of the foundation of statistical mechanics can be started from
the publication of Boltzmann’s H-theorem (1872), and the discussion about the
origin of the laws of statistical mechanics and the origin of randomness looks
still very topical. Understanding of the phenomenon of chaos does not provide
sufficient information to make clear everything related to the world of statist-
ical physics and probability. Nevertheless, as follows from this chapter, we can
succeed in understanding part of the problem of the origin and a type of the
probabilistic features due to dynamics of systems with a few degrees (Note 22.1).

22.1 Zermelo’s and Loschmidt’s paradoxes
22.1.1 Historical comments

In 1872 Boltzmann published a paper ‘Further Investigation of Heat Equilibrium
between Gas Molecules’, where he had proved the existence of a non-increasing
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function H(t) that characterized the evolution of a system of large number of
colliding molecules in their approach to the equilibrium state. This result became
known as the H-theorem of Boltzmann (Note 22.2). The expression

H=(nf(p,q)r=-5 (22.1)

was simply the minus entropy S and the H-theorem declares the monotonic
(non-decreasing) change of entropy.

In 1895 L. Boltzmann published the fundamental work ‘Lectures on Gas
Theory’, Part 1 (Boltzmann (1895)) where the monotonic evolution of systems
toward the equilibrium first obtained in (Boltzmann (1872)) was proclaimed
in a more consequential, full, and generalized way. The H-theorem met two
serious objections: from a mathematician E. Zermelo (Zermelo (1896)) and from
Boltzmann’s friend and teacher J. Loschmidt. Today their objections are known
as the paradox of Zermelo and the paradox of Loschmidt. In the following years
there was an intensive discussion between Boltzmann from one side and Zermelo,
Loschmidt, and other scientists on the other. Boltzmann committed suicide in
1906, and in many publications it was seen as a reaction to a combination of
the hostile attacks on his results, sensitivity, and a lack of understanding and
support from his friends and colleagues. Shortly after Boltzmann’s death, his
kinetic theory and H-theorem were accepted and recognized, especially after
the publication of the paper of (Ehrenfest (1911)) and Perrin’s experiments on
Brownian motion.

Some idea of the difficulties that Boltzmann experienced during that time
can be gained from the Foreword to Part 2 of the ‘Kinetic Theory of Gases’
(Boltzmann (1898)):

‘In my opinion it would be a great tragedy for science if the theory of gases were
temporarily thrown into oblivion because of a momentary hostile attitude toward it, as
was for example with the wave theory because of Newton’s authority. I am conscious
of being only an individual struggling weakly against the stream of time. But it still
remains in my power to contribute in such a way that, when the theory of gases is
again revived, not too much will have to be rediscovered.’

22.1.2  Paradox of recurrence

The paradox was formulated in (Zermelo (1896)) and based on the Poincaré
theorem of recurrences. A gas of particles in a volume can be considered as a
compact Hamiltonian system which, starting from some state, repeatedly returns
back to arbitrary vicinity of the initial state. Zermelo states the contradiction
of this result to be the monotonic decrease of H-theorem (monotonic entropy
increase).

In the explanation of the paradox, Boltzmann refers to the following two
important features of his theory that are not included into the Poincaré
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theorem: probabilistic consideration of the different states of a system and its
evolution, and the coarse-graining of the distribution function of the system.
For a macroscopically large number of particles (~1023), a probability to
return to an initial volume A is immensely small. The coarse-graining proced-
ure for the distribution function neglects the events of very small probability.
Particularly, all rare (with small probability) fluctuations returning to any non-
equilibrium initial state are neglected in the process of deriving the kinetic
equation. This makes the kinetic relaxation irreversible. Boltzmann makes
first estimates of the recurrence time for molecules in 1 cm? at the normal dens-
ity and temperature. The time that is necessary to return the system of the
molecules to the initial state with an accuracy of 1077 cm is 100" (Boltzmann
(1897)).

22.1.3 Paradoz of reversibility

This paradox was formulated by Loschmidt who links some value of entropy S;
to a corresponding state of the system z;. If S increases from the value S; to
Sy > S; when the system evolves from z; to zy, then the entropy Sy should
decrease to the value S; < Sy on the reverse system evolution zy — z;, in
contradiction to the H-theorem.

In fact, as was also explained by Boltzmann, any kind of evolution of the
system must be considered in a probabilistic way and different paths have dif-
ferent probabilities. In the derivation of the kinetic equation small probability
transitions are neglected that lead to the breaking of symmetry with respect to
the reverse t — —t.

22.1.4  Boltzmann’s comments

It is worthwhile to mention a few other comments by Boltzmann that will be
used in other sections of this chapter and that are important in understanding
the origin of statistical mechanics.

Boltzmann has mentioned that Poincaré recurrence theorem does not say
anything about the recurrence time. Moreover, this time can be arbitrarily large
as it was not understood in (Zermelo (1896)) objections. At the same time, as was
commented in (Boltzmann (1897)), neglecting the low probability of events does
not mean their impossibility of happening, and the same should be said about the
fluctuation of molecules. Boltzmann’s comment inferred or assumed an existence
of a finite time ¢* such that events which most probably could appear at t > ¢*
would be neglected. Boltzmann estimated that ¢* is of the order of a time between
collisions (Note 22.3).

To better understand the origin of the H-theorem, Boltzmann proposed the
urn-model with exchange of black and white balls (Boltzmann (1898a)) that
was developed in (Ehrenfest (1911)) and then, in a modified version, rigorously
solved by Kac (Kac (1957, 1959)).
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22.2 Chaos and the paradoxes

The theory of chaos helps us to understand the origin of randomness from the
dynamics and occurrence of statistical laws in systems. The chaos exists even
in systems of two degrees of freedom and we do not need a large number of
particles to generate random behaviour. It is also important that the Poincaré
recurrence theorem has no connection to the origin of statistical properties in sys-
tems although these statistical properties impose the distribution of the Poincaré
cycles Pyoc(t). For any chaotic trajectory the sequence of recurrence time inter-
vals t1, s, ... is a probabilistic sequence described by Piec(t). The irreversibility
appears in the following way.

Consider a small phase domain Ag at t = 0 of a ‘good’ shape, say a sphere,
and look at its evolution with time. Assume that the system is of the Anosov type
and there is a uniform mixing in phase space. After a not small time the boundary
of the drop will be of an extremely complicated shape and the probability of the
newly shaped domain A; to return to the previous ‘shell’ Ag is extremely small.
The irreversibility occurs after the coarse-graining of the phase volume. Small
details of the system’s state in phase volume disappear and after while any exact
predictability of the future system’s state becomes impossible.

In the same way, the coarse-graining can resolve the paradox of reversibility.
The coarse-graining makes it impossible to reverse the trajectories from a high
probability state to a low probability one. Consider that a group of trajectories
exits from a small domain Ay, and let A be another domain such that the
coarse-grained volume A = T'(A) > I'(Ap). We should also introduce a scale of
coarse-graining and let it be A. This means that we have lost the individual
properties of trajectories inside A. Therefore, within A we cannot distinguish
the trajectories that started at Ag and arrive to A from those trajectories that
follow different paths. Reversing the trajectories from A into backward paths,
we reverse, in this way, not only the trajectories that arrive from Ay but also
many other trajectories that fill other domains of phase space. In the case of a
positive Lyapunov exponent there are many trajectories in A that do not arrive
from Ag.

The coarse-graining leads to a loss of information about trajectories and the
mixing leads to a fast filling of the domain of observation by trajectories from
almost all phase space.

Despite this fairly clear picture there exists a question without an answer:
how does a system perform the self coarse-graining, and how can one dis-
cover accidentally a rare transition or a state of exponentially small probability
(Note 22.4)7

22.3 Anomalous properties of the Sinai and Bunimovich billiards

In this section we would like to provide two examples to illuminate a specific
phenomenon of chaotic dynamics: There may exist a zero measure domain that
cannot be neglected in the constructing of kinetics.
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In the Sinai billiard (Sections 9.2 and 12.1) all trajectories are chaotic except
for a zero measure set that particularly includes bouncing trajectories, i.e. all
phase space has one ergodic component excluding a domain of zero measure.
Nevertheless, the excluded area generates scars in the phase space as is seen
from Fig. 9.3. The bouncing segment of a trajectory can be arbitrarily long
depending on the angle. The trajectories that bounce an infinitely long time
have zero measure and their existence makes scars in the phase space. A similar
situation appears for the Bunimovich (stadium) billiard (Fig. 9.5) where there
exists a positive Lyapunov exponent (Bunimovich (1979)) for almost all traject-
ories except for a set of zero measure. Any chaotic trajectory has infinitely long
segments of bounces and the corresponding scars in the phase plane.

Despite zero measure of scars, but because of them, the distribution of
Poincaré recurrences is strongly different from what exists for the Anosov-type
systems. Simulations show (see Fig. 22.1) that for both billiards (compare to
(12.10))

e—ht7 t 5 t*7

Prec(t) =1 1 (22.2)
2~ 3 Z t*7
Y

where h is the Kolmogorov-Sinai entropy, t* is a crossover time that depends
on the geometry, v = 3 (see for example (Zaslavsky and Edelman (1997) and
references therein)). The result (22.2) does not yet have a rigourous proof (see
estimate in Bunimovich (1985)). Particularly, we stress a fairly sharp crossover
from the exponential decay to the power law for both billiards as in Fig. 12.2.

To study diffusion or moments dynamics in the Sinai billiard, we should
consider the corresponding Lorentz gas model, i.e. a unit cell that is periodically
continued in z and y directions (see Fig. 9.4). For a point ball with distribution
function F(z,y,t) the moments are

(R?™) = /Oo (2% + y?)"F (x,y, t)dxdy. (22.3)

Qualitative estimates lead to
(R?) ~ const - tInt, (22.4)
while numerical analysis show for t — oo
(R¥™) ~ (tInt)(tInt)3(m=1/2 (22.5)
which strongly deviate from the Gaussian law (Note 22.5).

Diffusion in the stadium billiard can be considered in two different vari-
ations (see Fig. 22.1). In the first case that corresponds to the infinite horizon,
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Fic. 22.1. Diffusion in the periodically continued Bunimovich billiards with
different openings: infinite horizon (left) and finite horizon (right).

i.e. a possibility of arbitrary long flights, simulations show

(™) = /Oo Y (y, t)dy ~ t'", (t— o0) (22.6)

— 0o

with 4 = 1.05 and F(y,t) as a distribution function. In the case of finite horizon
(Fig. 22.1, right) u = 1, i.e. the transport is normal or very close to the normal.
Both examples show that long flights can significantly influence kinetics and
transport. At the same time the origin of flights is imposed by a zero measure
domain in phase space that cannot be neglected (Note 22.6).
We return to this issue at the end of the chapter.

22.4 Maxwell’s Demon and Chaos

Mazwell’s Demon is a paradigm imported for a deeper understanding of the main
principles of thermodynamics. We use the notion ‘kinetics’ when speaking about
microscopic picture of the considered system and the notion ‘thermodynamics’
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Fic. 22.2. Two billiards coupled through a small hole size 0.2. The shape of
the scatterer is a Cassini oval in the left half. In the figure we present one
trajectory that bounces in the Cassini and Sinai billiards.

or ‘transport’ when speaking about the moments of the distribution function
obtained from the kinetics (Note 22.6).

In the Theory of Heat (1871), Maxwell proposed a conceptual device that
could make molecules select one of two equal chambers connected through a
hole. This device (Demon), located at the hole, should work against the thermo-
dynamic law that causes the gas of molecules in two contacting volumes to be in
equilibrium. The problem, however, leaves an ambiguity in regard to its precise
definition as it involves a non-physical element as a part of the full construction.
In contemporary physics, this element is specified, which helps the Maxwell’s
Demon to acquire a different, realistic visualization:

(i) The Demon can be considered as a device which is able to work with
information and transfer the information into action (thinking device).

(ii) The Demon is a measuring device, and its actions depend on the results of
the measurement.

Both concepts give rise to rich physical discussions on the possibilities of
computing devices, irreversibility of computations, natural limitations of the
measurement process, role of quantum effects, and the quantum uncertainty.

The existence of chaos or pseudochaos provides a new direction for studying
the Maxwell’s Demon problem, based on its complete dynamical formulation
and avoiding any types of elements that cannot be formulated as equations of
motion. In his original publication, Maxwell wrote that in statistical considera-
tion ‘...we are compelled to adopt ...the statistical method of calculations and
to abandon the strict dynamical method in which we follow every motion by
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calculus.” Here we are just going in the opposite direction, i.e. we follow the
strict dynamics, as is shown, for example, in Fig. 22.2.

A general idea of the proposed approach to the problem can be fairly simply
formulated. Consider two separate dynamical systems with mixing properties
of the trajectories such that a statistical equilibrium can be achieved in each
of the systems. Let us make a weak contact between the systems, which brings
the coupled sub-systems to a new equilibrium state. One may ask the question:
Does the new equilibrium for each sub-system correspond to what we commonly
define as thermodynamical equilibrium (equal pressures, temperatures, etc.)?

In Fig. 22.2; a prototype of the dynamical model is introduced, consisting of
two billiard-like systems with mixing motion inside each and with the contact
of billiards through a hole. A point particle is bouncing inside the billiards with
absolutely elastic reflections from the billiards’ walls. As both billiards have
mixing properties, a stationary distribution function is expected. It can be a
probability measure to find a particle in one or another part of the system in the
infinite time limit. For the ergodic motion the infinite time limit can be replaced
by an ensemble average in the phase space of a system. Can the equilibrium in
the described billiard-like system be of the same kind as the one we usually call
thermodynamic equilibrium? Or, in other words, can the Hamiltonian chaotic
dynamics explain, in principle, the origin of the thermodynamics law, or do
we need some additional constraints? In the following section we will show
a negative answer to this question, considering an appropriate ‘design’ of the
billiard-like system with chaotic dynamics.

Actually, the main aim of this discussion is to determine what kind of random
process corresponds to the dynamical chaotic motion. It is known from the
previous chapters that this problem is quite complicated. For the Hamiltonian
systems of general type, the motion is not ergodic. To obtain a domain of ergodic
motion, one needs to extract from the entire phase space a (multi-) fractal set of
islands with regular motion. The properties of the rest of the phase space, called
the stochastic sea, are not well understood as those of the islands’ boundaries.
This part of the phase space is non-uniform. It is filled by another kind of fractal
objects, cantori, which have zero measure and strongly influence the transport
of particles, creating a ‘stickiness’ of the islands’ boundaries.

22.5 Maxwell’s Demon as a dynamical model

We call the Mazwell Demon system a dynamical system that can create a non-
equilibrium distribution of particles between two contacted chambers for an
arbitrarily long time. The notion of equilibrium has the thermodynamic meaning,
i.e. difference of pressures, or temperatures, etc. in different chambers. Neither
any random nor ‘thinking’ element is included into the model.

A crucial feature in construction of the dynamical model of the Maxwell’s
Demon is to use the dynamical traps that lead to incomplete randomness and
long-lasting fluctuations. Such a model was presented in Fig. 22.2 where the
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Fi1G. 22.3. Distribution of Poincaré recurrences to a hole in the partition from
the left (circles) and right (crosses) chambers. The difference persists for a
time 1.16 x 101%. The data are accumulated from 37 orbits.

Cassini billiard part was taken with special parameters of the inner scatterer.
Due to these parameters the islands’ boundaries in phase space were very sticky
(see the details in Zaslavsky and Edelman (1997)). The result of computations of
Poincaré recurrences to the hole in the left (circles) and right (crosses) chambers
are shown in Fig. 22.3.

These recurrences are actually residence times in a chamber before the escape
to another chamber. There are evident differences in the distributions that imply
a difference in moments of the distribution P(¢) and a difference in the corres-
ponding thermodynamical properties of the chambers. A more evident difference
can be obtained for another example (see Fig. 22.4) where the rhombus billiard
replaces the Cassini oval (Note 22.8).

As was mentioned above, for the Sinai billiard part only, the recurrence
exponent v = 3 and for the rhombus billiard only, v 2 2. When the hole is open,
the recurrences to each chamber are distributed in a different way (see Fig. 22.5).
Our next step will be to get pressure in each chamber when the hole is open.

The pressure from one particle can be considered as a mean value for the
transferred momentum per unit length of the chamber’s divider:

pr(t) = <if>. (22.7)



350 CHAOS AND FOUNDATION OF STATISTICAL MECHANICS

Fic. 22.4. A model of the Maxwell’s Demon device with two chambers and
scatterers as a circle and a rhombus.
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Fic. 22.5. Distribution of the Poincaré recurrences for the left (circles) and
right (crosses) chambers of the model of Maxwell’s Demon in Fig. 22.4.

The expression (22.7) is a ‘coarse-grained’ pressure over some time At, and its
value depends on a macroscopic time and on how the coarse-graining is per-
formed. Let At be the time intervals that a trajectory (particle) spends in
a chamber with the rhombus or circle correspondingly between two successive
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F1G. 22.6. Time behaviour of the pressure pr(t) obtained by the At-averaging.

crossings of the hole. One can calculate the cumulative momentums transfer
Ap and the corresponding pressures will be called At-average. These results are
shown in Fig. 22.6 with a very clear sign that a particle in a chamber with
rhombus reveals larger amplitude fluctuations and less uniformity than in the
chamber with the circle.

For this example, we consider At ~ 105, While it follows from Fig. 22.6
that there is a convergence of the pressures from the left and from the right to
a common value, there are immense fluctuations without a finite time of their
relaxation. As we see from Fig. 22.6, the fluctuations can last up to the full time
of observations, which is ~10!! in our simulations. The longer time we consider,
the longer lasting fluctuations can be observed. In Section 4.1 we called them
persistent fluctuations.

The considered systems have unusual behaviour and do not follow the ther-
modynamic laws in a common sense. These systems possess the polynomial
complexity and the features typical for the Maxwell’s Demon. The most interest-
ing fact about these systems is that they are either close to some natural systems
(wave propagation in non-uniform wave guides) or close to the behaviour of some
Hamiltonian systems with non-zero Lyapunov exponents when the dynamics is
sticky, especially in some problems of plasma physics. It is important to underline
that we consider pure dynamical models within a dynamical consideration.
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22.6 Comments on the application of Ergodic Theory

The results of the previous sections show that the chaotic or pseudochaotic
dynamics in real systems does not always provide a finite relaxation time to the
equilibrium or fast decay of fluctuations, and that chaotic systems are not com-
pletely random in the sense originally prescribed for statistical systems. These
properties may require rethinking some of the fundamental assumptions of what
is necessary to work out thermodynamic laws, if we put aside the thermodynamic
limit: N (number of particles) — oo, V' (volume) — oo but

li N 22.8
yam = const. (22.8)

Within the type of analysis performed in this book we should mention some
specific features of dynamical systems that may be related to fairly realistic
models, and at the same time, make it impossible to apply the most typical
assumptions of the ergodic theory: ergodicity (4.12)

t—oo t

= lim — / flx, t)dt' = (f(z,t)) = /dl"(x)f(%t)p(amt) (22.9)
and mixing (4.13)
lim (f(z(t + 7)) - g(x(7))) — (f(2))(g(x)) = 0. (22.10)

t—o0
Here are some general comments:

(a) The limit ¢ — oo may not exist for all functions f(z,1).

) The limit ¢ — oo may not exist for all initial conditions z(t = 0).

) The limit ¢ — oo may not exist at all for (22.9) or (22.10), or for both.

) The measure p(x,t)dI'(x) in (22.9) and (22.10) for which the limit does exist,
may not be the natural (physical) one.

(e) Some zero measure sets cannot be excluded from the consideration.

(f) Convergence for the limit ¢ — oo can be arbitrarily slow which makes the

limit senseless from the physical point of view.
(g) Lyapunov exponents distribution can include oy, = 0 as the lower band.

All these comments deserve to be carefully reconsidered for the real-
istic Hamiltonian systems. We believe that their illumination plays not only
a fundamental theoretical role, but is also important for numerous applications.

22.7 Comments on dynamical cooling and chaos erasing

The described construction of the dynamical system that can reveal the features
of the Maxwell’s Demon for some appropriate values of control parameters is
a result of the non-uniformity of phase space of chaos and existence of dynamical
traps.
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F1G. 22.7. Stochastic layer trap (dark area in (a)) for the perturbed pendulum
model and the corresponding strongly asymmetric distribution of momentum
F(p) in (b): e = 0.181; v = 5.4; t = 6 x 105 x 27 /v.
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map (K = 6.908745) is ‘cool’ (top) until it escapes (bottom).
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Fi1a. 22.9. Phase portrait for the perturbed pendulum (6.1) with k = 1, e = 8.1,
v = 8.59.

Long flights of random trajectories can be considered as the trajectory entrap-
ment into a small domain of phase space. An example in Fig. 22.7 displays
such entrapment and the corresponding phase space domain. It is clear from
the figure being trapped that the trajectory sharply reduces the dispersion
along the momentum (or more accurately, along the perpendicular direction
to the stochastic jet). More effective entrapment is demonstrated in Fig. 22.8
for the standard map (Zaslavsky (2002a)), which shows a kind of regularity of
the dynamics within the trapping domain. This property of the chaotic dynam-
ics can be called dynamical cooling. The main idea of the cooling (Zaslavsky
and Abdullaev (1995); Zaslavsky and Edelman (2000)) is to tune the control
parameter in such a way that creates effective dynamical traps and immensely
reduces fluctuations, i.e. cooling the trajectories for a fairly long time. As a
result, a strongly asymmetric distribution function of momentum F(p) occurs.
The example in Fig. 22.7 corresponds to a stochastic layer for the perturbed
pendulum:

i+ wisine = —ewgsin(z — vt).

A sticky trajectory that corresponds to the ballistic mode can be captured
into a fairly narrow layer for a time of the order 107, preventing a relaxation
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to the uniform distribution. The right part of Fig. 22.7 shows F(p) with
a strong peak that corresponds to the appearance of a preferential direction
(Note 22.9).

The fluctuations are not reduced for ever; they appear after a long time.
The phenomenon of entrapment of trajectories into phase space domain with
immensely reduced fluctuations in some direction is also called erasing of chaos.
Fig. 22.9 shows the phase space of the perturbed pendulum (6.1) for some special
values of parameters. The dark strip of the upper stochastic layer indicates a
long stay of the trajectory in this place. That means a lowering of fluctuations
and erasing of chaos due to the particle trapping in the sticky domain of phase
space.

Notes

Note 22.1
There are numerous different discussions of the derivation of kinetic equations
and their foundations (Ehrenfest (1911); Kac (1958, 1959); Prigogine (1962);
Krylov (1979); Chirikov (1981)). In this section we refer to the original works
(Boltzmann (1872, 1895, 1897, 1898a)) and a paper of Zermelo (1896). With
respect to the connection between chaos and the problem of the foundation
of statistical mechanics, we follow our publications (Zaslavsky (1985, 1999,
2002)).

Note 22.2
In this paper (Boltzmann (1872)) the Maxwellian distribution was the equilib-
rium, and the kinetic equation was derived that led to the H-theorem. In this
paper of 1872 Boltzmann did not actually use the notation H, and it appeared
a few years later together with formulation of the result as the H-theorem.

Note 22.3
Boltzmann also mentioned that in the Zermelo paper (1896) the rigorous
results of Poincaré were applied in a non-rigorous way.

Note 22.4
Some discussion of this issue can be found in Krylov (1979).

Note 22.5
For estimates of (22.4), see Bunimovich (1979, 1985); Machta (1983); Machta
and Zwanzig (1983); Zacherl et al. (1986); Machta (1986). The result (22.5)
for higher moments is in Zaslavsky and Edelman (1997). For the experimental
observation of stickiness in optic billiards, see Kaplan et al. (2001, 2004), where
the ‘soft walls’ billiard (Turaev and Rom-Kedar (1998)) was realized.

Note 22.6
See more properties of these billiards in Zaslavsky and Edelman (2004), where
the existence of log-periodicity is also shown in the stadium billiard with
infinite horizon.
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Note 22.7
For the principle publications related to the Maxwell’s Demon, see the col-
lection of papers in Leff and Rex (1990). The material of this section follows
Zaslavsky (1995) and Zaslavsky and Edelman (1997).

Note 22.8
All data for the Maxwell’s Demon model with a rhombus billiard are from
Zaslavsky and Edelman (2004).

Note 22.9
This type of phenomenon is typically used for stochastic rachets
(Mateos (2000)) or for the current generation using the broken symmetry
due to a time-space non-uniformity (Flach et al. (2000); Denisov and
Flach (2001)).
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CHAOTIC ADVECTION (DYNAMICS OF TRACERS)

The dynamics of fluids can be presented by a vector field v(r,t¢) that defines
a velocity of fluid at any time instant ¢ at the point r. Small particles (tracers)
being put into fluid can move in such a way that their velocities () coincide
with the fluid velocity v(r,t) at the same point and the same time, that is,

P(t) = v(r,1). (23.1)

Such particle dynamics is called Lagrangian dynamics or advection. Chaotic
dynamics of tracers is also known as Lagrangian turbulence. In the case of
stationary flow v = v(r) and incompressibility, that is,

divv =0 (23.2)

trajectories of particles coincide with field lines, that is, streamlines, and the
corresponding equation

r(t) = v(r) (23.3)

is the same as (2.31). It was shown in Chapter 2 that the system (23.3) can be
presented in a Hamiltonian form if the condition (23.2) is valid.

In this chapter we consider some properties of advection that demonstrate a
specific chaos in fluids and fractional kinetics of Lagrangian particles (Note 23.1).

23.1 Beltrami flows with g-symmetry

As was mentioned in Section (2.42), stationary flow v satisfies the Beltrami
condition:

vxcurlv=0 (23.4)
or
cv = curlv (23.5)

with an arbitrary scalar function ¢ = ¢(r). Such field v will be called the Beltrami
flow or helical flow (Note 23.2).

357
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Here is an example of the Beltrami flow with a plane-symmetry:

Vp = —6—y + esin z,

vy = ov —€coSz (23.6)
v o )

v, =V,

where € is a parameter, and function ¥ = U(z,y) satisfies the two-dimensional
Helmholtz equation

AV + U =0. (23.7)

It is easy to check that the velocity field (23.6) has the properties (23.2) and
(23.5) with ¢ = —1.
The advection equations (23.3) can be written in the form

dx 10H dy 1 0H

S W72 23.8

dz U Jy dz VU Or ( )
with

H=H(x,y,z) = ¥(x,y) — e(xcosz + ysin z). (23.9)

The system (23.8) can be considered as a generalized Hamiltonian system since
we can introduce new ‘time’ 7 as:

dr 1

_— = 23.10

dz  Y(z,y)’ ( )
which leads to the Hamiltonian equation of a system with 1 1/2 degrees of
freedom:

dx 0

=5 H@y2(r2,9),

d ; Y (23.11)
y_ 9

& = g H(@y,2(r,,9)).

A special case of ¥

q
P P
U, =Tp ) cos(r-e)), (ej - (cos Fﬂj,sin ;)) . geN  (23.12)

j=1

will be called helical flow with ¢g-symmetry. For ¢ = 1,2 we have one-dimensional
flow, for ¢ = 3,4, 6-flow with a crystal symmetry, and for ¢ = 5,7, 8, .. .-flow with
quasi-crystal symmetry, or simply, quasi-symmetry). The case ¢ = 4 corresponds
to the ABC-flow (see Section 2.5).
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A more general solution of (23.7), based on ¢ unit vectors e;, can be written as
q
U, = Z Ajcos(r-ej + ¢;) (23.13)
j=1

with constants {A;}, {¢;} and an arbitrary orientation of e;. ABC-flow (2.44)
is a particular case of (23.6) with a special choice of constants {4;}, {¢;} (see
Problem 23.1).

For ¢ = 0 the advection equations are integrable. They describe a two-
dimensional dynamics in (z,y) plane with a symmetry defined by ¥(z,y).
Perturbation with ¢ # 0 creates zones of chaotic dynamics that form a kind
of stochastic web with helical symmetry (see details in Zaslavsky et al. (1988);
Zaslavsky et al. (1991)). An example of such zones is given in Fig. 23.1, which
corresponds to the equations

T = —siny + esin z,
Y =sinz + ecos z, (23.14)

Z = coSx + cosy.

Points on the plane z = 0 in Fig. 23.1 are obtained as the points of intersection
of a trajectory with the plane z = 0 of a unit cell: z, y, z mod 27. Closed
orbits correspond to invariant cylinders along z, while the chaotic zone near
the destroyed saddles belongs to the only trajectory which performs a random
walk along the stochastic web. This web signifies a three-dimensional connected
channel of finite measure along which there exists three-dimensional mixing. The
pattern is different in different planes of section z = const, and that is why we
do not see that the web is a connected net. It was also shown in (Zaslavsky et al.
(1988)) that the width ér of the web is dr ~ €.

Diffusion along the stochastic web depends on € and it can correspond to
fractional kinetics with

(Jr]) ~ /2 (23.15)

and values of pn = p(e) > 1. Figure 23.2 (Beloshapkin et al. (1989)) demonstrates
flights for ¢ = 4 (Note 23.3).

23.2 Compressible helical flows

It was shown in (Arnold (1965, 1986)) that solutions of the advection equa-
tion (23.3) under the divergence-free condition (23.2) and Beltrami flow (23.5)
can be classified in two categories: (a) for the smooth ¢ # const and nowhere
zero, the topology of orbits is trivial in the sense that the equations (23.3)
are integrable and orbits are coils of the invariant tori or invariant cylinders;
(b) for the case ¢ = const the topology of orbits is non-trivial in the sense that
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F1c. 23.1. Poincaré section of trajectories in z = 0 plane for the flow (23.7)
with square symmetry (¢ = 4) and € = 0.05. A thin stochastic web forms a
connection grid similar to the cubic lattice.

some of the orbits are chaotic. The statement (a) follows from the Beltrami
condition (23.5) that

divev =v-Ve+cedivv = 0. (23.16)

Because of divv = 0 one has Ve - v = 0 or due to (23.3), - Ve = 0 and that
means

= =i.Ve=0, (23.17)
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F1a. 23.2. Poincaré section of a trajectory on (x,y) plane at z = w/4 for
equations (23.14) with e = 0.6.

which is a condition for ¢ to be the first integral. For the case (b) the
equations (23.3) can be rewritten in the Hamiltonian form which reveals the
chaotic dynamics in three-dimensional space as a generic situation.

The described situation appears to be paradoxical from the physical point
of view because the general situation (non-uniform c) leads to a non-general
(integrable) particle motion. In other words, the sharp transition from non-
integrability to integrability for any small non-uniformity of ¢ does not appear
acceptable from the physical point of view.

The simplest way to reduce the paradox is to lift the incompressibility
condition and to consider the general compressible situation of

div pv = 0. (23.18)

Then c¢ is not an integral of motion and ¢/p = const due to (23.16). In this new
situation (23.2) is replaced by (23.17) or its equivalent (23.16) (Note 23.4).

Consider, for simplicity, the case ¢ = ¢(z) and rewrite the advection
equation (23.3) in the form

d
Sr=cv, (23.19)

where a new variable 7 is introduced, instead of ¢, by the equation

dt

== e(z(t; 2o, Yo, 20)) (23.20)
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with initial conditions g, yo, z0 at ¢ = 0 and restriction ¢ # 0, co at any finite
point (z,y, 2).

Three equations (23.19) can be written in Hamiltonian form, using the
condition (23.16) or (23.18), similar to Section 2.4. The choice of Hamiltonian
representation is not unique, but it does not influence the phase space structure
and the physical results for the advection.

Let us write

do_va dy _ vy (23.21)

dz FZ’ dz v,
instead of equation (23.19) and consider z = z(z), y = y(z) as independent
phase-space variables. A change from equation (23.21) to a Hamiltonian form
of the equations can be done using some transformation from (x,y) to (x,p)
variables with

y
pay2) =) [ oo/, 2y (25.22)
0
Let us define
y T
H = H(x,p,z) = c(2) {/ ve (2, Y, 2)dy’ — / vy (2',0, z)d:c'} . (23.23)
0 0

Then it follows from equations (23.21)-(23.23) that
de. OH dp  OH

dz  0p  dz Oz’ (23.24)
i.e. H is the Hamiltonian function for canonically conjugate pair (z,p) and z
plays the role of time variable. Again, we consider z = x(z), p = p(z) as inde-
pendent variables instead of the pair (z,y). The first equation in (23.24) follows
directly from (23.23) and definition (23.22). To prove the second one, consider
the expression:

oH Y Oovg(2,y',2)
e c(z) {/0 Tdy vy(x,O,z)} (23.25)

and use condition (23.18) which gives

oH v ovy(z,y',2)
or /0 o(z) oy’ dy
Y0
—/ —le(2)va(x, Y, 2)]dy — c(2)vy(x,0, 2)
0 82

= —c(2)vy(z,y,2) — ’ %[c(z)vz(x,y', 2)|dy'. (23.26)
0
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From equations (23.22) and (23.21) we have

dp _ @ /y 9 'y
dZ - C(Z)UZ + 82 [C(Z)vz(x,y 72)]dy

= c(2)vy(z,y, 2 / E 2)vs(z, Yy, 2)]dy'. (23.27)

Comparison of (23.26) and (23.27) proves the second equation (23.24). There
are other Hamiltonian representations which may be convenient for different
situations depending on the considered flow.

The existence of a local Hamiltonian form for the advection equation (23.19)
in the compressible case permits us to apply Hamiltonian dynamics theory.
In particular, we can immediately state that a generic three-dimensional helical
compressible flow generates advection with chaotic trajectories in analogy to the
statement that Hamiltonian systems with 1 1/2 degrees of freedom possess, typic-
ally, chaotic trajectories. Moreover, we expect the existence of an infinite number
of islands (tubes) which are isolated from the stochastic sea and are filled by
invariant curves (cylinders) according to the KAM-theory. The Hamiltonian type
of chaos means also the absence of attractors in the presence of compressibility.

Consider an example of the compressible flow (Morgulis et al. (1995)):

aw
= —4d—Csmx —4Wsiny + esin(,

aw
Uy = —4d—C siny + 4W sinz + e cos (, (23.28)

w
v, = 4—(cosx + cosy),
c

where € is a constant, the variable ( is introduced instead of z by the equation

g

= c(z) (23.29)

and W = W(¢) is a solution of the equation
1" 1
W+ (1 = 2) W =0. (23.30)
c

For the case of ¢ =1 and W = const, the system (23.28) converts to a particu-
lar case of the ABC-flow. We can say that equation (23.28) is a compressible
analogue of the ABC-flow. Field (23.28) satisfies equation (23.5) with an
arbitrary helicity parameter function c¢(z).
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The advection equation (23.3) that corresponds to equation (23.28) can be
written as

d
T = 74%sinx74Wsiny+esin§,

dw
Y= —4d—C siny + 4W sinz + e cos (, (23.31)

W 1.
Z2=4—/(cosz +cosy) = —C(,
c c

where we use the condition (23.29). For the incompressible uniform case (¢ = 1,
W = const), the system (23.31) is reduced to the ABC-flow

T =—4Wsiny + esin z,
y=4Wsinx + ecos z, (23.32)
z = 4W (cosx + cosy).

We will consider the non-uniformity of the helicity parameter (and density) in
the form

4 6 -1/
c=c()=(14 5+ ———— 23.33
©) 22 (2cosh?(¢/0) ( )
with a characteristic length scale ¢ of the non-uniformity. The corresponding
solution of equation (23.30) has a soliton shape

1

- (23.34)

The uniform case corresponds to the limit £ — oo, i.e. ¢ — 1, W — 1, which is
also the case of incompressible flow. Thus, advection governed by the equations
(23.31), (23.33), and (23.34) corresponds to the compressible ABC-flow, and
we can observe changes of the advection pattern when the compressible flow
approaches the incompressible limit by smooth change of the only parameter ¢.

In Fig. 23.3 we present a typical trajectory in a slab geometry using (-variable
instead of z. The trajectory is bounded in (. More detailed insight about
trajectories comes from Fig. 23.4. Parameter ¢ provides a characteristic length
scale of the non-uniformity of the helicity parameter ¢(z). One can consider £ ~ 1
as a strong non-uniformity case. The corresponding Poincaré map of trajectories
is given in Fig. 23.4 for the system (23.31), with domain z € (—2m,2n);
y € (—2m27); z(—o00,00), and a fairly large number of initial conditions.
The phase portrait in the plane z = 0 (Fig. 23.4(a)) displays invariant curves
and a domain of chaotic dynamics that covers the main part of the plane.
Magnification of a fragment of the (x,y)-plane is shown in Fig. 23.4(b) that
demonstrates connectedness of different chaotic areas. The plane (¢, x) is shown
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Fic. 23.3. A sample of a trajectory for the compressible ABC-flow with e = 0.9,
{=12.

in Fig. 23.4(c) for y = —m/2. It is clearly seen that the dynamics along ¢
(or along z) is bounded by invariant curves which makes the compressible case
strongly different from the incompressible one. Upper and lower parts of the
chaotic dynamics in Fig. 23.4(c) are not disjointed and their connection appears
for different values of y (see Fig. 23.4(d)).

Comparing Fig. 23.4(a) to Fig. 23.1, we conclude that in spite of the small
value of € = 0.05, the area of chaotic dynamics increases in the compressible
case. Even the decrease in € does not sufficiently change the pattern, although
the process of mixing slows down. In this comparison we mean the absence of
big islands at compressible ABC-flow for small € if one compares them to the
sizes of islands for the ABC-flow with the same e.

The case of large values of £ can be referred to as the adiabatic case.
An example is given in Fig. 23.5. Surprisingly, it shows that almost all the
area of motion belongs to the stochastic sea, and the size of the islands becomes
very small. Comparing Fig. 23.5 and Fig. 23.1, we conclude that compressibility
enormously increases the mixing domain, especially in the adiabatic case. More
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6.0 -5.0 —4.0 -3.0 2.

F1G. 23.4. Poincaré section of trajectories for the compressible ABC-flow with
€=0.95,¢=1.1. (a) A full cell in the (z,y) plane. (b) Magnification of the
central part of (a). (¢) The same in the (¢, x) plane; y = —7/2. (d) The same
in the (¢, x) plane; y = —.
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Fiag. 23.4. (Continued)

precisely, for small € the chaotic region in the compressible ABC-flow is of the
order one in (z,y)-plane. On the other hand, the area of chaotic advection in
the unit (x,y)-cell of the incompressible ABC-flow is of the order € (Note 23.5).

23.3 Compressible flow with quasi-symmetry

For the sake of completeness, let us provide a solution of the Beltrami equation
(23.5) with a quasi-symmetry of order ¢ in (x,y) plane (Note 23.6). Assume
¢ = ¢(z) and ( is given by (23.29). Then the advection in compressible flow with
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-6.0 -5.0 4.0 -3.0 -2.0-1.0 0.0 1.0 20 3.0 40 50 6.0
X

F1G. 23.5. Same as in Fig. 23.4(a) but for adiabatic case with £ = 20 and
e = 0.05.

g-symmetry and generating function ¥, from (23.12) is defined by the equations

h g 2dWOv, 2 0V,

=@ or TRV gy Tesine

Sy 2 AWV, 207,
V=W TR oy R o

2v22<W>\I/q.
c

It is easy to check that the vector field v = (v, vy, v;) in (23.35) is a solution of
(23.5), i.e. the solution has been expressed through the generating function ¥,
arbitrary function ¢(z), and the solution of the equation for W

d2W 2
e <1 - 02) W =0 (23.36)

+ ecos(, (23.35)

similar to (23.30) up to a constant k2.
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As an example let ¢ = k and 2W/c = const = 1 (the value one for the
constant is taken without loss of generality). Then ¢ = kz and due to (23.29)
and (23.36) the solution for v can be written as

10V
Vg = %aa—yq + esinkz,
109, (23.37)
vy = % om + ecoskz,
v, = U,

These equations correspond to (23.6).
Now we can write down a simple example for the non-uniform Beltrami flow
using the representation (23.35). Let

2 4 6
l-=—=4+—-—0 23.38
c? 02 2 cosh? ¢/t ( )

where £ is a scale parameter along z. Solution of equation (23.36) for the case
(23.38) is simply

const
Wy = ——, 23.39
° 7 en’¢/t (23.39)

which has a shape of a soliton. If £ — oo then z — ¢y = k and the problem
can be reduced to the known helical flow (23.37) (there are also some other
possibilities). This situation makes the solution (23.39) convenient for different
physical applications.

Let us consider a simple square-symmetric generating function

Uy = 2(cos kx + cos ky). (23.40)

Then in accordance with (23.35) and (23.39) we have

4 dW, 4
vy = 2 dCO sinkx — EWO sin ky + esin (,
4d 4
b= ;[C/o sinky + EWO sin ky + ecos, (23.41)

W,
v, =4 (O> (cos kx + cos ky),
c
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where the connection between z and ( can be calculated by simple integration
from the definition (23.23)

62 1/2
z= /c’ld( =kt /dc <1 + % - ch62/g/£> : (23.42)

For Wy = const the equations (23.41) describe the ABC-flow. One can consider
the flow (23.41) as an example of compressible generalization of the ABC-flow
with a special profile of density.

The advection equation can be rewritten now in a symmetrized form using
variable ( instead of z:

4.d 4
T = Vg = = :;ZO sin kx — ﬁwosink'y+esin<7
4 dW, 4
§=uv, = _ﬁTgo sin ke + 25 Wo sin ke + ecos G, (23.43)

¢ = ¢ = cv, = 4Wp(cos kzx + cos ky)

that coincides with (23.31) considered in Section 23.2 with ¢ = k = 1.

Notes

Note 23.1
The chaos of field lines was considered a fairly long time ago with appli-
cation to the magnetic field configurations in plasma devices (see
Rosenbluth et al. (1966); Filonenko et al. (1967)). The notion of Lagrangian
turbulence had been coined by Aref (1984). See more in books by Ottino
(1989) and Zaslavsky et al. (1991).

Note 23.2
The interest in Beltrami flows was stimulated by the problem of Lagrangian
turbulence and its application to the fast magnetic dynamo (Arnold (1965);
Henon (1966); Childress (1970); Dombre et al. (1986); Zaslavsky et al. (1988)).
Another aspect of this flow was related to the patterns with quasi-symmetry
in flows (see Zaslavsky et al. (1991); Beloshapkin et al. (1989)).

Note 25.3
Details of simulations of transport for the ABC-flow can be found in
Chernikov et al. (1990). In Zaslavsky et al. (1993) renormalization properties
of hierarchical islands were studied.

Note 23.4
The material of this section follows Morgulis et al. (1995); Govorukhin

et al. (1999).
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Note 23.5
An interesting case appears for ¢ = 0 that corresponds to a stratified flow with

T = —4%2/ sinz — 4W siny,

aw
Y= —4d—C siny + 4Wsinz,
w
Z2=4—/(cosx + cosy).
c

The set of equations seems to be non-integrable while the situation is not
described yet (see simulations in Govorukhin et al. (1999)).

Note 23.6
For the details of constructing this solution and for more general case, see
Morgulis et al. (1995).

Problems

23.1 In (23.13) find the constants Ay, Ao, A3, Ag; @1, 2, P3, 4; €, and orienta-
tion of vectors e, ez, e3,e4 such that for ¢ = 4 the flow (23.6) coincides with
ABC-flow (2.44).
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ADVECTION BY POINT VORTICES

A system of point vortices is a specific type of flow with singularities at the
points of the vortices location. Being an exact solution of the Euler equation, a
set of point vortices is a convenient model to study different problems of fluid
dynamics and turbulence. Such types of models occur in other areas of physics:
condensed matter, statistical physics, plasma physics, oceanography, meteoro-
logy, etc. Advection of tracers by point vortices is an important and constructive
way for the resolution and diagnostic of the vortices states. At the same time,
systems with point vortices present a special and interesting types of Hamiltonian
dynamics as well as dynamics of advected particles. In this chapter we demon-
strate how the fractional kinetics and anomalous transport appear for advection
of tracers and vortices (Note 24.1).

24.1 Basic equations for point vortices and for advection

We consider two-dimensional incompressible flow with velocity
v = (vg,vy), divv=0 (24.1)
and the stream function ¥ = ¥(x,y,t) that satisfies the condition

L

and
_ 0¥(z,y,1) . 0Y(z,y,1)
Vg = gy Uy = o (24.3)

(compare to 23.6).
It is convenient to introduce complex coordinates z = x + iy and z* = z —iy.
The advection is defined by the equation (23.3) or

v v
.’ij:’()a::ai, y:vy:—%7 (244)

373
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that is, the stream function W is also a Hamiltonian. In complex coordinates,
equations (24.4) can be written as

Z2=1[z2,¥] = —21’8—\11,
0z*
(24.5)
) =2 Y
Z b 82 b
where
[ Oa Ob Oa Ob

are the Poisson brackets.
The Hamiltonian (stream function) for the system of M point vortices,
directed perpendicularly to the plane (z,y), is

M
* — _ 1 2
U(z,z*t)=H = g m§:1 kmIn |z — 2|7, (24.7)

where 2, (t) = @, () + iy, (t) are coordinates and k,, is the strength of the m-th
vortex. It is also assumed that there are no walls or other obstacles and that the
flow has zero velocity at infinity. The corresponding advection equations (24.5)
take the form

— _L k77l
2mi = 2% — 25 (1)
o (24.8)
= %mzz:lz—zm(ty

where (z,z*) are coordinates of the advected particle. As soon as vortices tra-
jectories (zm,(t), 25, (t)), Vm are specified, the advection equations (24.8) are
completely defined.

Equations (24.8) are symmetric with respect to the coordinate z of the
advected particle and a vortex coordinate z,,, i.e. the advected particle can
be interpreted as a ‘passive’ point vortex with a strength & = 1. In general, the
system of M vortices is defined by the stream function

M
1
\IIMEHM:—E Z kEmkn - 10|z — 20 (24.9)

m,n=1
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and the corresponding equations of motion are

. M

21 8HM 1 kn
.m: mvH = -3 = 5 T %0 :17'°'7M7
: K m] km 0z, 2mi 2—21 z5 —zk (m )

n#m
M
21 8HM 1 kn
r o= [z, Hy] = = — =1,....M
fm = [z, Hu] kr, Oz,  2mi Zl Zm — Zn (m=1,....M)
n#m
(24.10)

These equations coincide with (24.8) when we omit the subscript m and put
km = 1.

The advection problem can be formulated now as following: for a given set of
M point vortices and the initial conditions {z,,(0),2%,(0)}, (m =1,..., M) the
equations (24.10) should be solved and the solutions

2m(t) = 2m (t; 21(0), 27(0), . . ., 2a1(0), 23,(0)), Vm (24.11)

with the corresponding =z (t) should be defined and put into the
equations (24.8). Then, the equations (24.8) should be solved for given functions
zZm(t), 25, (t), (Ym).

The system (24.10) of M point vortices possesses some remarkable properties.
Besides the ‘energy’ Hj; integral of motion, the following expressions are also
the dynamical integrals:

M
Q+iP = Z kv Zm,
m=t (24.12)

M
L= km|zm|*.
m=1

Between the quantities (H, P,Q, L?), only three integrals are in involution, that
is, commuting with each other. These integrals can be taken as the following
ones: H, P? + Q?, L2

Due to this, the system of three point vortices is always integrable. In the
case of all k1 2 3 are of the same sign and for some cases of k; 2 3 of different signs
the system performs a periodic motion that is a rotation around the centre of
vorticity defined by the condition

3
Q+iP=> kjz =0. (24.13)

j=1
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The case M > 3 corresponds to, generally speaking, non-integrable dynamics
(Note 24.2).
In some cases it is convenient to rewrite (24.9) in the form

1
H=—-—InA (24.14)
2T
with
M
e [ B (24.15)
m>n=1

We will discuss in more detail the case of M = 3 with k1 = ko = ks = k = 1.
Then the parameter

A= |21 —ZQHZQ—Z3||Z3—21| (2416)

is a geometric factor since |z,, — z,| is a distance between two vortices located
at points z,, and z,.

24.2 Advection in three vortices

Let us start from a brief description of the dynamics of three vortices of equal
strength k = 1 (Note 24.5). Then

3
Q2+P2: zm2*7
Y

m,n=1

3
2 Lok
L° = E %]
j=1

(24.17)

as follows from (24.12). Two square forms (24.17) can be diagonalized simul-

taneously by a transfer from the variables (zj,z;), j = 1,2,3 to the variables
(Qna PTL)
I 3
Qn +iP, = (31/2) D et (n=0,1,2). (24.18)

m=1

For the pair (Qo, Po) = (L/3/?)(Q, P) we can put Py = Qo = 0 by a choice of
special frame of reference (24.13). New variables are canonical and satisfy the
commutation rules

[Qm Pm] = 5nm7 [an Qm] = 0, [Pn, Pm] = 0, (’ﬂ, m = O7 1, 2). (24.19)
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For the rest of the two pairs (Q,, P,), n = 1,2 it is convenient to use polar
coordinates (Jy,,0y) instead:

Qn +iP, = (2J,)Y%e%  (n=1,2). (24.20)

Use of (24.20) to invert (24.18) gives

zj = (31L/2> n;2(2jn)1/26*2””0‘*1)/3, (j=1,2,3) (24.21)
with
L? =2(J; + Jo) (24.22)
and Hamiltonian
H= _% I[8(J3 + J3 — 272732 cos 3(65 — 6))). (24.23)
One more canonical transform
112@, ¢1 =02 — 01, (24.24)
I2=wa $2 =02+ 0: |

helps to integrate the dynamics. The new form of the Hamiltonian
1
H=-1 In[16(Iy(I2 + 31%) — (12 — 1?)3/% cos 3¢)] (24.25)

does not depend on ¢3 and thus I is an integral of motion. Since (I1,¢1) is a
canonical pair,

H 12
_87 = ZetmH(12 - 112)3/2 sin 3¢, (24.26)
opr 7

and one can get with the help of (24.25) and notation (24.14)

L =

. I?
(D)2 =P(I;A), I= 712 (24.27)
2

with a polynomial of fourth order P(I;A) (see Problem 24.3).
From the definition of H in (24.23) and A in (24.14) it follows that

0<A<1 (24.28)

and there exists a critical value

(24.29)
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(see Problem 24.3) of a degeneracy of roots of P(I;A). For the latter case the
dynamics of vortices is similar to the soliton-like aperiodic solution

I= |1+ (2V3)cosh %(t—to) (24.30)

y
o 10
qF 1 -1
1 1 1 1 1 1
1 0 1 - 0 1
X X
(b) -1 0 1 (d) -1 0 1
T T T T T T
1+ 41
y
or 10

X X

F1G. 24.1. Poincaré sections of passive particle trajectories: (a) Regular advec-
tion for A = 1 (vortices from uniformly equilateral rotating triangle).
(b) Destruction of separatrices and onset of chaotic advection, A = 1—9.6 x
1077, (c) A = 0.990656; a large mixing region already exists. (d) Typical
advection pattern, A = 0.752192. Arcs inside vortex cores are narrow reson-
ant islands; (see Fig. 24.2 for details). (e) and (f) show strong chaotization
for A = A.; (e) A = 0.707109 > A.; (f) A = 0.707107; (g) A = 0.605247;
a permeable barrier of a sticky boundary layer separates the vortex pair
from the rest of the mixing region; (h) A = 0.353088.
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(e) -1 0 1 (9) -1 0 1
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xol
-

Fia. 24.1. (Continued)

(see Problem 24.6). For all other values of A # A, the dynamics of vortices is
periodic (see Problem 24.4) and at the same time there is a periodic rotation of
the system of vortices as a whole system with some frequency Q(A) (for details,
see Kuznetsov and Zaslavsky (1998)).

Now the way to study advection is constructively well defined: from the
solution of (24.27) we determine Jy o(t) following a linear transform (24.24),
and then z;(t), (j = 1,2,3) following (24.21). The expressions z;(t) should be
substituted into equations for a tracer (24.8). In the case of one static vortex
with a coordinate z, we have from (24.8):

; kp 1
— —2— 2z 24.31
¢ omi C* (=z—2 (24.31)
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0.275 0.28

0.285 0.29
X

0.295

0.3
Fi1c. 24.2. (a) KAM curves inside a vortex core, A = 0.752192. The homoclinic
orbit (second from outside) is in fact a narrow stochastic layer with a complex

structure. (b) Magnification of the piece of this layer in the vicinity of the X
point. Two nearby KAM curves are shown for contrast.
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X X

F1a. 24.3. (a) Stickiness of the vortex core boundaries, A = 0.71666. (b) Mag-
nification of the central part. Thin white areas inside the bands are regular
island structures. Their zoom (stretched in the x direction) is shown for
two close vortex geometries. (¢) A = 0.71682; (d) A = 0.716917.

with a solution
¢ = (o expliwt) (24.32)

and frequency

kp
w = 3
27| o |?

¢[2 = const = [Go[2, (24.33)

where |(p| is a radius of rotation of the tracer around the vortex. The smaller the
radius, the larger the frequency of rotation. This property leads to a ‘rigidity’
of a domain near a vortex, that is, the regular rotation is hard to perturb in
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the very vicinity of the vortex. This specific feature will be demonstrated for the
advection in a 3-vortex system.

Different regimes of the advection in 3-vortex with equal strength are presen-
ted in Fig. 24.1. In the cases (c), (d), (e), and (f) the holes in stochastic sea
correspond to the vortex cores which are KAM zones (islands) of stability.
A resonant island inside a core is shown in Fig. 24.2. The vortex cores are
sticky. The stickiness is easy to see from Fig. 24.1(f) and from Fig. 24.3. An
effective radius of cores (. is defined by a formula

1/2
_ r/v3 /
[ 18(Inln A — A |~ +¢) ’

Ce (24.34)

where ¢ is a constant and |A — A.| < 1. This case corresponds to a large area of
stochastic sea (Note 24.4).

Concluding this section we have to accept the tracer dynamics in the 3-vortex
system as a typical type of dynamical system with 1 1/2 degrees of freedom
and with a typical phase space structure of stochastic sea and resonant islands.
An unusual part of the phase space topology is the presence of non-removable and

—

N
2000 | N'\N_\_\

1500 +

1000

b~ (6)

500 -

-500

100000 200000 300000 400000 500000

t

F1G. 24.4. Time evolution of the azimutal coordinate 8(t) — (0) for eight typical
tracer trajectories.



TRANSPORT OF ADVECTED PARTICLES 383

almost non-deformable cores around the vortices (see double-logarithm depend-
ence on A in (24.34)). We will see that only these cores appear to create coherent
structures in the case of advection in many-vortex systems.

24.3 Transport of advected particles (vortices)

The behaviour of tracers or advected particles in different flows is a convenient
way of visualization of trajectories in phase space. From the physical point of
view, we have an ‘intermediate’ type of system between laminar and turbulent
regimes. From the mathematical point, we have a class of systems with multipli-
city or degeneracy of Hamiltonians (Note 24.5). In this section we present some
data of simulations that demonstrate different features of fractional kinetics of
tracers: flights, powerwise distribution of recurrences, superdiffusion, etc.

In the 3-vortex system, considered in Section 24.3, the phase space of advec-
tion is compact (see Fig. 24.1) and the transport of tracers can be studied along
the angle 6 of rotation of tracers around the centre of vorticity defined in (24.13).

6t
5t

SN

e

|

S

o 4r ,

> ’

Re) ey

7/
’
Slope=1 .7933;1/
’
’
7/ .
e
7 .
/
7/
0
2}
3 3.5 4 4.5 5 5.5
|Og10t

Fi1G. 24.5. Superdiffusion of the tracers in an angular direction. Oscillation of
slopes corresponds to the log-periodicity.
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F1a. 24.6. Self-similarity of the distribution function P(6,t) for different time
instants. v ~ 0.6.

We assume that the complex coordinate of a tracer is written as
2(t) = |z|e® (24.35)

in a frame of reference that rotates together with whole 3-vortex system.
Samples of trajectories in Fig. 24.4 show many flights during which the angular
displacement 6(t) — 6(0) is a linear function of time. The length of flights
can be exceptionally long. Two other pictures in Figs. 24.5 and 24.6 show a
second moment ((6 — (A))?) over truncated distribution function P(6,t) and its
self-similar structure:

P(0,1) ~ tip(g), - w (24.36)
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It follows from Fig. 24.5 that transport exponent y in
(6 — (8))?) = const - tV (24.37)
oscillates near value p ~ 1.6. The tails in Fig. 24.6 have a power law

1

PO—-(0) ~ — (24.38)
(0 —(0))°
with § = 2.8. Finally, for the distributon of Poincaré recurrences we obtain
1
Prec(t) ~ Freee (2439)

with vec & 2.7 that satisfies approximately the condition v,ec = pt + 1 (Note 24.6).

F1G. 24.7. Points on the Poincaré section coloured by the values of averaged
velocity. In dark grey the points correspond to 0.595 < w < 0.605. In light
and lighter grey the points correspond respectively to 0.81 < w < 0.83 and
to 1.22 < w < 1.25. In black the points with speeds w > 1.8. The constants
of motion are K = 0, A = 0.9. Vortex strengths are (—0.2,1,1). The period
of the motion is 7' = 10.73. K = 1.8L% — Q? — P2,
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Another presentation of the data was obtained in (Leoncini et al. (2001))
for 3 vortices of different signs. Dots of the Poincaré section were marked by
different colours depending on the angular velocity w of the tracer at the point.
In Fig. 24.7 the locations of two vortices with positive strength are marked by
‘+’ and location of the negative one by a small circle. The figure shows that
tracers in the vicinity of islands and the external boundary exhibit an almost
constant value of the velocity w. This demonstrates the stickiness, that is, the
rotation around islands with almost constant velocity.

When the number of point vortices M > 3, the vortex dynamics can be
chaotic. Such motion of vortices does not represent a realistic flow but, as was
mentioned above, it corresponds to an intermediate situation, and a study of
particle advection in such systems has different interesting directions (Note 24.7).
There is particular and important interest in finding coherent structures created
within the chaotic flow of many point vortices. For example, such a coherent
structure can be a vortex pair, i.e. an intermittent state created by two of the
same sign vortices that approach close to each other. Passive particles, in their
chaotic motion, can ‘recognize’ these coherent structures. Some evidence of this
statement is presented below.

p(oy)

0 . . ) . .
0 0.2 0.4 0.6 0.8 1 1.2

oL

F1a. 24.8. Distribution function p(or) of the finite time Lyapunov exponents.
Data obtained with four different trajectories during the time 5 x 10° from
328,220 records.
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1 0 1 2

F1G. 24.9. A snapshot of location of 9 x 10* tracers. The vortices are marked
by ‘+’ at the centres of the cores impermeable for tracers.

First, consider a distribution function p(or) of finite time of Lyapunov
exponents or,:

1 €
oL =5 In (3) . d<e< 1. (24.40)

Here § and € are some fixed numbers and At is a time that two tracers are
e-separated being initially at distance 6 < €. An example of p(or) is shown in
Fig. 24.8 (Leoncini and Zaslavsky, 2002) for tracers in system 4-point vortices,
which performs chaotic motion. The values of o, are concentrated near oy, ~ 0.25
and p(or) ~ exp(—or/og) with g = 0.4 and o7, > 0.2. But there is a dip at
or, ~ 0.05 and the value of o7, < 0.05 is not negligible (Note 24.8).

The system of 16 same sign vortices considered in (Leoncini and Zaslavsky
(2002)) moves more randomly than system of 4 vortices and the advection in
such a system mixes more uniformly in the phase space (see Fig. 24.9 with well
indicated vortex cores). A direct determination of coherent structures created
by vortices may be very difficult and ambiguous since the chaotic dynamics
of vortices by themselves. Another way is to find long jets for tracers and to
visualize the vortex dynamics during a span time of the jet. The jet is ‘captured’
when close tracers do not split apart for a fairly long time. This means that



x1073

25F i T _..,A.‘:‘. T '. ]
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16F  Tout Rt e M L
1 L -
0.5} ‘ 1
O_ : -
-0.5 . J
-1t R .~ il
—15} N J
-2t ) St aw = = — -
-2 -1 0 1 2 3
(a) x1078
x107
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4r . " 1
2r o : ]
0_.' 0
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—4t . . 4
-6t e A T ]
-6 -4 -2 0 2 4 6
(b) x107

Fic. 24.10. A tracer in a jet regime for the chaotic flow of 16 vortices. The points
indicate the tracer locations with equal small time interval At. Part (b) is a
magnification of (a) for about an order. It shows a kind of self-similarity of a
regular structure of vortices.
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Fi1G. 24.11. Transport exponent of tracers in the 16-vortex flow.

these two tracers are passing a vortex cluster (configuration) with a very small
finite time Lyapunov exponent. This kind of configurations are responsible for
the peak near o; = 0 in Fig. 24.8. An example of a jet is shown in Fig. 24.10
(Note 24.9).

More detailed analysis shows that two vortices are making a closely staying
pair for a very long time. During this time the pair rotates and some tracers are
captured in the very vicinity of the vortex cores.

The moments of tracers dynamics can be obtained from the standard equation
for the length of the trajectories

(Js(t) = (s())]7) ~ (@ (24.41)

(see Fig. 24.11) that show p(2) ~ 1.77, and for large ¢ > 2 the slope is p(q) =~
1.95¢/2, i.e. very close to ballistic dynamics. Similar properties are observed for
the dynamics of one vortex in the 16-vortex flow. This shows a kind of equivalence
of the kinetics at large time scale for a vortex in a large set of vortices and for
an advected vortex.

Notes

Note 24.1
The literature on the dynamics of point vortices is immense. The basic equa-
tion can be found in Lamb (1945) or Meleshko and Konstantinov (1999).
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Applications for different systems are described in Pismen (1999), and for
Hamiltonian dynamics in Kozlov (1998).

Note 24.2
Non-integrability for M > 3 vortices was shown in Novikov and Sedov (1978).
Integration for a system of three vortices was performed in Novikov (1975)
and in a more complete form in Aref and Pomphrey (1980). The close to the
collapse case and different scenarios of the approach to the collapse are in
Leoncini et al. (2000). Different special cases of integrability are in Meleshko
and Konstantinov (1999).

Note 24.3
For the details see Aref and Pomphrey (1980) and Kuznetsov and Zaslavsky
(1998). We follow the notations of the last reference.

Note 24.4
Figures 24.1 through 24.3 are taken from Kuznetsov and Zaslavsky (1998).
The vortex cores were first observed in simulations (Crisanti et al. (1992)).
Their theory and the formula (24.34) were derived in Kuznetsov and Zaslavsky
(1998).

The case of 3 vortices dynamics with different signs of their strength k; and

a possibility to collapse was considered in Aref (1979). Different scenarios of
the collapse in the 3-vortex system were described in Leoncini et al. (2000);
see also references therein.

Note 24.5
A discussion of degeneracy is related to the ABC-flow and its generalizations
(Zaslavsky et al. (1991); Zaslavsky et al. (1993)) with respect to the appear-
ance of stochastic webs for advected particles. For multiplicity of Hamiltonians,
see examples in Sinai and Khanin (1992); Zaks et al. (1996); Zaks and
Straube (2002).

Note 2.6
All results of simulations presented in Figs. 24.4 through 24.6 follow Kuznetsov
and Zaslavsky (2000). Their detailed analysis is in the same papers.

Note 24.7
See more in papers by Babiano et al. (1994) and Provencale (1999). The
material presented below follows Leoncini and Zaslavsky (2002).

Note 24.8
The central peak in the frequency spectrum for the standard map was observed
in Beloshapkin and Zaslavsky (1983) attributing it to the stickiness.

Note 24.9
Figures 24.9 through 24.11 are from Leoncini and Zaslavsky (2002).

Problems

More complicated problems are marked by (*).

24.1 Show that the transform of variables (Qn,P,) — (Jn,9Yn) in (24.20) is
canonical and find the Poisson brackets for (J,,9,), n =1,2.
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24.2 Show that the transform of variables (24.24) is canonical.
24.3 Show that the equation (24.27) is equivalent to

2
(f;) = —I[I® + 6I% + 3(3 — 8A?)T + 8A?(2A% — 1)]

with

and

24.4* Integrate the equation (1) of the Problem 24.3 and find a period of non-
linear oscillations T' = T'(A) in the following cases:

(a) A< 1;

(b) A=1-10, where § < 1;

(c) A=A.=£0, where § < 1 and A, = 1/V/2.

24.5 Find solutions of equation (1) of Problem 24.3 for three cases of A indicated
in Problem 24.4.

24.6 Derive the solution (24.30) for A = A..
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Appendix A Elliptic integrals and elliptic functions
Here are elliptic integrals of the first kind

¢ do sin ¢ dzx
Flo x) = - INB
(¢, %) /0 (1 — k2 sin? a)1/2 /0 (1 —x2)1/2(1 — K222)1/2 ( )

and the second kind

¢ sin ¢
E(¢, k) = / (1 — k?sin® a)'?da = / (1—r2e)Y2(1 =) %de. (AL1.2)
0 0

Expressions F(7/2, k), E(7/2,k) are called full elliptic integrals of the corresponding
kind. Their asymptotics are

m ~ (T 12 2
F(z’”)’“(2)<1+4'i+ ) <l

(A1.3)
E(g’“)z(@(l_iﬁ*“'), K< 1
and
F(%,H)%ln{ﬁ}.}...’ 1—/£2<<17
(Al.4)
E(g,n)%1+%(1—,€2)[In((1:%),%]jL,,,7 1- k2 <1
Functions of u
snu=sing, cnu=cosg, dnu=(L—k’sin’9)"”, (AL5)

where ¢ is the same as in (A1.1) and (A1.2), are called Jacobi elliptic functions or
simply elliptic functions. Their Fourier expansions are:

o e qn—1/2 ) U

mu = in |(2n — 1) — "%

T KF (/2,8 ,; e b Tea
2m — q" ' U

= o —1)— "4

U= ()2, k) ; 14 qon1 (2n )2F(7r/2,n) ; (A1.6)
™ = q" nwu

dnu = 1

M o) | 7; 1+ “CF(r/2, f;)]
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where

~ex _7rF(7r/2,(1—/-€2)1/2)
q= p{ = CToN) } (AL.7)

There are the following functional relations:

2 2
sn“u +cn“u =1,

) s o (A1.8)
dn“u + k“sn“u =1
and
d—snu =cnu-dnu,
v (A1.9)
—cnu = —snu - dnwu.
du

More information can be found in (Abramowitz and Stegun, 1972) or in (Gradshteyn
and Ryzhik, 1980).

Appendix B Spectrum of the Kepler problem
Here we show how the spectral decomposition can work in the problems where the
unperturbed dynamics corresponds to the Kepler problem.

Particle dynamics is defined by the equation (in polar coordinates r, ¢):

1+ eocos ¢ = %(1763). (A2.1)

Here ¢ is eccentricity and a is large semiaxis:

a 2 2
= — =(1- E|L A2.2
o= = (1- Zoimr) (A2.2)
with a = |eies], e1,2 are charges, m is reduced mass, E is total energy, L = mr2<z.5

angular momentum. It is known (Landau and Lifshits, 1976) that the Kepler dynamics
can be presented in a parameter form

’I’I’LCI,3

(%

1/3
r=a(l —eycosf), t= ( ) (£ — eosing). (A2.3)

One full elliptic rotation corresponds to the change of £ from 0 to 2w, and the
frequency is

_ (e V2 (2B
BN = (rs) = gz (A2.4)
For the cartesian coordinates (z,y) we have
z=a(cosé —e), y=a(l—e)/?sin¢ (A2.5)
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with £ = £(t) from (A2.3). The Fourier expansion can be written as

—iwnt
Tr = E Ine€ s
n

(A2.6)
—iwnt
e
It follows from the definition
i i 9 T . 2m i
pp == L2 ety — —ﬂ/ ME=C0SIN ) in e
nw nw T J, ™ Jo
(A2.7)

ia(l— /2 e
Yn = ia(l—c) / emEeosing oogede,
™ 0

where T' = 27 /w (| E|). We can use an integral presentation of the Bessel function

2w . ™
Jn(x) = l/ gl(né-wsing) ge l/ cos(né — xsin &)dE.
T Jo T Jo
Then (A2.7) gives
B 2aJ, _ 2ia 2\1/2
Tn = —Jp(neo), yn=—(1—¢€) ' "JIn(neo). (A2.8)
n neo

It follows asymptotics (see Landau and Lifshits (1975))

2 /2\Y? [/n\3/2 )
Tn(neo) ~ — (5> @ [(5) 1- 60)] . o>, l-e<1,  (A29)
where
1 oo 3
P(z) = 7 /(; cos (? + z{) (A2.10)
is the Eiry function. For large z > 0
1 2 3/2
D(z) ~ 55173 &XP <—§z ) (A2.11)
and (A2.9) transforms into
2*/% 1 1 n
Jn(nﬁo) ~ WWW exp (_N) 5 (TL > N) (A2.12)
with
N=—3 s (A2.13)
Ca-gE Tt |

The spectrum is effectively cut for the harmonics n > N > 1, i.e. when ¢g — 1. The
same property is valid for the harmonics z,, y» in (A2.8). The dimensionless parameter
N defines the spectral width.
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Appendix C Fractional integro-differentiation

This and the following appendix consist of some useful information related to the
fractional calculus. For more details, see Gelfand and Shilov (1964), Miller and Ross
(1993), Samko et al. (1987), and Podlubny (1999). Different applications are collected
in Hilfer (2000).

Fractional integration of order 3 is defined by the operators

s = L t Nt -7 tar
20 = 55 [ fOE=0" (@50, .
17 f(t) = ﬁ / @ -07 (B> o).

There is no constraint on the limits (a, b) and one can use different types of definitions.
The first and second definitions are also called left and right integration. Any of them
can be used for applications, and choice of a specific definition is only a matter of
boundary, or initial conditions, or convenience. We unite everywhere a = —o00, b = o©
and simplify the notations (A3.1):

1 [ _
I5](t) = 7y | _ IO =n""dr,  (8>0),
) ’O": (A3.2)
Igf(~t) = == f(r)(r =) dr, B> 0).
(—t) 3 /. (T)(r—1) ( )
The definitions (A3.2) can be written in a compact form:
!
Isf(t) = f(t) % ==,
INE))
(A3.3)
1
Io (=) = 1)+ 5
where * means convolution and:
tﬁ_l _ tﬁil, t >0,
+ 0, t <0,
(A3.4)
tﬁ71 _ tﬁ_17 t< 07
- o0, t>0.
The fractional derivative could be defined as the inverse operator to I, i.e.
d’ d=’
— =1 Ig = —. A3.
pT o 1= 45 (A3.5)
Their explicit form is:
e 1 ﬂ/t f(r)dr
a8 T(1—-p8) dt J_ (t—T1)8
1-9 t—7) )

dft) =1 d [* f(r)dr
d(-t)? ~ T(1-B) ﬁf r—pp  O<B<D).
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The expressions (A3.1), (A3.2) and (A3.6) are called Riemann-Liouville integrals and
derivatives respectively. Also, the first equation in (A3.6) corresponds to the left
derivative and the second one to the right derivative.

For arbitrary 8 we have the definition:

d? 1 ar f(r)dr

0= g | G

d’ (=™ & (™ f(r)dr
7l

N T — )L

T ERAC A prpy)

(A3.7)

where n =[] + 1 and [(] is an integer part of 5 > 0.
The notation for the general case of the Riemann—Liouville derivatives are:

5 _ 1 d mt e 1o n— n
D0 =g () [ @, << (s

for the left derivative and

3 B 1 _d\" bT_ n—pB-1p_ n— n
DO = () [ -0 Ow m-1<p<n) (139

for the right derivative.

Definitions (A3.8) and (A3.9) are not the only possible ones. Use of any definition of
the fractional derivative depends on the initial or boundary condition and on the type
of the problem to be solved. We provide the following three other definitions important
for applications.

Caputo derivative. This derivative appears due to some practical needs (Caputo,
1967):

/S N P P,
L _n)/“ (A3.10)

b
tﬁf:ﬁ/t(r—t)"_ﬁ_lf(r)dr, 0<n—-1<pB<n.

The differences between GDE and aff will be indicated later.

Grinwald—Letnikov derivative. The main idea of this derivative is to get it as
a limit of finite difference (see Samko et al., 1987; Podlubny, 1999). The quantity

[(t—a)/At]

AL = D> (=) (i) F(t — kAL, (A3.11)
k=0
where [---] means the integer part is a fractional generalization of finite difference of

the order (At)?. We also use a notation:

(n):n(n—l)---(n—r+1) I'(n+1)

r

7! T I'(n—r+ DI +1)
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This expression can be generalized by replacing n with a non-integer number. Then
the number of terms in (A3.11) goes to infinity as At — 0.
For integer 3 the expression (A3.11) gives:

dAnf () = F(t) = f(t = Ab),
aAALF() = F(1) = 2f(t — At) + f(t — 2At), etc.

The following expression gives the Griinwald-Letnikov derivative

1
3 — 1 _ - AP

aDt f(t) - AI%IEO (At)ﬂ aAAtf(t), (A312)
which coincides with Riemann—Liouville derivative for a wide class of functions. The
formula (A3.11) is important for numerical integrators. More information about the
generalization of finite differences can be found in Lubich (1986), Gorenflo (1997),
Gorenflo and Mainardi (1997).

Riesz derivative. This is a symmetrized derivative which can be considered as a
fractional generalization of Laplacian

a/2 _ d _ 1 ﬁ 7da
(A" = dlzl® ~  2cos(ra/2) [dmo‘ + d(—x)o‘] ’ (a7 1), (43.13)
which in a regularized form reads:
B
_J2I'(~a)cos ™ , a#1l
K(a)_{ﬂ’ (2) L (A3.14)

The following formula is valid for all types of derivatives:

do+h de d° d? a~
_ ¢ & _ e a A3.15
dtotB T dte diB T dtB dte ( )

For a power function the Riemann—Liouville derivative is

d* p_ _TA+P) 6-a
il v oy s L (A3.16)

Particularly
d” t
— 1= A3.1
g Ti—a)’ t>0 (A3.17)
and
tim 91 = §(1) (A3.18)
a—1 dte - ’ ’

Contrary to that for the Caputo derivative

DU =0. (A3.19)
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Appendix D Formulas of fractional calculus

Here we provide some useful formulas of operating with fractional derivatives (for more
details see Podlubny (1999) and Samko et al. (1987)).
Let us denote:

lo(x) - f(z)] = / " g(@) f(x)da (A1)

—o0

as the scalar product of g(x) and f(x). The following formula is equivalent to integration
by parts:

9(0) - @) = |1@) - 7 z0to)]. (A1)

It can be used to prove that

/Oo dxd‘% () = /Oo dx%f(x) - /Z dxd‘i—apf(x) =0. (A4.3)

—o00 —o0 —

Fourier transform. The Fourier transform will be defined as

o) = [ gy da (A4.4)
with a notation
g(x) = g(q) - (A4.5)
Then
d* o
2z 9( ) = (—iq)"g(q),
T
o (A4.6)
L g@) & (ig)*9(a)
a—a)? a)%g(q
and for the Riesz derivative
d“ F a
WQ(I) — —lq|%g(q) (A4.7)

if g(¢ = 0) # 0. The usual convolution formula is also valid, that is, if

f© 90 = [ fe=griar (A4.3)
then
B
76) * $59(0) £ (0)° F()g(w). (419)

The same formulas (A4.5)—(A4.9) are valid for the Griinwald-Letnikov and Caputo
derivatives with a condition to have a = —oo as the lower limit of the integrand.
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For the Riesz derivative
(=A% 5 ke, (A4.10)
which has a correct sign for a = 2.

Laplace transform. We define the Laplace transform of f(t) as

flp) = /oo e P f(t)dt (A4.11)
0
and a notation
F(t) = f (). (A4.12)
The inverse formula is
ct+ioco
fo=[ e (A4.13)

A difference between the lower limit of integrand in the Fourier and Laplace transforms
makes differences for different fractional derivatives.
For the Riemann-Liouville derivative
n—1
oDf(t) =2 f () = D p" oD T T (Dm0, (n—1<B<n).  (Ad14)

m=0
The second term of (A4.14) has a problem of practical use since there is an absence of
physical interpretation of the initial or boundary conditions for fractional derivatives
(see more in Podlubny, 1999).
For the Caputo derivative

oD f(t) L PP Zpﬁ mLrmy, (n—1<B<n). (A4.15)

This derivative does not have the problem of initial or boundary conditions since all
values f(™)(0) can be given a physical meaning.
For the Griinwald—Letnikov derivative

oD; f(t) & p £(p) (A4.16)

similar to the Fourier transform.
Differentiation of a product f(¢)g(t) is given by the Leibniz formula. Its generaliza-
tion for the fractional derivative case is

DL (f(B)g(t) =Y <§z) £ (6)aDI " (1), (A4.17)

m=0

Mittag—Leffler function. This is an important function for fractional calculus since
it appears in solutions of fractional differential equations (see references in Samko et al.
(1987) and Podlubny (1999)). Its definition is

=Y o (A4.18)
= I( ak +1)
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Particularly

Ev(2) =€,
22 2 22 R 7y2
Ei/2(—z) = €” erfe(z) = 3¢ /z e YV dy.

The two-parameter function of the Mittag—Leffler type is defined as

Zlc

Ea,ﬁ(z):kz:om7 Oé,ﬁ>0

Particularly

Eoi(2) = Ea(z),

401

(A4.19)

(A4.20)

(A4.21)

The functions Fq(z) and E4,g(z) can be used to solve some simple equations with
fractional derivatives using a formal expansion into series. As an example, consider the

equation
oDy(t) — sy(t) = f(t)
and initial conditions
(0D ™y (t))1=0 = br, (k=1,2,...,n), n—1<pB<n.

The solution of (A4.22) that satisfies the conditions (A4.23), is

y() = 3 bet? g s (st°) + / (t — 1) By p(s(t — 7)7) f(r)dr.

k=1 0

(A4.22)

(A4.23)

(A4.24)
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